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PREFACE 


Recent studies have shown that parametric surfaces in the ordinary space 
vmdev the sole hypothesis that they be continuous and have finite area, have 
remarkable analytical and geometrical properties which have already proved 
to be essential in the discussion of questions of analysis and of the cal¬ 
culus of variations. Analogous results may be expected for k-dimensional 
parametric varieties in the n-dimenslonal space E^ or in any metric 

space E. 

Such studies seem to suggest a basis for differential geometry and the cal¬ 
culus of variations for continuous parametric varieties. Since no ordinary 
differential element necessarily exists, the basic elements like Jacoblans, 
tangent planes and normals, are introduced by topological and set-theo¬ 
retical methods. A trend toward an essential reduction of smoothness 
hypotheses can be observed also in recent research in differential geometry. 

This book is a study of the concepts connected with parametric surfaces and 
area and of the related main theorems with complete proofs. Formally, these 
theorems extend the analogous theorems for curves and length; intrinsically, 
however, they involve a much larger field of mathematics and offer a deep¬ 
er insight. 


The material is organized around three main theorems. Theorems I and III 
appear for the first time in book form. The same holds for the identity 
between Peano, Lebesgue and Gebcze areas P = L = V, the proof of which, 
here published for the first time, does not involve the problem of repre¬ 
sentation. Thus it was possible to prove the three main theorems in their 
natural order. Theorem I and the equality P = L = V, both purely analy¬ 
tical in character, are proved before the concepts of Prechet equivalence 
and generalized Jacoblans are introduced. Then the concept of generalized 
Jacobian is introduced (Chapter VIII) and the second main theorem, in¬ 
volving this concept, is proved. Finally, in the last two chapters (IX 
and X), the concept of Frechet equivalence is introduced and the third theo¬ 
rem, or representation theorem, is given. 


Great generality is also achieved in this book by proving all the main theo¬ 
rems for continuous mappings (surfaces) from admissible sets, in particxilar 
from open plane sets and finitely connected Jordan regions. Such generality 
could have been fxirther increased by considering mappings from compact 
2-manlfolds or from open sets on such manifolds. The basic reasonings con¬ 
cerning area do not present difficulties. Since research is being done on 
some of the topological arguments (conto\ir, retraction) such a further 
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extension is left for discussion in special papers. 

I hope that the student will find the present volume a guide to the prob¬ 
lems concerning continuous parametric surfaces and varieties. For the bene¬ 
fit of the reader who wants to consult the original papers or more ex¬ 
tensive treatises, I have added - aside from the bibliography at the end of 
the volume - various references to fiorther results and parallel developments 
under different viewpoints. 

During my sojourn in the United States, particularly in the time I spent at 
the Institute for Advanced Study, I had the opportunity to contact many 
specialists in the field, and the occasional informal conversations with 
them have been highly stimulating. Also the joint seminars with T. Rado 
at the Ohio State University ( 19 ^ 8 ), C. B. Morrey at the University of 
California in Berkeley (19^9)> L. C. Yo\mg at the University of Wisconsin 
( 1950 ), and A. Rosenthal at Purdue University (1951 ) have been an enrich¬ 
ing experience for me. 

I am grateful to those who have given sxiggestlons and read some chapters, 
particularly to M. C. Ayer, C. Goffman, R. E. Fullerton, Ch. J. Neiigebauer, 
C. R. Putnam, A. Rosenthal, and E. Silverman. 


Lamberto Cesari 


Purdue University, September 1955 
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CHAPTER I. INTRODUCTORY CONSIDERATIONS 




§ 1 . THE MAIN THEOREMS 


1.1. Curves and Jordan Length 

While formal definitions, references and simpler notations will be given in 
the following sections, we shall first get acquainted with certain concepts 
and theorems concerning curves and surfaces, and determine the aim and the 
motivation of the theory discussed in this book. 

By curve we shall mainly mderstand a mapping from an interval [a < u < b] 
into any real Euclidean space, say E^; that is, any set of equations 

(O C: X = x(u), y = y(u), z = z(u), a < u < b, 

where x(u), y(u), z(u) are real single-valued fianctions defined in 

[a,b]. With this we have chosen one of the various concepts of curve which 
are discussed in the different branches of mathematics, namely the concept 
which is generally used, for Instance, in Differential Geometry, Calculus 
of Variations, Functional Analysis, Integral Geometry. A curve defined as 
above is often said to be a path curve, or a parametric curve (§2). 

By length 1 (C) of a curve C we shall landerstand the familiar Jordan 
length, that is, the supremum of the elementary lengths of the polygonal 
lines c inscribed in C. Such a definition of length may be used for 
both continuous and discontinuous curves C. For continuous curves the 
Jordan length is also the limit of the elementary lengths of the polygonal 
lines c inscribed in C and approaching C (§2), and has various other 
alternate definitions and interpretations (2.4). In consequence of the 
definition above the diameter of a curve C (l.e. the supremum of the 

lengths of the chords) is always < the length 1 (C). 

“ # 

The following known main theorems for Jordan length hold for both continu¬ 
ous and discontinuous curves. They are expressed in terms of familiar con¬ 
cepts of the theory of real variables, namely the Lebesgue integral (brief¬ 
ly L-lntegral), and the concepts of total variation V[f] of a function 
f'(u), a < u < b, of function f(u) of boxinded variation (BV) and ab¬ 
solutely continuous (AC) in [a,b]. 

THEOREM ( 1 ^ ) (Jordan, 1884); For every curve C we have 
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■V[x], V[y], Y[z] < 1 (C) < V[x] + V[y] + V[z]. Hence 
1 (C) < + 00 if and only if x(u), y(u), z(u) are 
all of bounded variation (BV) in [a^b] (see 
references in (2.5))* 



THEORM do 


(Tonelli, 1908-12): For every curve 
C of finite Jordan length 1 (C) < + 00, the func¬ 
tions x(u), y(u), z(u) are BV in [a,b], 

have almost everywhere in [a,b] ordinary deriva¬ 


tives 

and 


X, z^ which are L-integrable in [a^b], 


1(C) > 



a 


Vx^ + y.^ + du 


u 


u 


The equality sign holds in (2) if and only if 
x(u), y(u), z(u) are all absolutely continuous 

(AC) in [a,b] (see references in ( 2 - 5 ))* 

Familiar examples (2.6) show that different sets of equations (l) correspond 
to the same intuitive curve- This happens in particular each time we change 
in (1 ) the parameter u into a new parameter u^ by means of a monotone 
continuous function u = 9(u^ )- The new set of equations, or mapping is a 
different curve according to the definition given above. This inconvenience 
is generally eliminated by Introducing the concept of Frechet equivalence 
for mappings (i ) (see 2 - 6 ). Then all mappings (1 ) which are Frechet equiva¬ 
lent to a given one are said to be dlTferent representations of the same 
Frechet curve U, or, for the sake of simplicity, of the same curve C. 

Thus the Theorems ( 1 ^ ), ( 1 ^) can be completed by the following simple and 
well known statement: 

THEOREM (I3): Every continuous curve C of finite 
Jordan length has at least one representation for 
which equality sign holds in (2); that is, for which 
the Jordan length is given by the classical integral 
(see 2.8). 


1 . 2 . Parametric Surfaces and Lebesgue Area 

The definition of curve we have chosen in ( 1.1 ) suggests the corresponding 
definition of s\irface (and of variety). By surface we shall understand 
indeed any mapping from some plane set A into any Euclidean space, say 
E^; that is any set of equations 
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(3) S: X = x(u, v), y = y(u, v), z = z(u, v), (u, v)€A 

where for A we may taJce for instance any closed Jordan region (simple or 
not), or any open set (not necessarily connected), etc. (see 5*1 )• A sur¬ 
face S defined as above is often said to be a path surface, or a para¬ 
metric surface. 

Already in the last century mathematicians tried to define the area of S 
by approaching S by means of polyhedral surfaces s and by taking for 
area of S either the supremum of the elementary areas of the surfaces s 
inscribed in S, or the limit of the same areas as the surfaces s (in¬ 
scribed in S) approach S. A criticism of Schwarz and Peano (see h.]) 
showed that such a supremum may be + “ and that such a limit need not 
exist even for very simple elementary surfaces. As proposed by Lebesgue 
(1902) the area L(S) of a continuous surface S can be defined as the 
lower limit of the elementary areas of the polyhedral surfaces s (in¬ 
scribed or not inscribed in S) approaching S (5.8). Such a definition 
corresponds to one of the alternate definitions of Jordan length ( 2 . 4 ). We 
shall return to the concept of area in (i. 5 ) and later on in §§ 5 , 6, 7. 


1 . 3 » The Non-parametrlc Case 

A particular case of surfaces are the so called non-parametric surfaces 
S: X = u, y = V, z = z(u, v), (u, y)^A; i.e., 

(^) S: z = z(x, y), (x, y)€A, 

where we shall suppose for a moment that A is a square (see 3.2). The 
familiar concepts of fmctlons of one real variable of bomded variation 
and absolutely continuous can be extended in many different ways to func¬ 
tions of two, or more real variables, and some of the corresponding con¬ 
cepts have a remarkably wide range of applications. For the study of the 
area of ( 4 ) the concepts of function z(x, y) of bounded variation in the 
sense of Tonelli (BVT) and absolutely continuous in the sense of Tonelli 
(ACT) shall be given in ( 3*1 )• By making use of the total variations 
V^[z], Vy[z] with respect to x and y of z(x, y) in the sense of 
Tonelli (3*1), and the concept of Lebesgue area, the following theorems 
hold, which extend to continuous non-parametrlc surfaces the Theorems (1^ ) 
and (Ig) for curves and Jordan length. 


THEOREM (T^ ) (Tonelli, 1926): For every continuous 
non-parametric surface 3 we have 
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1A|, V^[z] < L(3) < |A| + V^[z] + Vy[z]^ • 

Hence L(3) < + <» if and only if z(x, y) is BVT 
in A (see references in (3*1 ))* 

THEORM (T^) (Tonelli, 1926 ): For every continuous 
non-parametric surface S of finite Lebesgue area 
L(S) < + 00 the function z{x, y), {x, y)€A, is 

BVT, the first partial derivatives z^, z^ exist 
almost everywhere (a.e.) in A and are L-integrable 
functions in A, and we have 

(5) i^(S) > (A) JJ Vi + z,^ + z|^ dx dy . 

The equality sign holds in (^) if and only if z(x, y) 
is ACT in A (see references in (3-1 ))• 


Remaining in the class of non-parametric surfaces a change of representation 
does not occur, but if we take into consideration representations of S in 
the general parametric form ( 3 ) as we shall do in detail by introducing 
Frechet equivalence ( 6 . 3 ; 31 . 2 ), then, because of a theorem of C- B. Morrey 
( 1936 ) (see 34 . 6 ), the following statement can be added: 


THEORM (T^): Any continuous non-parametric surface 
3 of finite Lebesgue area has at least one parametric 
representation (3) where x, y, z are ACT functions 
in A, the first partial derivatives x^, x^, y^, y^, 
Zu> exist a.e. in A and are L^-integrable func¬ 

tions in A, and the Lebesgue area of 3 is given 
by the classical integral 






du dv • 


where J^, J^, are the ordinary Jacobians 

couples of functions (y, z), (z, x), (x, y). 

Furthermore the representation is conformal in a con¬ 
venient generalized sense (see 34 . 6 ). 


Thus all Theorems (1^), ( 12 )^ (I 3 ) for curves and Jordan length have their 
analogue for non-parametric continuous surfaces and Lebesgue area. In sU- 
dition T. Radd has proved ( 1928 ) that for each non-parametric surface 3 
the Lebesgue area can be obtained as a regular limit process Involving the 
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fiinctlon z{x, y) (see 3*1 )• 

The Theorems (T^), (T^) have been also extended to non-continuous non-para- 
metrlc surfaces by L. Cesari and C. Goffman (see 3.3) by making use of a 
convenient modified fom of the Lebesgue area, of a generalization of the 
concept of function of two real variables of bounded variation In the sense 
of Tonelll, and of the concept of absolute continuity for discontinuous func¬ 
tions introduced by G. C. Evans since 1920 in potential theory. 


I.U. The Parametric Case: Aim of The Book 

The above sketch of known results shows a remarkable analogy between the 
main theorems for Jordan length of a parametric curve (continuous, as well 
as discontinuous) and the main theorems for Lebesgue area of a non-para- 
metrlc surface (continuous, as well as discontinuous). This fact suggests, 
as a program, that, by Introducing convenient concepts, in particular total 
variation, absolute continuity, etc., analogous statements could be proved 
for parametric surfaces — continuous as well as discontinuous — in or¬ 
dinary space, or in E^^, or in abstract spaces, and that analogous state¬ 
ments may hold for a k-dimensional area of a k-dlmenslonal variety. 

We shall discuss in the present book the problem of the area for parametric 
continuous surfaces in E^, from the concept of area to the complete ex¬ 
tension of the Theorems ( 1 ) and (T) above to all continuous parametric 
surfaces 

(3) S: X = x(u, v)^ y = y(u, v), z = z(u, v), (u, v)€A . 

We shall limit ourselves to surfaces in E^ mainly because this book is 
intended to be a guide for the student, but most of the considerations and 
proofs need only a few changes for the corresponding case in Ej^j. 

I 

The problem of area for parametric continuous surfaces has involved the 
analysis of the basic underlying concepts, namely of area, total variation, 
absolute continuity, and Jacobian, as we shall see later in the book. These 
concepts are related with concepts purely topologic in character, and first 
of all with the concept of topological (or Kronecker) index (§ 8 ). 

A first difficiilty which arises in the extension of the Theorems (T) to 
general continuous parametric surfaces (3) is due to a simple, often over¬ 
looked, fact. While for curves, as we have observed in (l.l), the diameter 
is always < the length of the curve itself, and so for any small arc, the 
diameter approaches zero with its length, we have, for surfaces and area, a 
different situation. Namely, no relation exists between diameter of the 
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surface and its area and we can have surfaces of a very small area with a 
diameter as large as we want; for instance, this situation can be realized 
by taking a thin ribbon or a cone whose areas can be made as small as we 
want. It is essentially a consequence of this fact that while for curves 
the finiteness of the length implies bounded variation for the functions 
x{u), y(u), z(u) (Theorem ( 1 ^) in l.l), here for parametric surfaces (3) 

the finiteness of the area implies nothing about the single functions 
x(u, v), y(u, v), z(u, v). Indeed, for instance, the surface 

S: X = y = z = g(u, v), (u, v)€A, where g(u, v) is any arbitrary con¬ 

tinuous function, has all its points on a segment of the straight line 
X = y = z in and, at least now intuitively, later on rigorously 

(5.9, note) we shall ascribe to it area zero. 

As 3. Banach pointed out, the finiteness of the area of a surface (3) has 

important consequences on the properties of the couples (y, z), (z, x), 

(x, y) of functions x, y, z, that is, on the properties of the plane 
mappings 

: X =0, y = y(u, v), z = z(u, v), 

T^ : X = x(u, v), y = 0, z = z(u, v), (u, v)€A, 

T^ : X = x(u, v), y = y(u, v), z = 0, 

which are the projections of 3 on the coordinate yz-, zx-, and xy-planes. 

We may sketch already the form of the theorems, say (L^ ), (L^), (^3)^ which 
extend the Theorems ( 1 ) and (T) above. . 

By introducing a convenient concept of total variation V(T^) of the * 
mapping T^, r = 1,2,3, (§12), we shall prove the following statement 

(L^), which extends the statements ( 1 ^) and (T^): 

(L^ ) THE FIRST THEOREM: For every continuous surface 
3 we have 

V(T^) < L(S) < V(T, ) + V(T2) + V(T3), r - 1 , 2,3 • 

Hence L(S) < + 00 if and only if the plane mappings 

T^, T^, T^ are all of bounded variation in A (§18). 

Since, as we have observed, the finiteness of the area does not imply any 
property of differentiability for the functions x, y, z, we cannot define, 
for general continuous parametric surfaces, the Jacoblans , J^, J^. 

Thus a convenient concept of generalized Jacobian shall be introduced only 
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where the continuity of the fianctlone x, y, z is presupposed (see §28). 
Needless to say such generalized Jacobians coincide a.e. in A with 

the ordinary ones provided the functions x, y, z have first partial 
ordinary derivatives a.e. in A. By further definition of a concept of 
absolute continuity for the mappings T^ (§13), we shall prove the follow 
ing Theorem (L^) which extends the statements ( 1 ^) and (T^): 

(L^) THE SECOND THEOREM: For every continuous surface 
S of finite Lebesgue area the plane mappings T^, 
r = 1 ^ 2 , 3 / are of bounded variation, have a.e. in A 

generalized Jacobians 3 p(u, v) which are L-lntegrable 
functions in A, and 

( 6 ) L(S) > ^ f + du dv 

The equality sign holds in ( 6 ) if and only if the plane 
mappings T^, T^^ T^ are all absolutely continuous in 

A. (§ 30 ). 

Finally by making use of the same concept of Frechet equivalence for siu?- 
faces quoted above, we shall prove also the following Theorem (L^) which 
extends the statements ( 1 ^) and (T^): 

(L^) THE THIRD THEOREM: Every continuous surface S 
of finite Lebesgue area has at least one representa¬ 
tion (3) where x, y, z have ordinary first partial 
derivatives, the ordinary Jacobians J^ are L-lntegrable 
functions in A and the Lebesgue area L(S) is given 
by the classical area integral 

L( 3 ) = yJ^ + J^ + J^ du dv . 

Furthermore the representation is conformal in a con¬ 
venient generalized sense (§ 37 ). 


1■^• General Considerations on the Concept of Area 

For some decades after the criticism of Schwarz and Peano (1.2* 
1^), many definitions of area had been proposed and the Lebesgue area is 
just one of them. The various definitions, as the Lebesgue area, were 
motivated by intuitive considerations and, of course, they agreed on the 
value of the area for all elementary surfaces and even, as it was proved 
later, in the large class of all surfaces (3) represented by fmctions 
y» 2 Lipschitzian in A, but not necessarily beyond this level, for 
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instance, in the class of all continuous surfaces. On the other hand, the 
modern tendency of Calc\ilus of Variations to enlarge the class of elements 
among which to seek for extremals has had an important weight in forcing re¬ 
search toward the goal of a theory for area valid at least in the large class 
of all continuous surfaces. This is the class with which this hook deals. 

An analysis conducted for decades — and by many authors — has shown that 
all proposed definitions of area do agree in this class provided the under¬ 
lying concepts are defined with sufficient care and insight. 

In this book — besides Lebesgue area — we shall especially discuss two of 
these areas, P(S) and V(S). The area P(S), or Peano area, is obtained by 
a natural refinement of the definition proposed by Peano in 1890. The area 
V(S), sometimes called Gedcze area, is the form due to C. B. Morrey and E. 

J. McShane (1936) to which previous definitions have been reduced (Z. de , 
Geocze, W- H. Young, S. Banach) (§ 7 )- We shall prove the following statement: 

THEOREM (L*): For every continuous surface S we 

have L(S) = V(S) = P(S) (§ 24 ). 

Reference shall be made to other proposed areas which have been made to coin¬ 
cide with the areas above through an analogous process as for Geocze and Peanc 
areas. In such a way the area which is discussed in this book appears to be 
the point of encounter of many different ideas, and the various definitions 
of L, P, V, etc. are only different interpretations of a unique concept 
of area, which, following the common usage, we denote as Lebesgue area. 

It is possible that the reason for the affinity of the Theorem ( 1 ) for 
curves and Jordan length, and (T), (L) for surfaces and Lebesgue area, and 
of the equalities L = V = P etc., lies in an important common property of 
Jordan length and Lebesgue area. Namely, Jordan length and Lebesgue area 
are both lower semicontlnuous functionals in the class of all curves and 
continuous surfaces respectively. In any case it shall be pointed out that 
this is the property which makes them so valuable in Calculus of Variations 
(in the direct method as well as in the Marston Morse topological theory)* 

It may be added that it is precisely this property that led Lebesgue to his 
concept of area. Finally the coincidences of V and P with Lebesgue 
area L have been obtained by modifying the original concepts P, V, etc- 
in such a way to make them lower semicontlnuous. 

The question arises now whether it is possible to give a convenient set of 
axioms such that one and only one area satisfy them; namely, the area [ 

L = V = P etc. quoted above. We should require, of course, that the area j 
coincide with elementary area for polyhedral surfaces and that it be a lower 
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seraicontlnuous functional (5.12; 7.5). 

A more general question is whether it is possible to axlomatlze the concepts 
of length, area, volume, etc. for mappings in a way analogous to the one 
which has been so successfully developed since Caratheodory (191!) for gen¬ 
eral measure functions for classes of sets in general spaces. We shall 
prove (§25) that the Lebesgue area of S defines an outer Caratheodory 

measure in A, but the question in the general form above is beyond the 
scope of this book. 

The author has Intended to free the area theory from difficulties with which 
all previous expositions (the author*s previous papers Included) have been 
confronted. One of these difficulties was the restriction in the proof of 
some main theorems that the basic set A is a simple Jordan region. In 
the book the three main theorems and the equalities L = V = P between 
Lebesgue, Geocze, and Peano areas are proved for continuous mappings from 
any admissible set A, where the class of the admissible sets is large 
enough to include all open plane sets and all finitely connected Jordan 
regions. Another dlfflcTilty was that the proofs of the second theorem and 
of the equalities L = V = P were obtained by the consistent use of a par¬ 
ticular solution of the representation problem; namely, Morrey's important 
theorem ii) on the representation of non-degenerate mappings (sur¬ 

faces) from a 2 -cell (or a 2 -sphere). The present greater generality con¬ 
cerning the basic set A (mapping from open plane sets, or from finitely 
connected closed Jordan regions) makes particularly difficult the use of 
this device. On the other hand, since all concepts involved in the first 
and second theorems and in Lebesgue, Geocze, and Peano areas are defined in 
terms of a given mapping and are properties of that given mapping, there 
is no evident reason to use Pr^chet equivalence in the proof of the same 
theorems, with the particular methods and technique pertaining to the rep¬ 
resentation problem. Thus in this book first and second theorem and the 
equalities L = V = P are proved directly (Chapters I-VIII) without any 
recourse to Prechet equivalence and representation problem. 

The last two chapters (IX, X) are exclusively dedicated to P-equlvalence, 
representation problem and the technique pertaining to these questions. 

ITie last two chapters therefore are somewhat Independent of the previous 
ones. Here the various tools (Dlrichlet integral, closure theorem, equl- 
continulty, retraction) are introduced and used in the proof of Morrey's 
theorem and the third theorem. Since all these tools are the same as the 
ones which are being used in recent developments of calculus of variations 
for surfaces In parametric forms, the author has tried to obtain in the 
limited space a presentation of the material as general as possible and not 
i*elated only to the problem of representation. Morrey's theorem and the 
subsequent third theorem follow therefore from results concerning the 
l^lrichlet Integral, equicontinulty and retraction. 
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Thus Chapters I-A/III concern the properties in the small and in the large 
of given continuous mappings, and Chapters IX-X the implications of the in¬ 
troduction of P-equivalence. 

The reader will observe that the direct proof of the equalities L = V = P 
stems from the introduction of the concept of contoiir (for any continuous 
mapping) in Chapter VI by using Caratheodory*s prime end theory. 

The concept of generalized Jacobian is introduced only in Chapter VIII 
where really needed, particularly in test and proof of the second theorem; 
thus the first theorem and the proof of the equalities L = V = P, dis¬ 
cussed in Chapters V, VII do not depend upon the concept of Jacobian. Some 
new theorems are obtained which assure that the basic metric concepts 
(area, total variations, multiplicity functions), introduced by means of 
the operators lim inf and Sup, can also be obtained as ordinary limits 
of regular processes. 

Two appendices have been added, Appendjjc A and Appendix B. Appendix A 
gives a direct proof of theorem (i 7 - 4 , ii); Appendix B, a short account of 
the Welerstrass integral on a siorface of finite area, used recently by 
various authors in questions of analysis and calculus of variations. 

The book is self-contained inasmuch as surface area is concerned. For the 
basic concepts of real variable theory and topology references are made only 
to well known books as S. Saks, Theory of the Integral ; L. M- Graves, The 
Theory of Functions of Real Variables ; E. J. McShane, Integration ; H- Hahn 
and A. Rosenthal, Set Functions (in §25); M. H. Newman, Elements of Topolo^ 
of Plane Sets of Points ; G. T. "Whyburn, Analytic Topology ; R- L. Moore, 
Fo\mdatlon of Point Set Theory (in Chapter X); B. v. Ker^kjArto, Topologig. 
(in Chapter VI). 
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2 . 1 . Basic Notations 

- - ■ _ _ __ 


Xiyr) any point (vector) of the 


We denote by p = (x^, x^^ 
real Eucl:J.dean space and by |p - ql = [(x^-y^ ) 

(Xj^-yj|)^]^ the distance between any two points 


• • 


P = (x, 




Xij), Q. = (y^. 


• • 


7 ^) 


Of 


% 


If 


p(u) = [x^(u), r = 1 , N], u€l = [a < u < b], denotes 

any real vector function of the real variable u, then 
(T, I): p = p(u), uel, is said to be a MAPPING from I into 
Ejj, or a CURVE C: p = p(u), ugI, in or a PATH CURVE, 

or a PARAMETRIC CURVE, and also the short notation C: (T, I) 
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shall be used. By [C], or T(I), or GRAPH of C, is meant 
the set of all points peE^ covered by C. If p(u) is con¬ 
tinuous in I then the mapping (T, I) and the curve C are 
said to be continuous. If p(u) is continuous in I and 
linear in each part of a finite subdivision of I into sub- 
intervals (i.e., each component of p(u) has this property)^ 
then (T, I) is said to be a QUASI LINEAR MAPPING (briefly 
q.l.) and C a POLYGONAL LINE. If each point pG[C] 

is image of only one point, or one segment of I, then the 
mapping (T, I) is said to be MONOTONE and the curve C to 
be an ARC or a SIMPLE CURA^. Following the common use, by 
SUBCURVE C of any cxorve C, or ARC C’ OF A CURVE C 
is denoted a c\irve C: p = p(u), uel*, where I' is any 
subinterval of I. If C is a simple curve, its graph [C] 
shall be denoted simply by C. These definitions should not 
give rise to misunderstandings. 

2.2. Jordan Length 

Given any curve C: p = p(u), uel, continuous or not, by 
length in the sense of C. Jordan [I] and L. Scheeffer [1] 
(briefly Jordan length) is meant the Supremum of the ordinary 
lengths of the polygonal lines inscribed in C, i.e., 

n 

1 (C) = Sup ^ Ip(u^) - p(u^_^)| 

i=l 


for all finite sets of points a = < ... < = b. Ob 

vlously, 1 (C) coincides with the elementary length for poly¬ 


gonal lines. For N = 1, C: = f(u), a < u < b, and 1 (C) 

is simply the total variation V[f] of the real-valued func¬ 
tion f(u), U€l. As is well known, f is said to be of bound 
ed variation (BV) if V[f] < + «., and to be absolutely con¬ 
tinuous (AC) if, given e > O, there is a 8 > 0 such that 
for any finite system (aj_, p^), 1 = 1, 2, ..., m, of non¬ 

overlapping subintervals of I we have E|f(p^) - f(a^)| < e 
whenever e(P^ - a^^) < 8- 


2 . 3 - Lower Semicontinuity of Jordan Length 

The Jordan length 1 (C) is a lower semlcontlnuous functional 

in the class of all curves C. This property can be expressed 
in the following simple form: 
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( 1 ) If C: p = p(u), U€l, C^: p = Pj^(u), uel, n = 1 , 2 , 
Is any sequence of curves and p(u) = lim Pj^(u) as n —► « 

for all uel, then 1 (C) < 11 m KC^^) as n —► «>. 

PROOF: Given e > 0 there exists, by definition of 
1 (C), a finite system of points a = u^ < u^ < ... < 
u^ = b such that 

z:|p(u^) - p(uj__pi > 1(C) - 2"’e 

If l(C)< + oo; >€^ If 1 (C) = +oo. Then because 

of Pjj(u) —«-p(u) at each of the m + 1 points 

u = Uq, u^ , ..., Ujj^, there Is an n such that 

Ip(u^) - 6 

for all n > n, 1 = O, i, ..., m. Hence 
Ip(u^) - p(uj^_^)| < IPn(u^) - Pn(^i_i)l + 2"’ m"’ 6, 

2^ • • • ^ m • 


Finally 

l(Cn) > ^lPn(Ui) - Pn^^i-i)! > 2lp(Ui) - p(u^_^)| - 2”’ e, 

l.e. l(Cj^) > 1(0 - 6 for all n > n. If 

1 (C) < + KC^) > e"’ - 2 "’ e 

If 1 (C) = +00. Thus ( 1 ) Is proved. The present proof 
holds also If n Is a continuous parameter. 

The following example shows that the statement above cannot be 
Improved, In general, even If the polntwlse convergence 
Pn^^) ^ p(u) for all uel Is replaced by the uniform con¬ 
vergence Pj^(u) p(u) In I. Indeed, let C: x = u, y = 0 , 

0 < u < 2n; Cj^: X = u, y = n"’ sin n^u, 0 < u < 2n, 
n = 1, 2 , ... . Then p^. p, i(c) = 2 n, 1(C ) > n, 

l(Cn) —- + w as n — 9 ^ 00, 

♦NOTE: Whenever 1(C) < + oo, ^ p, 


1(C), 
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then the set of the tangents to the curve C^^ converges asymptoti¬ 
cally (In the sense of P. Riesz [1]) toward the set of the 
tangents to the curve C [L. Tonelli, I]. Other properties 
of curves of finite length have been given by L. Tonelll [iJ. 

For necessary and siofflclent conditions In order that 

l(Cj^)- 1 (C) and for further properties on convergence lii 

length of continuous curve see C. R. Adams and J. A. Clarkson 
[ 1 ], C. R. Adams and H. Levy [ 1 ], M. C. Ayer [ 2 ], M. C- Ayer 
and T. Rado [l], G. Ya. Areskln [1]- 


* 2 . 4 . Alternate Definitions of Jordan Length 

If C: p = p(u), uel. Is any continuous curve and for any sub¬ 
division a = Uq < u^ < ... < u^ = b, we denote by P the poly¬ 
gonal line Inscribed In C whose vertices are the points p(u^), 
1 = 0 , 1, . . ., n^ by a the maximum diameter of the arcs C^ 

of C defined by p(u) In each Interval 

1 = 1 , 2 , m, [diameter of a set Is the Sup of chords 

lengths]. Then we have 1 (C) = 11 m 1 (P) as a —0. A proof 
of this fact Is given In L. M. Graves [I]. Thus for every con¬ 
tinuous curve C the Jordan length Is a limit. 

Another definition of Jordan length for continuous curves Is the 
following one. Let [0] be the collection o'f all sequences 

<t> = [?^ : p = ^ 2 , ...] 

of quasi linear mappings [polygonal lines] such that 
p^(u) - p(u) as n -► a> for all ucl. Then we have 

1 (C) = Inf 1 ^ 

♦ n—► 00 “ 

for every continuous curve. The proof is analogous to the one 
given in (2.3) for lower semicontinuity and is omitted. Here, 

as In (2.3), the substitution of p^ T p for p^ -► p is 

irrelevant. 


*2.^. Further Properties of Jordan Length 

The Theorems ( 1 ^ ), (Ig ^^3^ given In (l-l ) hold also in 
and are certainly the main properties of Jordan length. The 
first part of (1^ ) is an obvious consequence of the elementary 
inequalities 
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Xp - Ypl < IP - q| < |x^ - y, I + . . . + |Xj^ - y^jl, 

r = ), . . ., N> 


for Euclidean distance ( 2 . 1 ). Besides the original papers of 
C. Jordan [I], and L- Tonelli [I; l, 2], very simple proofs of 
( 1 ^ ) and ( 1 ^) are given by 3 . Saks [I, p. 123], L. M- Graves 
[I, p. 213], and C. Goffman [I, p. 2I46]. If we denote by 
s(u), a < u < b, the length of the ciorve image of the partial 
interval [a, u] of I = [a, b], then 3 (a) = 0, 3 (b) = 1 (C), 

and the further statement holds: 


(i) For every continuous curve C: p = p(u), uel, of 
finite Jordan length, 3 (u) is a continuous monotone non¬ 
decreasing function and 


s(u) 



+ X 


N 



1 

2 


a.e. in [a, b] [L. Tonelli, I, pp- 71-105; L. M. Graves, 
I, p. 213; S. Saks, I, p. 123]. 


It will also be pointed out that the Theorem (I2 ) of (i.l ) con¬ 
tains for N = 1 the following well known statements: If 
f(u), a < u < b, is BV in [a, b], then the derivative 
f * (u) exists a.e. in [a, b], is an L-integrable fionctlon in 
[a, b], and 

V[f] > r If*(u)| du • 

^a 


The equality sign holds in this relation if and only if f(u) 
is AC in [a, b]. 


2.6. Frechet Equivalence and Frechet Distance for Curve s 

A fmction u = h(v), V€l^, uel, is said to be a homeomorphlsm 

from a closed interval I^ onto a closed interval I provided 
h(v) is a real strictly increasing or strictly decreasing con¬ 
tinuous function and u = h(v) maps I^ onto I. According to 
M. Pr6chet [ 1 ] any mapping, or curve C: p = p(u), u€l, is said 
to be (Frechet) equivalent (briefly P-equlvalent) to another 
mapping C^: p = q(v), vel^, (briefly C ^ C^ ) if, for every 
€ > 0 the following statement holds: (a) there exists a homeo- 
morphism u = hg(v) from I^ onto I such that 
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Ip [hg(v)] - q(v)l < € for all vel^. Obviously (i) C - C; 

(ii) C implies ~ C; (ill) C ~ ^2 

C Cg. The class of all mappings which are F-equivalent (to a 
given mapping C : p = p(u), uel, and therefore to one another) 
is said to be a FRECHET CURVE C, and each mapping of the class 
is a representation of C. For the sake of brevity it is often 
said that they are representations -of C. The Jordan length 1(C) 
is Frechet invariant, l.e., C ^ C^ implies 1(C) = l(C^). 


any two curves C, C- as above, let 


5 = lie, C^ 

which property (of) holds. 
FRECHET DISTANCE (F-dista 


Inflmijm of all numbers e > 0 for 
The number 6 is said to be the 
Lce) of C and C-. The following 


properties are easily proved: (i) ||C, CJl = o if and only if 


C -- C 
l|Co. C 




1 


(ii) lie, CJI = ||C , C 


(iv) 


c - 


c, ~ c 


( 111 ) 

implies 


lie, c II < lie, C,|i + 


lie, ejl = lies c 


NOTE: The definition of F-equivalence given by L- M. Graves [I] 
is only a different form of the one given above. The identifica¬ 
tion can be obtained by using known theorems on the limit of 
monotone functions (see also 37-O- We shall denote by (M, N) 
the usual distance of two pointsets M, N, that is, {M, N) = 

Inf Ip - q| for all peM, qeN. It is easy to prove that for 
every two curves C, C^ we have {[C], [C^]) < ||C, C^||, that 
is, the distance of the graphs [C], [C^] of two curves is < 
the Frechet distance of the two curves. 


2.7* Open, Closed, Oriented C\u?ve3 

In all the definitions above the ciirves C, C^ are essentially 
considered as OPEN CURVES, as we shall see, even if p(a) = p(b). 
Indeed a curve C is said to be a CLOSED CURVE if not only 
p(a) = p(b) but the end points a and b of I are logically 
Identified. In such a way the natural ordering on I is trans¬ 
formed into a cyclic ordering and the segment I becomes topo¬ 
logical equivalent to the boundary of a circle. Accordingly in 
the definition of F-equlvalence for closed curves as well as in 
the definition of F-distance between two closed cui*ve3,all 
homeomorphisms u = h(v), vel^, uel, from I^ onto I must 
be considered as homeomorphisms between circumferences. The 
same modification must be introduced in the definition of simple 
closed c\arve (Jordan curve). 

It is often convenient to define as positive one of the two 
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natural senses on I. Then the curve C: p = p(u), uel, is 
said to be ORIENTED and in the definitions of P-equlvalence and 
P-distance we have to restrict ourselves to only those homeo- 
morphisras which map the positive sense on I into the positive 
sense on I^. Por instance, the two curves C: x = u, y = o, 
o<u<i; C*:x=l-u, y=o, 0 <u<i, are P-equiva¬ 
lent as non oriented curves, are not P-eq\iivalent as oriented 
curves (the sense of the increasing u is taken as the positive 
in both). 

If C: p = p(u), a < u < b, is a given curve, by C”^ is 
meant the curve C"^: p = p(a + b - u), a < u < b- Obviously 
C — C~^ if C, C"^ are considered as non-oriented curves, 
while C, C”^ may not be P-equlvalent as oriented curves. 


* 2 . 8 . A Particular Case of P-equlvalence for Curves 

A particular case of P-equivalence is the Lebesgue equivalence. 
Two curves C, C^ as in ( 2 - 6 ) are said to be Lebesgue equiva¬ 
lent if there is a horaeomorphisra u = h(v) between I and I^ 
such that p[h(v)] = q(v) for all vel^ . Obviously Lebesgue 
equivalent curves are also P-equivalent but the converse may be 
false. Por instance if C, C*, C** are the ciirves 
C:x=u, y=0, 0<u<l; C*:x=u^, y=0, 0 <u<l; 

C**:x = <p(u), y = 0> ^<^<17 where cp(u) = 2 u if 
0 < u < 2 “\ <p(u) = 1 if 2 “^ < ^ then C, C* are 

Lebesgue as well as Prechet equivalent; C, C*’ are Frechet 
but not Lebesgue equivalent. 

Because simple curves 1 (open, or closed) of any auxiliary 
space, are topologically equivalent to (i.e., are mapped \inder 
a homeomorphism onto) a segment I, or the boundary of a 
circle, we shall take into consideration also representations 
of a curve C in Ej^ as mappings (T, 1) from 1 into Ep^. 

A mapping C: p = p(u), uel, is called light if the vector 
function p(u) is constant in no subinterval of I. We re¬ 
call here the following two statements which connect Frechet 
and Lebesgue eqiiivalences for curves: 

(i) Any continuous curve C: p = p(u), uel, not re¬ 
duced to a point, has a light representation on I. 

(ii) Any two light P-equivalent, continuous curves 
are also Lebesgue equivalent. 
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Statement (i) shall be proved in (37*1, li^ and Note 4); (11) 
shall be proved in (37*1, and Note 1). 


NOTE: The Theorem (1^) of (l.l) is elementarily proved by 
taking as a parameter the arc length s = s(u), a < u < b, 

0 < s < 1, defined in ( 2 . 5 ). Then the representation 

C*: X = x(s), y = y(3), z = zis), 0 < s < 1, C* C, of the c\irve 
C, of finite length l(C') = 1(C), is certainly light. In 
addition, since |x(s *' ) - x(s * ) |, |y(s'' ) - y(s' ) |, 

|z(s*') - z(s*)| < |p(s**) - p(s*)| < |s'' - s*| for all 
0 < s', s** <1, the functions x(s), y(s), z(s) are 

Llpschitzian in [ 0 , 1] and hence AC. By (2.5> 1) it follows 
also that (dx/ds)^ + (dy/ds)^ + (dz/ds)^ = 1 a-e. in [0, 1]. 

We leave the details of the proof above to the reader. 

For non-eleraentary theorems on parametrlzation of general 
curves see [Marston Morse, 2]. 

2 . 9 * Frechet Distance and Neighborhood of a Curve C 

Given any two curves C: p = p(u), uel = [a, b], 

C^: p = q(v), vel^ = [a^, b^], we have already defined in 

( 2 . 6 ) the concept of F-distance 1|C, C^l]. Since such a 
concept involves the use of homeomorphisms u = hg(v) 

between I^ and I, we must assume that C, C^ are both 

open, or both closed [l.e., in both I and I^ the end 
points are identified, or in neither]. If we denote by 
U(C, b), 8 > 0 , the class of all curves C^ with 
lie,’ Cjl < 8, then U is said to be the 8-neighborhood 
of C. Thus all curves C^eU are open if C is open, 
are closed if C is closed. 

NOTE: For a definition of nel^borhood of a curve containing 
both open and closed curves and thus allowing, for Instance, 
to approach a closed ciorve by means of a sequence of open 
curves, see L. Tonelli [I]. 


2 . 10 . Some Inequalities 


We list here some well known inequalities which we shall have 
occasion to use. By a^, 1 = 1, 2 , ..., n, we denote 

real numbers and by z any sum ranging over all 1 = 1 , 2 , 

(a) |2 b^l < (z a|)’/^ (z 




n 
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(b) 

(c) 


,1 


2:(aj^+b^+Cj^) 


2 2 
1 


< (Lai) + (sbf) + (scf) 


1 

2 2 
i 


1 


(za^f + (Sb.) 




2 2 
i 

2,2 .2 2 


< L (3.^+b j^+C^ ) 


The corresponding integral forms are listed below. By f, 

we denote real L-integrable functions in a measurable set 
of the p-space Ej^. 


I 


(A) |(I)/fg dpi < (I)/f^ dp 


(I)/g^ dp 


(B) (I)/(f+g+h)^ dp 


f^[ 


(I)/f^ dp 


X 

2 


^ (I ^ ' ^‘■1-2 


S’ 


(C) ][(I)/f dp]^ + [(I)/g dp] 


+ [ (D/h*^ dp] 

^ + [ (Dfh dp]^|^ < (I);^f^+g^+h^j^ dp 


For a, A (Cauchy-Schwarz inequalities) and b, B (Minkowski in¬ 
equalities) see L. M. Graves, I, pp. 233-234 and E. J. McShane, I, 
PP- 5 - 7 ^ 133-13^- For c, C see S. Saks, I, p. 171. (c) is 

just a form of the so called triangle inequality. The familiar 
inequality 

1 . 

2 2 

(d) ia^ < nI a.] 


has already been used (2.5) and needs no reference• 


*2.11. Banach Definition of Total Variation 

We have already defined the total variation V[f] of a real 
single-valued function f(u), a < u < b. We shall denote 
V[f] as the Jordan total variation of f(u). Let us suppose 
now that f(u) is continuous in [a, b]. For every real 
number y, - oo<y<+oo, let us denote by s(y) the number 
(zero, or a positive integer, or + <x.) of the distinct solu¬ 
tions of the equation y = f(u) in [a, b]. Thus s(y) gives 
the number of distinct intersections of the straight line y = y 
with the graph C of the curve x = u, y = f(u), a < u < b. 
Obviously s(y) is zero outside the closed interval [min f, max f] 
and > 1 for each y of this Interval. The function s(y), 
-oo<y< + oo, o< s(y) < + 00 I3 measurable [S. Banach, 2; G. 
Vital!, 5] and we shall denote by W[f] or Banach total varia¬ 
tion, the value (finite, or + 00) of the L-lntegral 
= /_oo 3 (y) dy. The following theorem holds: 


§ 2 . SOME BASIC DEFINITIONS FOR CURVES ( 2 . 12 ) 


19 


( 1 ) [S. Banach, 2]. For every continuous function f(u), 

a < u < b, we have V[f] = W[f] [see S. Saks, I, p. 220]. 

NOTE: We shall see that this statement has its counterpart in the 
two dimensional case (l 2 . 1 ; 12.8, li). A function s (y) analo¬ 
gous to the function we shall define in the two-dimensional case 
is the following. For every a, p and y real let (p(y; a, ^) = i 
if a < y < p, or a > j > cp(y, a, p) = 0 in all other cases. 

Let S denote any finite system of non-overlapping intervals 
[a^, b^] C I, i = 1, 2 , ..., n. Finally, for every y, - oo < y < + oo, 
let 3*(y) = Sup f(a^), f(b^)] where ranges over all 

i = 1, 2, n, and Sup is taken with respect to all systems 

S. It is easy to prove that 3 (y) > 3 *(y) for all y and that 
3 (y) = 3 (y) for all but comtably many y, namely those values 
y taken by f(u) at its points of relative weak maximum and 
minimum in [a, b]. Such values y are indeed a countable set 
[see L. Cesari, 55, and also T. Rado, II, p. 193]. 


* 2.12. BV Functions of One Real Variable in an Open Set 

If f(u), uel, is a real-valued function defined in an open in¬ 
terval I (bounded, or abounded), by total variation V[f, I°] 
of f(u) in 1 ° is meant the supremum of the total variations 
of f in any closed bounded subinterval of 1 °. If f(u) is 
defined in an open set G of real numbers u, by total varia¬ 
tion (in the sense of Tonelli) V[f, G] of f in G is meant 
the sum (or the sum of the series) of the total variations 
V[f, I ] of f in each of the countably many components 1 ° 
of G. Thus the function f(u), ueG, is said to be of bound¬ 
ed variation in the open set G (in the sense of Tonelli) if 
V[f, G] < + 00. The same function is said to be AC in the open 
set G (in the sense of Tonelli) provided f(u) is AC in 
each closed bounded subinterval I of G- 

If p(u), ueG, is any vector function defined in an open set 
G of real numbers u, then C: p = p(u), ueG, can be thought 
of as a curve [S. Saks, I, p. 123). By defining the length 1 (C) 
as we have defined total variation, the Theorems ( 1 ^ ), (i^) of 
(1.1 ) are immediately extended to this more general situation. 

For another extension to this general situation see S. Saks, 

I, p. 123- 
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* 2.13. Hausdorff Measiare of a Set 

Let X be any point set in the Euclidean space E^^ and k be 
any integer, 1 < k < N. For any countable system S^ of spheres 
a covering X and whose diameters d(a) are all < 5, let 


H^(X) = a(k) 



Inf X d^^(a) 

Sg acSg 


where o;(k) denotes the k-dimensional Lebesgue measure (vol¬ 
ume) of the unit sphere in a Euclidean space E^^. 
is said to be the k-dimensional Hausdorff measure of the set 
X in EU. 


Then H, (X) 


The Hausdorff measure H^^(X) satisfies the Caratheodory axioms 
for a measure function [see S. Saks, I,* H. Hahn and A. Rosenthal, 
I]. The one dimensional Hausdorff measure of a set is sometimes 
called a length of the set but we prefer to use the term one 
dimensional measure - By length we denote only the Jordan length 
of a curve (i.e., of a mapping from a segment). We shall use an 
analogous terminology in higher dimensions. 


Let C: p = p(u), uel, be any curve and let [C] C Ej^ be the 
graph of C (2.1 ). For any point peE^ let us denote by ^(p; C) 
the number (zero, a positive integer, or + 00) of all distinct 
numbers uel such that p(u) = p. Then the function ^(p; C), 
p€Ej^, is often called the multiplicity function relative to the 
mapping p = p(u), or curve C. Obviously ^(p; C) is zero for 
each point peEj^ - [C], and > l for each point pe[C]. 

Let be the set of all points peEj^ where n(p; C) = n, 

n*^ 1, 2, ..., (00), and we set 


H^(C) = H^(X^) -H 2 H^(X 2 ) + 3 H^(X 3 ) + ... + (-) H^(X^) 

where by 00 ■ a is meant zero if a=o, if a>o. Then 

H^(C) is said to be the Hausdorff length of the path curve C. 
The following theorem holds: 

(i) For every continuous curve C we have H^(C) = 1 (C) [G. 

Noebeling, 3]. 

For N = 1 the fimction 4 reduces to the Banach function s 
defined in (2.11 ) and the Noebeling theorem above to the Banach 
theorem (2.11, 1 ). 
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§ 3 - SOME DEFINITIONS FOR NON-PARAMETRIC SURFACES 


3-1 • 


Functions 



If f(x, j) denotes a real continuous, single-valued function In 
the closed unit square Q=[0<x<l, o<y<i], then the 

equation S: z = f(x, y), (x, y)eQ, is said to be a non-para- 

metrlc continuous surface S In E^. The surface S Is said to 
be a polyhedral surface P provided f Is (continuous In Q 
and) linear In each triangle t of a finite subdivision [t] of 
Q Into (non-overlapping) triangles; then the Image of each t 
on P Is a triangle T In E^ and the elementary area of P, 

say a(P) = z a(T) Is defined as the sum of the elementary 
areas a(T) of the triangles T- 


z = f„(x, y), 


Let S be any continuous non-parametrlc surface and let 
be the collection of all sequences it = (Pj^: 

(x, y)eQ, n = 1, 2, ...] of polyhedral surfaces such that 
^‘n—^ ^ uniformly In Q (briefly ff). Then by 
Lebesgue area of S Is meant the number 


[♦] 


L(S) = Inf llm 

n 


00 


a(Pn), 


0 < L(S) < + 


00 


1, let 
as a 


Given f(x, j), (x, y)eQ^ then for any x, 0 < x < 

Vy(x) be the total variation of f(x, y), o < y < i 

fimctlon of y only and let V^(y) be defined analogously. 
Because of the continuity of f(x, y) in Q, we have 

f(x, y) = llm f (x, y) as x—- x for every y, and hence, 
by (2.3, 1), we have also V (x) < llm V (x) as ~ 

0 y 


X 


Thus V (x) 


function 


X 

in 


w - 

and V^(y) has the analogous property. Hence both functions 


[0, 1), 


V (x). 


V^(y) 


are non-negative measurable functions in 
In consequence the L-integrals 


[ 0 , 1 ], 


Vy[f] = 



1 


o 


Vy(x) dx. 


V^[f] 



O 


V^(y) dy. 


exist [finite, or + «.] and are denoted by total variations 

with respect to y and x of f in Q (In the sense of 

Tonelll). Then f is said to be of bounded variation In the 
sense of Tonelll In Q (BVT) provided the two functions V (x), 
V^(y) are L-lntegrable In [o, i] (l.e. provided V [f] < + «, 

V^[f] < + co). The same function f is said to be absolutely 
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continuous in the sense of Tonelli in Q (ACT) provided f 
is BVT and for almost all xlf] the function f(x, y) [f(x, y)] 
is absolutely continuous (AC) as a function of y[x] only. 

In such a way we have listed all definitions needed in the state¬ 
ments (T^ ), (T^) for non-parametrlc continuous surfaces and 
Lebesgue area (1.3)- Besides the proof of the Theorems T , T 
given by L* Tonelli [13, i 4 ], see also the very simple proof 
given by S. Saks [I, pp. 163-185]. (Needless to say, the 

Theorems T^, T^, T^ shall be proved to be particular cases of 
the Theorems of (i. 4 ).) 

NOTE. The concept of ACT function is the particular form, 
for continuous functions, of the concept of P-functions, or 
absolutely continuous in the sense of G. C. Evans [I], intro¬ 
duced by him for both continuous and discontinuous functions 
in potential theory (see (3.3) below). 


Functions 



The definitions of BVT and ACT functions given in 3.1 for 
continuous functions defined in the closed square Q can be ex¬ 
tended to continuous functions f(x, y) defined in any open set 
G of the xy-plane. For any x let G(x) denote the open linear 
set which is the intersection of G with the straight line 
X = X, and let f^ G) be the Tonelli total variation 

(2.12) of f(x, y) in G(x) [V = 0 if G(x) is empty]. The 
proof that f^ G) is a lower semicontinuous function of 

^ il^ (- +00) does not offer d 1 ffi cul tv. hv 


ing 


Also the function V^(y; f^ G) defined analogously is lower 
semicontinuous in (- «>, 4 


00 


). 


function 


is 


said to be of bounded variation in the sense of Tonelli (BVT) 
in G if both Vy(x), V;j^(y) are L-integrable in (- co, + 00). 
The same function f is said to be absolutely continuous in the 
sense of Tonelli (ACT) in G provided f is BVT and for al¬ 
most all x[y] the function f(x, y) [f(x, y)] is absolutely 
continuous in the sense of Tonelli in the open linear set 
G(x) [G(y)] (2.12). 


If f(x, y) is continuous and BVT in an open set G, then on 
the one hand we know that the Dinl derivates of f are measurable 
in G [S. Saks, I, p. 170], on the other hand we know that the 
ordinary partial derivatives f^, f^ exist everywhere in G 
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save a set which has intersection of measure zero with almost 
all the straight lines x = x^ or y = y. Thus 

(i) If f(x, y) is continuous and BVT in an open set 
G, then the ordinary partial derivatives f , f exist 

^ y 

a.e. in G and are L-integrable functions in G, and 

(G) //|fy(x, y)| dx dy < Vy[f], 

(G) y)| dx dy < V^[f] 

The equality sign holds in both relations if and only if 
f is ACT in G. 

Given a continuous function f(x, y) in the open set G also 
the equation S: z = f(x, y), (x, y)eG, can be thought of as a 

surface S in E^ and the Lebesgue area of 3 can be easily 
defined. For instance we can consider the family of all the se¬ 
quences 0 = : z = (x, y)€Q^, n = 1, 2, ...] of 

non-parametric polybedral surfaces P^ (q-1. mappings from finite 
systems of closed disjoint polygonal regions) (5.1) such that 

On ^ Si+V ^ ^ ^ t also lim max = 0 , 

where max is taken in and lim is taken as n —w. We 

shall see in general (6.2) that this definition of area coincides 
with L(S) (I'O when f is defined in the square Q and G = 
With these definitions the Theorems T^, T^ of (1.3) can be easily 
extended to surfaces S defined on any open set G. The proofs 
are a modification of the known proofs of (T^ ) and (T^)- 

* 3 - 3 > Area of Discontinuous Non-Parametric Surfaces 

Let us consider now any surface 3 : z = f(x, y), (x, y)eQ, 

where Q is the closed unit square and f any function (con¬ 
tinuous or discontinuous). The study of these surfaces has led 

to formulate as follows the concepts of area and of total vari¬ 
ation and absolute continuity. 

The Lebesgue area L (S) can be conveniently defined by re¬ 
placing the uniform convergence of the polyhedral surfaces by 
a polntwlse convergence almost everywhere. Indeed let 

4 * = [Pj^: z = f^(x, y), (x, y)€Q, n = l, 2, ...] 

denote any sequence of continuous non-parametric polyhedral 
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surfaces such that ► f almost everywhere in Q as 

n —► 00, and let 


L*(S) = Inf lim a(P ) 

<t> n—“ 

Thus L* does not depend by the values taken by f on a set 
of measure zero in Q. Accordingly the following concept shall 
be introduced. The function f(x, y) is said to be of general¬ 
ized boxanded variation in Q(gBVT) provided there exists a set 
ICQ of measure zero such that the functions V^(y), 
defined as in (3*i ) by disregarding the values taken by f in 
I, are measurable and L-integrable in [0, i] [L. Cesari, i] 
(see also L. Tonelli, [23]). 

A function f(x, y) is said to be a P-function in the sense of 
0 - C. Evans in a square Q (or generalized absolutely continu¬ 
ous ) provided f is measurable and L-integrable in Q and co¬ 
incides a.e. in Q with a function g(x> y) which is AC 
with respect to x for almost all y, and AC with respect to 
y for almost all x [G. M. Calkin, 1; C. B. Morrey, 6]. 

The extension of the BVT concept to functions f(x, y) de¬ 
fined in an open set G can be obtained according to (3.2); a 
fionctlon f(x, y) defined in an open set G is said to be a 
P-functlon in G if f is a P-function in every closed inter¬ 
val I contained in G- 

By making use of the definitions above both Theorems (T^ ) and 

(T2) of (1.3) can be extended to all non-pararaetric surfaces 

(continuous and discontinuous) as L. Cesari [i] for Theorem (T^ ) 

and C. Goffraan [i] for Theorem (T„ ) have proved. In addition the 

* ^ 

area L is a generalization of the Lebesgue area since for 
every continuous non-parametrlc surface S we have L (S) = L(S) 
[C. Goffman, 1]. 

*§ 4 , THE EXAMPLE OP SCHWARZ AND PEANO 

4.1. Historical Flashback 

J. A. Serret, in both the first and second edition of his "Cours" 
[I, i3t ed. p. 296, 2nd ed. p. 293 ], gave the following defi¬ 
nition of area of a surface S bounded by a curve C: "area 
is the limit of the elementary areas of the inscribed polyhedral 
stirfaces P bounded by a curve r as P —► S and r -^ C, 
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where this limit exists and is Independent of the partlciilar se¬ 
quence of Inscribed polyhedral surfaces which is considered." 

This definition was proved to be untenable by H. A. Schwarz (in a 
letter dated 25-26 December 1880 to A. Genocchl) and independ¬ 
ently by G. Peano (in a class lect\ire of May 1882). Both mathe¬ 
maticians observed, by means of the same example, that even for 
elementary surfaces S it is possible to define sequences [P^] 
of Inscribed polyhedral surfaces whose elementary areas, as 
n —► <», approach any given number > the usual area of S, or 
+ t». The same fact holds even for a piece of polyhedral surface 
as M. Prechet [3] has later observed. We give here the example 
of Schwarz and Peano (see H. A. Schwarz [l]). 


^.2■ The Schwarz and Peano Example 

Let S: X = r cos u, y = r sin u, z = v, 0 < u < 2:t, 

0 < V < h. Thus S is a right cylinder of height h and 

radius r, of elementary area a(S) = 2it rh. Let P be the 

inscribed polyhedral sxarface of 4 ran triangular faces T 
(m > 4 , n > 1 Integers) whose vertices are the points (x, y, z) 
Images of the points 

t ^ -1 


w = (u', V*), or (u*', V*'), with 


= 2 uj( ra ’, |i = 0, 1, 

-1 




, m-1, V 
= 0, 1. 


! 


= vh n 


-1 


V == 0, 1, 


• • 


m-l, V* * = (2v + 1 ) h (2n) 


..., n-i. The points (u*, v'), (u'* 


V * M of the 


u 

or u* * = (24 + 1 ) jtm 

V = 0, 1, 

rectangle R = [0 < u < 2jt, 0 < v < h] used for the representa¬ 
tion of S are given in the Illustration for 
m = 4 , n = 3. The 4 mn faces T of P are 
Isosceles and congruous triangles whose liases 
are contained in planes 


n; 


-1 



z = V 


or z = V 


I I 


The base and the height of each of these tri¬ 


angles T 

[r^ (l - cos (ra”^ It) 


are 2 r sin (m’^jt). 

-1 


(2"’ h n“’ 


Consequently 


a(P) = 4 mn r sin ( 


m 


( 


-1 


h 


■M[ 


4 r"^ sin 


2“ V‘ 


X 

2 



a, then a(P) 


If m, n —► 00 and n/m 

and this number (> 2it rh) depends upon a 
to any arbitrary number M > an rh. If n = m-, m 
a(P) —► + 00. Thus it is possible to define sequences 


2Ttr (of^jt^r^ + h^)^ 


and 
3 


CO 




then 

of 


polyhedral surfaces approaching to, and Inscribed in a ri^t 
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cylinder S^ and whose areas approach any number M > the 
elementary area, or + oo. 


NOTE: The example above was published first in the second mimeo¬ 
graphed edition of the "Cours" of C. Hermlte [I, pp. 35-36, 
1882-83], from a letter of H. A. Schwarz^ and then reproduced in 
the collected papers of H. A. Schwarz [I, 2nd vol., pp. 309-311, 
1890]. The letters of H. A. Schwarz to A. Genocchi have been 
published recently by U. Cassina [1]. 
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§5. THE LEBESGUE AREA L 


Admissible Sets 

A set A of the w-plane E is said to be admissible in each of the follow¬ 
ing cases: 

(a) A is a CLOSED SIMPLE JORDAN REGION J, i.e., the bound¬ 
ed complementary region of a simple closed continuous curve in 
E plus the curve itself; 

(b) A is a CLOSED JORDAN REGION J of order of connectivity 

V, 0 < V < + 00, i.e., J = Jq - (J^ + ... + J^)^, where 

J^, 1 = 0, ij ..., V, are closed simple Jordan regions and 

*^i ^ *^0^ i = 1, V, i + h, i, h = 1, ..., v; 

(c) A is any finite sum of disjoint closed Jordan regions, 
as in (a) or (b); 

(d) A is any OPEN SET G of the w-plane; 

(e) A is any set G open in a set as (a) or (b) or (c). 

In partlciilar A may be 

(a' ) a CLOSED SIMPLE POLYGONAL REGION n, or 

(b') a CLOSED POLYGONAL REGION R = - (n, + ... + n )^, 

of order of connectivity v, 0 < v < + 00, where 

i = 0, 1, V, are closed simple polygonal regions and 

^ 1=1, •••; V, = 0^ i ^ h, 1, h = 1, ••«, v; 

or 

(c*) a FIGURE F, l.e., any finite sum of disjoint closed 
polygonal regions as in (a*) or (b*). 

Note that by ^ we mean the set of the interior points of the set A, by A* 
the set of the boimdary points of A, by A = A + A* the closure of A. 

Note that the expression "figure" is used in this book in a slightly differ¬ 
ent sense than, e.g., in S. Saks [I, page 57 ]• 

For Jordan regions of order of connectivity v, 0 < v < + instead of 
the notation J - J^ - (J^ + ... + J^)° we shall use the shorter notation 
J = (J , J., ..., J ), and for the boundary J = J* + J* + ... + j* of 
J we shall use the corresponding notation J = (J^, j^, j*). Analo¬ 
gously for polygonal regions we shall use the notations R = (rt , n ) 

, * ,** *. 

and R = For the sake of brevity we shall write also 

pol. reg." Instead of polygonal region. 
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A sequence of admissible sets A^, n = 1, 2, Is said to be Invad1np 

another admissible set A if A^ C A^^^, C A, A^-- A°, and we 

shall use the notation A^ t A°. 

The following statements are well known: (i) Given any open set G C Eg, 

there is a sequence [F^^] of figures F^ Invading G (See (5-6), Note 2); 

( 11 ) Given any open set G, any sequence G^^ of open sets invading G, 

and any compact set H C G, then there is an n such that H C G for 

n 

all n > n. 

The statements ( 1 ) and (ii) will be often used where G, are replaced 

by sets (A, A^ admissible sets). 


5.2. 


Continuous 



Let (T, A): p = p(w), veAj be any continuous mapping (briefly c. mapping) 
from any admissible set A of the w-plane E into the Euclidean p-space 

w = (u, v), p = (x, y, z). Hence p(w) is a c. vector function de¬ 
fined in A and whose values rang? in E^, p(w) = [x(w), y(w), z(w)]. 

Also the explicit notation can be used (T, A): x = x(u, v), y = y(u, v), 

z = z(u, v), (u, v)eA. The usual definition of continuity will be re¬ 

called a few lines below. 


We shall denote (T, A) also as a continuous SURFACE S, or a PATH 
SURFACE, or a PARAMETRIC SURFACE, and the notation S: p = p(w), weA 
shall be used. The point p = p(w)eE2 is said to be the IMAGE under T 
of the point weA. The set T(A), or [S], of all points pcE which 
are Images of some points weA is said to be the GRAPH of the c. mapping 
(T, A) or of the surface S. For each point p€T(A) the set T"’(p) 
of all points weA such that p = p(w) is said to be the COUNTERIMAGE of 
p in A. For each peT(A) the non-empty set T”’(p) is closed in A. 
Hence T"’(p) is compact if A is compact. 


If A = P is a figure (in particular an interval I = [a < u < b, 
c < V < d] or a pol. reg. n), then (T, A) is called QUASI LINEAR 
(briefly q.l.) in P if T is (continuous in P and) linear on each 
triangle t of a finite subdivision S of P in triangles. Thus 
x(w) = x(u, v) = a,u + b,v + c,, y = agU + bgV + Cg, z = a^u + b^v + c^ 
in each triangle teS. Obviously if (T, P) is q. 1 ., there are lnflnl 4 - 
ly many subdivisions as above: we call them TYPICAL subdivisions for the 

q. 1. mapping (T, P). A q. 1 . mapping (T, F) is also denoted as a 
POLYHEDRAL SURFACE P. 


Given any subdivision 
can be obtained by S 


S of a figure P, any other subdivision S* which 
by further subdivisions Is said to be a REFINEMENT 
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of S and denoted by S' C 3 . 

We shall say that a finite subdivision 3 of a figure P into rectilinear 
triangles t is KEXJULAR if each side 1 of the triangles t either be¬ 
longs to P or is the connnon side of two (adjacent) triangles t. Any 

subdivision 3 can be made regular 
by further subdivisions (see in the 
illustration an example of a non¬ 
regular subdivision 3 and an example 
of a regular subdivision S' C 3 ). 
Given any q. 1 . mapping (P, P) and 
a typical subdivision 3 of F into 
triangles t of linearity for P, we can suppose 3 to be regular. Then 
the vertices of the triangles A = P(t), teS are said to be the vertices 

of the polyhedral surface l: (P, P). We can always suppose that each A 

has diameter less than any given positive number. 

Let us recall here that by continuity of (T, A) in A we mean simply that 
for each w^eA and for each £ > o there exists a 6 = e) > o such 

that |T(w) - T(Wq )1 < € whenever weA and |w - w^l < 8. 

Consequently, each continuous mapping (T, A) is uniformly continuous in 
each compact (l.e., bounded and closed) subset K of A [G. T. Whyburn, 

P- 25 ); hence in A Itself if A is compact. 

If A is not compact, the c. mapping (T, A) need not be uniformly con¬ 
tinuous. Also (T, A) need not have a continuous extension in a closed 
set B ') A. For instance the mapping (T, A): x = u(u^ + v^)”’, 

y = v(u + V ) , w = (u, v)€A = [u^ + v^ > o] is continuous in the open 

(admissible) set A (the whole plane E without the origin), though T 
is not uniformly continuous in A and there is no way to define T at the 
origin in such a way to make T continuous at this point. 

Needless to say we consider mappings which are single-valued but not nec¬ 
essarily one-one. 

A mapping (T, A): p = p(w), wcA, from A onto T(A) = B is said to be 
a HOMEOMORPHISM if T is one-one and continuous together with the inverse 
mapping T"^: w = w(p), pcB. A mapping (T, A) is called MONOTONE if for 
each point p£T(A) the set T“’(p) of all points weA with T(w) = p 

is connected; it is called LIGHT if, for each p€T(A), every connected 
part of T~'(p) is a single point. 
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Given any two c. mappings (T, A), (T*, A*), 

non-vacuous, we shall call the distance of T 
d = d(T, T', H) = Sup |T(v) - T'(w)| for all 


and a set H C AA*, 
and T» on H the 
weH. Obviously, 


H 

number 


( 1 ) for any (T, A), (T', A'), H c AA' we have 


0 < d < + 00 


( II ) d(T, T', H) = d(T', T, H); 

( III ) for any (T^, A^), 1 = l, 2 , 3, H C A, Ag A , H non- 
vacuous, we have d(T,, T^, H) < d(T^, H) + d(T2; T , H). 

If the notation d(T, T') Is used without displaying H, then it is meant 
H = AA'. 


Given a sequence (T, A), 
admissible sets A, 




• • 


T, or 
d(T, T 
d(T, T 


T 


n 


n 


n 


T, if 
0 as 

0 . 


of c. mappings fr 
A^ into we shall call T CONVERGENT toward 


the convergence T 
denoted by T 


n 


T. 


Is a sequence invading A (5.1) and 
n—00; that is, A^ C A^^,, A^ C A, A^ t A°, 
As a partictaar case, if A^ = A for each n, then 
T is the ordinary \mlform convergence and often 


NOTE: For a somewhat more general definition of convergence which may re¬ 
place the present one see (6.7, Note). See also the discussion in (6.7). 


_ Projections of (T, A) on the Coordinate Planes 

Given the c. mapping (T, A); p = p(w), weA, from A into E as in 

(5.2), or T: X = x(u, v), y = y(u, v), z = z(u, v), (u, v)eA, we shall 
consider the three continuous plane mappings: 

(T^, A): X = 0, y = y(u, v), z = z(u, v), (u, v)€A, 

(Tg, A): X - x(u, v), y = 0, z = z(u, v), (u, v)eA, 

(T^, A): x = x(u, v), y = y(u, v), z = 0, (u, v)€A, 

from A into the coordinate planes E^,: x = O; Eg^: y = o, E : z - 0 

of E^. The c. mappings (T^, A) are also denoted as the projections of 
T on the planes Eg^, r = i, z, 3. 

Analogously we oould consider the c. mapping T^ ^: x = x(u, v), y = 0, 
z - 0, from A into the x-axis of E^; l-e., the projection of T on 

the X-axis, and analogously the mappings T^g, T from A into the y- 

and z-axes. 
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If (t, Eo): q = q(p); peE., denotes any c. mapping from the p-space E. 

I j I j 

into any q-space E^, then T = xT, or (x T, A): q = q[p(w)], weA is 

a c. mapping from A into E' . In particular, if x is an orthogonal 

linear transformation q(p) = [|, + A^x + B^y + C^z, i = 2, 3], 

where the orthogonal 3x3 matrix \\A^, C^|| has determinant + l 

(we shall use only this case), then xT is simply called the mapping ob¬ 
tained by T by a change of coordinates in E^ [the coordinate system 

oxyz, 0 = (x = o, y = 0, z = o), being changed into the coordinate system 

o* I T| 5 , where o* = (| = o, n = o, ^ = o)]. Finally, if we denote by 

T the c. mapping defined as x above with t = 0 instead of 

then 

cc = o i r\, or 5 = 0, of E^ and (x T, A) is said to be the c. mapping 

projection of T on the plane a. The mappings T^, Tg, defined above 

are the obvious partlcialar cases with a = E„., E„„, E„-. 

M I ^ ^ o 


5 = + A^x + B-y + C^z, 

^ 0 3 3*^ 3 ^ 


X is the projection of E into the plane 


^ 5 ■ Ordinary Jacobians 

Given the c. mapping (T, A) as in ( 5 -^), then, whenever the six ordinary 
first partial derivatives x^, x^, z^, exist at a point (u, v)eA, 

we shall use the following notations: 


= yu ^v - y,r 


V U 


Jo = z,. X.. - z.. x^, 


U V 


V 


^3 ^ yu' 


J = + 


. j2 


1/2 


E = x^ ^ y 2 + z^, 


n 2 2 2 


F = 


""v ^ ^u ^v ^ 2 


U V 


By the consideration of the square of the 2x3 matrix 



yu 

^u 

^v 

yv 

^v 


we have the well known Lagrange identity 

= j’f + j2 + j2 = eg - . 

As a consequence, < EG and, because of liEG < (E + G)^, also 

O < J < 2-’ (E + G) = 2-’ (x^ + + z^ + x2 + y2 , z2) 

P P 1/2 

Since grad f = [f^ + f^] , we have also 



32 


CHAPTER II. LEBESGUE AREA 


E + G = (grad x)^ + (grad y)^ + (grad z)^ 

^.6. Approximation of a c. Mapping by Means of q.l. Mappings 

We shall prove in the present article that for each c. mapping (T, A) 

there exist sequences ((Pn’ ^n^’ ^ of q.l. mappings 

(Pn' ^n^ ^^n^ invading A and P^-T. This will be the result 

of the following elementary statements. 

( I ) Given any non-degenerate triangle t = (w.| ) of 

the w-plane ^2, w = (u, v) and three real niombers 

there is one and only one function f(w), 
wet, linear In t, such that f(Wj_) = 1 = 1, 2, 3. 

PROOF: If Wj_ = v^), 1 =], 2 , 3, then the 

linear system au^ + bv^ + c = f^^, 1 = l, 2, 3, has 
determinant A = |u^, l| f o, and, hence, one and 

only one solution- 

( II ) Any real function f(u, v) = au + bv + c, linear 

in a (closed) triangle t of the w-plane w = (u, v), 

attains its min and max in two of the three vertices 
w,, w^, w^ of t- 

PROOF: If, for example, f^ and f^ are the min and 
max of the three numbers f^ = f(Wj_), 1 = i, 2, 3, 

then f^ < f^ < f^, and f^ < f(w* ) < f^ for all points 
w' of the side (w^ w^) of t. Since each point wet 

belongs to some segment (w* w^) C t with w*€(w.| ^3^* 

the real number f(w) belongs to the interval 
[f(w* ), fg] and hence to the interval [f^, f^J. 

(ill) Given any real function f(w), weR, continuous in 
a closed pol. reg. H C and any positive number e, 

there is a q.l. fionction q)(w), weR, such that 
lf(w) - cp(w)| < € for all weR. In addition, if f(w) 

is q-l. on R , we can require that f(w) = q>(w) for all 

weR . If m < f(w) < M in R, we can require that 
m < cp(w) < M in R. 

PROOF: Since f is \inlformly continuous in R, there 
is a 5 > o such that |f(w) - f(w*)| < 2”^ € for all 
w, w'eR, |w -w*| < 6. Let S be any finite regular 
subdivision of R into triangles t of diameter 
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< 6, let 9(w) be defined on each teS as the linear 
fianction which takes the same values as f at the three 
vertices w^, Wg, w^ of t. Then q)(w) is single-valued 
and q.l. in R. On the other hand, every point weR be¬ 
longs to (at least) one triangle teS, t = (w^ Wg ) 

and we have |f (w) - cp(w)| < |f (w) - f (w^l + |f (w^ ) - 9(v^) | 

+ |9(w^ ) - <p(w)| where |f(w^ ) - 9(w^ )| = o and 
|f(w) - f(w^ )| < 2”^ € since |w - w^ I < diam t < B. In 

addition if m and M are the max and min of cp in 

t, then cp(w') = m, 9(w'’) = M where w*, w^' are two 
of the vertices w^, Wg, w^ of t. Since |w' - w''| < 6, 
we have M - m = f (w' *) - f(w' ) < 2~^ c and since 
m < (p(w^ ), <p(w) < M, we have also |(p(w^ ) - cp(w)| < 2”^ €. 

Consequently, lf(w*) - 9(w)| < e for every wcR. 

If f(w) is linear on R then the various boundary 
curves of R can be divided into a finite number of seg¬ 
ments of linearity for f by means of convenient points 
Wj_, i = 1 , 2, ..., N (including all the vertices of R ). 

Then it is enough to refine the subdivision S above as 
to include all points w^^* The function cp above obvious¬ 
ly satisfies the last requirement of (iii) and thereby 
(iii) is proved. 

NOTE 1: If [f^, 1 = 1, 2, ..., k] is any finite system of functions 

f as in (ill) we can detemine a finite system [<^^] of q.l. functions 
cp such that |f^ - cp^l < € in R, i = 1, 2, 3, ..., k. The same proof 
holds as for (iii). Thus the statement (ill) holds even if f and cp 
are vector-functions. 


(Iv) Given any c. mapping (T, A) from an admissible set 
A C Eg into E^ there exists a sequence (P^, F^), 
n = 1, 2, ..., of q.l. mappings from figures into E^ 

such that —- T, i.e., C A, P° t A°, 

d(P^, T, F^)—►o as n— 


PROOF: Let (T, A): p = p(w), weA, with 
p(w) = [x(w), y(w), z(w)]. It has been noticed already 
in ( 5 * 1 ) that there are sequences [p^] of figures in¬ 
vading A. Prom (Hi) and Note 1 we can determine, for 
each n, a vector function Pj^(w) = [X^(w), Y^(w), Zj^(w)] 
weF„, where Y^, are q.l. functions with 


n 
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|Y^- 

hence, |P^ - p| 
if (P^, F): p = 


2 - z| < ( 3 n) 


-1 


< n 


-1 


in Pn, 


Pj^(w), wePj^, 


n = 1, 
we have 


in 

2, .. 

P_ - 


and. 

Thus, 

T. 


NOTE 2: A regular procedure for defining 


Let us denote by S. 


ceaure for defining (P^^, F^) Is the following one. 
the subdivision of Eg Into squares q of side- 


length 


-n 


by means of the straight lines u = 12“^, v = j2“^, 1, j = o, 

+1, i2, •**> (n=0, 1, •••) and le 

V be the finite collection of all squares 


and let U. 



qeS* with q C and q C where 
is the square = [ -2^ < u, v < 2^] . The 
simi of all squares q^U^ Is not necessarily 
a figure (i.e., a finite sum of disjoint 
closed polygonal regions - see illustration). 


There may be Indeed couples of squares q', q^'elJj 
w_ in common and such that the other two squares 


having only a vertex 
qtI I^ qiVgg* having 


iv 

q €S 

SL 


a vertex in w^ do not belong to U . Points like w. are necessarily 


finite in number for each U. 


> o from A*. If 


P = Pn > 2 


and thus they have a positive distance 
■ 2 is the minimum integer such that '7'2.2”^"^n 


and for each point w^ we add to U 


the two corresponding squares q''', 
then it is easy to show (M. H- A. Newman, 


—Iv^c* 

^ n+p 


having a vertex in w^, 


I, p. 142 ) that the new collection U. 


Pn C A°, 
which n 


w collection covers a figure F 

If we consider only those Integers 


n 

n = 




we have F^ C F^ 


and hence F^ t A^. 


Obviously, 
n^ for 


Finally, by dividing the squares q C into equal squares 


small 


enough and these into two triangles t by means of one of the diagonals, 
we have the subdivision of each polygonal region R of F^ into triangles 
needed in the proofs of (ill) and (iv). 


The Elementary Area 

Let t be a triangle of the w-plane, w = (u, v), of vertices 
Wi = (Uj^, v^}, 1 = 1, 2, 3, and (P, t) be a linear mapping from t 
E^, hence (P, t): x = a^u + b.jV + c^, y = a^u + bgV + c^, 

z - a^u + b^v + c^^ w = (u, v)€t. If (P^, t), r = 1 , 2 , 3 are the 

corresponding plane mappings ( 5 - 4 ), then P maps t onto a triangle 

A = P(t) C E- and each P„ maps t onto a triangle C E„„, 


into 


hence 


z = a^u + b^v + c^^ 


A = P(t} C E^ and each P^ maps t onto a triangle A^ C E^^, 

^ ~ 2 , 3, (Ap the projection of A on Egp)^ where A, A^^, 

P = 2, 3, may be degenerate triangles (1 e., reduced to segments or 

points). Let w^^ = (u^, v^), 1 = l, 2, 3, be the vertices of t, and 

PjL = z^), 1 = 1, 2, 3, the vertices of A; hence. 


= a^u^ + bj^ v^ + c 


^1 = 3-2 + b^ V 


i ^2" 


= a.^ + b^ v^ + c^. 
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1 = 1, 2, 3. We shall denote hy a(t), or |t|, or elementary area of 
t, the nvunber 

a(t) = lt| = 2’^ abs- val. ll. 


and thus the elementary areas a(A^), or |A^ 1 , of the triangles A^, 
r = 1, 2, 3^ are given by analogous expressions in terras of the deter¬ 
minants ly^, 11 , |z^, y^, 1 |, |x^, yj_, l|, respectively. Finally, 

we shall denote by a(A), or |A|, or elementary area of the triangle A, 

the number 

|A| = [|A^|2 + lA^I^ + IA3I2]' . 

We shall use indifferently the notations a(A), or |A|, a(t), or |t|. 

Obviously, lt|, |A| are also the (two-dimensional) Lebesgue measures of 
t, or A in their own planes. Of course, [t] = 0 if and only if t 
is degenerate, etc. 


Since the fimctions x, y, z are linear on t, we have x^ = a^, 

= b^, ..., z^ = b^, and, by mailing use of the notations of ( 5 - 5 ), also 

= 8,2 b^ — a^ bg, ^2 ~ *” ^1 ^3'^ *^3 ~ ^1 ^2 ” ^2 ele¬ 

mentary computations on determinants we have 

|A^| = IJJ |t|, lA^I - U^l |t|, IA3I = IJ3I |t| . 


Consequently, [Al = J |t|, or, in another form, 

1, 

2 

dw 


(1) a(A) = |A| = (t) / J dw = (t) / 


+ J' 


(t)f 



where dw = du dv. 


Let us prove that a(A) = |A| is invariant for orthogonal transformations 

T of the space ( 5 -^)* Let (t, E^): q = q(p), peE^, p = (x, y, z), 

0. = (if T], Of ^(p) = [D^ + Aj_ + y + Cj_ z, 1 = 1, 2, 3]> and denote 

"the cofactors of the elements of the orthogonal 3x3 matrix 
x*s 

11 A^, B^, Cj^ll. The mapping (t P, t) is linear and, if 

qi = (lj_; Tij_, = q[p(Wj_)], 1=1,2, 3, 


A^ = t(a) = TP(t), 
a’ = 2"^ abs. val. 
tations we have 


A^ = t^(a) = P(t), r = 1, 2, 3, we have 

hj_, lli 1 = 1, 2, 3 f etc. By elementary compu- 


lA^I = 1^1 I + «p2 1 ^ 2 ! ^r3 l^3l> 
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I* = 2, 3 , where the determinants above are taken with their own signs, 

and finally, |A*| = |A|. Let us also observe that, if a is any plane in 

E^, say a = o ^ T), then A^ = A^ is the projection of A on the plane 
a and |A^| ^ lA| . Indeed, 

lA^I = lA^I < (ia ||2 + |A ^|2 + \A<^\^Y = |A'| = |A| . 

The elementary area Is also Invariant for any q.l. homeomorphism in the 
w-plane. It is enoiigh to prove this for a linear transfomation 

t: u = otQ + a^u' + a^vS v = + p^u' + p^V, m = a, p^ - p^ + 0 . 

Indeed, if (T, t) is linear, and T' = T t, then the Jacobians J , J', 

r' r 

r = 1, 2, 3, relative to T^ and T^ are related by the formulas 
"^r ^ seen by elementary computations on determinants. 

On the other hand, t is mapped by onto a triangle t* with 

111 = IraI 11 * I and therefore 


|a;| = U^l |m| It'l = U^l |t| = lA^I . 

Finally, |A '1 = |A| . The relation = J^m implies also = J^, 
I* = 2, 3 , when x is orthogonal. We have also 


= a, + p, x^, = “2 + ^2 ^v' 

and hence, if x is orthogonal, < 1^1 + 


Let F be a figure of the w-plane E^, (P, F) be any q.l. mapping (5-2) 

from F into E^, S be any typical (finite) subdivision of F ( 5 . 2 ) 
into triangles t- Then each triangle teS is mapped by P onto a tri¬ 
angle A C E^ and we denote by elementary area of (P, F) the number 
a(P, F) = area (P, F) = za(A), where L ranges over all teS. By (l) 
we have 



a(P, F) - (F) 



Ji " 





dw = du dv 



and this expression assures that a(P, F) is independent of the typical 
subdivision 3 of F into triangles t of linearity for P. 
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^.8. Definition of Lebesfflie Area 

Let (T, A) be any continuous mapping from an admissible set A into E^. 
Denote by {<>) the collection of all sequences 

= [(Pn» ^ 

of q.l. mappings from figures such that (5*3, 5.6) and set 

L(T) = L(A, T) = Inf lim a(P^, F_) . 

0 € {<j)) n —► 00 

0 < L < + 00, the Lebesgue area of the c. mapping (T, A), 
S = (T, A) and denote it by L(S). Let us recall here 
we mean F^. C A, C F° j A°, d(P^, T, P^^) — 0 

For ever/ admissible set A' C A, in particular for any open set GCA, 
or polygonal region jt C A, we denote by (T, A' ) the mapping defined by 
T on A' and then L(A', T) can be defined as above. Thus L(A>, T) is 
a set function defined for all admissible sets A' C A and we have 

o < L(A>, T) < L(A, T) < + cc, L(A*', T) < L(A', T) 

for ail admissible sets A'' C A' C A. 


We call L(A, T), 
or of the surface 
that by P^ —► T 
as n —► w. 


NOTE: The definition above is one of many alternate equivalent definitions 
of Lebesgue area (see §6). 


^.9. Some First Properties of Lebesgue Area 

(i) For any c. mapping (T, A) there is at least one sequence 
t* = n = 1, 2, ...] of q.l. mappings such that 

Pj^—► T, ^n^ —L(A, T) as n—00. 

PROOF: Let f^ be any sequence of closed figures such that 

fn C A°, f^ C ^n t ^ definition of 

L = L(A, T) there is a sequence [ (P , F ). 

^ ' mn^ mn'^ 

n = 1, 2, ...,] m = 1, 2, ..., of sequences of q.l. 
mappings such that P^ —► T as n — 

n— 00, with 

L<I^<L + m if L<+oo, or m<I^< + oo if 
L = + 00. Thus, for each m, we have 

(a) L - m ’ < a(Pjj^, P^) < L + m”’ for Infinitely 
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many n [or P^) > m if L = + »]. since 

V —as a 


» we have 


C A, 
ran ^ 


p C P , t A° 

ran ^ m^n+l ^ -^ran I 


as n 


00 




o 


as n 

'^l,n(i ) ^ 


00 


and It Is not restrictive to suppose 
Let n = n(l) be any integer such that 
1; let n = n(m) be any integer such that 


‘\i,n(m) 


< ra 


-1 




(5.1, ii), P C P / s 

tn-1 ,n(m-i ) ni,n(m) 

(rn = 2, 3, . . . ). If 


and (a) holds 


I'm' 


^^m,n(m)" ^m,n(m)^ 


we have 


P^ C A°, P C F , 
ni * m m+i 


• f'S t 




-1 . -1 


L - m ' < a(P^, F^) < L + m ^ 


[or > m]. Thus (1) is proved. 

(ii) L(A, T) = L(A°, T) for any c. mapping (T, A). 


PROOF: The statement is trivial if A is open because 
A = A°. In any case A^ is an open set and hence ad- 


o 


missible (5-1) and L(A°, T) < L(A, T) since A^ C A. 
On the other hand, if (P^, P^), n = 1, 2 , is 

any sequence such that 




(T, A°), a(P^, P^) 


L(A°, T) 


d(T, P^, P^) 


o 


Pj^ C A^ C A 




then 
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and (P^, P^) is also a sequence ♦ relative to (T, A). 
Therefore, L(A, T) < L(A°, T), and finally, 

L(A, T) = L(A°, T). 


NOTE 1: The statement (li) shows that even if A has a boundary A*, 

A C A, the behavior of T on A* has no bearing on the value of L(A, T). 
This can happen even if A is a simple closed Jordan region and the curve 
C: (T, A ) is an Osgood curve in E^, i.e., 0 covers a set of positive 
3-dim. Lebesgue measure in E^. In particular, if A is any simple 
Jordan region and we consider A Itself as a surface: 


(T, A): X = u, y = V, z = o, (u, v)eA , 


then L(A, T) = |A°|. Indeed let [f^] be any sequence of figures in¬ 
vading A°, and let (P^^, P^^) : x = u, y = v, 

(u, v)ef^j then a(Pj^, f^) < |A°|, P^—►T and 
L(A, T) < |A°|. Since, as we will see in (9-5), 

L > |A°|, we have L(A, T) = |A°|. 



(ill) Por any q.l. mapping (P, P) the 
Lebesgue area coincides with the elementary 
area, L(P, P) = a(P, P). 

The proof is given in ( 8 . 12 ). 


(iv) The Lebesgue area L = L(A, T) of a c. mapping T from 
an admissible set A into E^ is the unique number 
(o < L < + oo) which has the following properties: 

(L^) given e > o there exists a compact set K C A° and 
a number a > o such that for any q.l. mapping (P, P) with 
K C P C A, d(T, P, P) < a, we have a(P, P) > L - e (or 
> € if L = + oo)j (Lg) given e > o, a > o, 
a compact set, then there is some q.l. mapping (P, p) with 


K C A°, 


Vice versa 


K C P C A^, d(T, P, P) < cr, a(P, P) < L + €. 

if a number L, o < L < + «>, has the properties (L, ), (L ) 
then L = L(A, T). ^ 


PROOP: (a) Suppose (L,) is not true. Then there exists 
€ > o such that for any compact set K C A° and number 
CT > o there are q.l. mappings (P, p) with K C P C A, 
d(T, P, P) < CT, a(P, P) < L - € [or < e”' if L = + »] 
Let us consider any arbitrary sequence [f^] of figures 
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invading A°, i.e., ^‘n ^ ^'n t 

and set ^ * Then, by applying the observation above 

first to K = f^, and and then to K = and 

o^, and so on, we determine, successively, a sequence 
[ (Pj^^ F^), n = 1 , 2 , ...] having the following prop¬ 
erties: a(Pn^ Fj^) < L - € (or < ), 

ci(T, Pj,) < n'\ f, C C A°, + P^_^ C P^^ C A°. 

Consequently, F° t and P -*^T. Thus, by ( 5 * 8 ), 

IX I « lx 

L(A, T) < L - e [or < e“ ], a contradiction. Thus 
(L.J ) is proved. 

(b) If L = + a> the property (Lg ) is trivial. Suppose 

L < + 00 and, if possible, that (Lg) is not true. Then 
there exists > o, ^ o, C A°, a compact 

set, such that, for all q.l. mappings (P, F) with 

Kq C F C A^, d(T, P, F) < Oq, we have a(P, F) > L + e^. 
Then for each sequence <t> = f ^n^' n = 1 , 2 , ...] 

with Pj^-[hence, C A, P° | A°, 

d^ = d(T, Pj^, Fj^)- *-o] there exists an n such that 

n > n implies 

(1 ) dj^ < V 

(2 ) Kq C F^ C A, and, hence, 

(3) a(P^, Pj,) > L + 

( 2 ) is a consequence of (5-1 ^ ii)- By ( 3 ) we have 
L > L + e^, a contradiction. Thus (Lg ) is proved. 

(c) Suppose that there are two numbers L*, L**, say 

L' < L**, satisfying both (L^ ) and (Lg). Then L* < + «>, 

L* * < + 00. Let € > o be chosen in any case so that 
2 e < L** - L* if < + 00 , e*^ > L* + € if 

L*' = + 00. 3y (L^ ) (for the number L* * ) there exists 

a compact set K C A^ and a 0 > o such that, for all 
q.l- mappings (P, F) with K C F C A, d(T, P, F) < 0, 

we have a(P, F) > L*' - e [or > e"^]; hence, in 

either case, a(P, F) > L* + g. By (Lg) (for the number 
L* ) we deduce that for some of the previous (P, F) we 
have a(P, F) < L* + e, a contradiction. This proves 
the unicity of L. 

(d) We have proved that a number L satisfying (L^ ) 
and (Lg) exists [namely that defined in ( 5 * 8 )] and is 
unique. Thus each number L satisfying (L^ ) and (Lg) 



§ 5 . THE LEBESGUE AREA L ( 5 • 9 ) 


coincides with the Lebes^^^ie area. Thus (Iv) is completely- 
proved . 

(v) For any c. mapping from an admissible set A into E 
let (P, F) denote any q.l. mapping, F C A. Then we have 
L(A, T) = 3^ a(P, F) as F° | A° and d(P, T, F) —- o. 

This statement is a consequence of (iv). (see also 6.7, Note). 

(vi) If the vector function p(w) = p(u, v) is constant 

with respect to v, or to u, in each component of A, 
then L(A, T) = 0. 

PROOF: Indeed it is possible to approach (T, A) b^ 

“oT ? (Pn^ Pn): P = Pn(w), weF^^, 

^n I where Pj^(w) is constant with respect to v 

(or u) in each component R of F^^. Then 

^n^ "" °> T) = o. Thereby (vl) is proved. 


In E,; i.e., [S] = [C] = K 


NOTE 2: The statement (vl) Implies that a surface S degenerated into a 
curve has area zero. This fact agrees with intuition because such a sur¬ 
face S, reduced to a path curve C, can be approached as close as we 
want by polygonal lines, thus of elementary area zero. This holds even 
in the case where the curve C is an Osgood curve as above, or a Peano 
curve filling a square Q, i.e., [S] = [C] = Q, or filling a cube K 

There is no contradiction in all this be¬ 
cause curves and surfaces are here path-curves and path-surfaces, and C 
and its graph [C], as well as S and its graph [S], are different 
concepts. On the other hand, the unit square Q as the mapping 

S: X = u, y = V, (u, v)€Q, has area i; the mapping S^: x = sin 2n nu, 

y = V, (u, v)£Q, "covering Q 2n times", has area 2 n; the degenerate 
siarface S^: x = (p(u), y = ^(u), (u, v)€Q, where C: x = (p(u), y = ^(u), 

o < u < 1, is the Peano curve filling Q, has area zero. Nevertheless 

(S,) = (Sg) = [S3] = Q. ' 


Another statement of the same nature as (vl) is the following: For anv c 
mapping (T, A) whose graph T(A) is contained in a finite system z of 
straight lines 1 we have L(A, T) = 0. For the proof a sequence 


(P 


n 




) C z. 


T, has to be modified In such a way that P' 
Then a(P*, F*) = o, ^ 


T, 


- 0. The details can be left 
to the reader. Finally, we may conclude with the following statement* 

For any c. mapping (T, A) from an admissible set A Into E 


we have 
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L(A, T) = 0 provided the graph T(A) is contained in an arc r, or in a 
simple closed curve r', or in the sum of a finite system of arcs r and 
simple curves r * in E^. 

Let a denote any plane in E^ and the orthogonal projection of 

on a. Then given any c. mapping (T, A) from an admissible set A C E^ 
into E^ let us consider the plane mapping (t T, A) from A into a. 

(vli) For every plane a C we have L(A, T) < L(A, T). In 

particular, L(A, T^) < L(A, T), r = 1, 2, 3. 

PROOF: If (P^, F^) Is any sequence of q.l mappings 

such that P^ .^T, a(P^, F^)-^ L(A, T) as In ( 1 ), 

we have also P^-^ T and a(T^ P^, F^^) < a(P^, F^) 

( 5-7 ) • Thus by (5•8) we have 

L(A, T) < ]^ a(T^ P^, Fj^) < L(A, T) 

Statement (vll) is often denoted as the projection prin- 
ciple for Lebesgue area. 

^■ 10 . Lower Semlcontinxilty of the Lebesgue Area 

( 1 ) If (T, A) is any c- mapping, and (T^, 
n = 1, 2, is any sequence of c. mappings such that 

T^—T, then L(A, T)< ]djnL(A^, T^) as n- 

PROOF: The hypothesis T^^-T Implies ( 5 - 3 ) 

C Vl' A, A^ t A°, d(T^, T, A^) — 0 as 

n -3et 1 = lim L(A^, T^^) as n —«> and let 

us consider any arbitrary sequence of figures f^^ C A*^, 
f^ I A^. By ( 5 - 1 ^ li), given any compact set ^ ^ 
we can determine an integer n = ^3 large as we 

want such that C A^ C A°, "^n^ < 1 + m"^, 

d(T, T^, A^) < m“^ . In addition, having so fLxed 
n = n(K^), we can determine ( 3 * 9 , iv) a q.l. mapping 
(Pm, P^) such that C F° C F^ C A^ C A°, 

Consequently < 1 + 2m” , 

P^,, P^,) < d(T, T^, F^) + d(Tj^, P^, F^) < 2m-'. 

Now we can take K.| = f ^ and, successively, 

= f^ m = 2, 3, ... . On the other hand, we 

can take n = n(Kjjj) > n(K^_.| ). Consequently, the se¬ 
quence (Pj^, F^), m = 1 , 2, ... is determined and we 
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have 

fm 1 c P° C C A„ C A 

tn m-l m m ti 

hence, C and P° | A° as m—► «>. There¬ 
fore (P^, is a sequence ^ relative to (T, A) 

and L(A, T) < ^ ^ ^ There¬ 

by (i) is proved. 

^.11. Invariance of the Lebesgue Area for 

Orthogonal Transformations 

Let (T, A) be any c. mapping from an admissible set A of the v-plane, 

V = (u, v), into the p-space E^, p = (x, y, z), let x be any linear 
orthogonal transformation from the p-space E^ into another q-space E^, 
q = 0 change of cartesian coordinates in E^ ( 5 - 4 )], and let 

(T', A) be the mapping defined by T' = x T. 

(i) L(A, T) = L(A, T' ). 

PROOP: By ( 5 * 7 ) the equality is proved for quasi linear 
mappings from a figure. If (P^^, P^), n = l, 2, ... 
is any sequence of q.l. mappings with P —T, 
a(P^, P^)—- L(A, T) ( 5 - 9 ), and (P^!^, F^) is the 
corresponding sequence with = t P^, then 

PA —T', a(P^, P^) = a(p^, F^) 

(5* 7 ), and, hence, 

L(A, T* ) < 1 ^ a(Pj!^, P^) = 11^ a(P^, P^) = L(A, T) 

Thus L(A, T') < L(A, T) and analogously 
L(A, T) < L(A, T'); hence ( 1 ) is proved. 


9.12. An Axiomatic Characterization of Lebesgue Area 

A great deal of research has been dedicated to the problem of axiomatic 

definition of area. We shall consider the area as a functional ^(T, A) 

defined in the class L of all c. mappings (T, A) from an admissible 

set A into E3. We mention and prove here the following two statements 
(see also 7.5). 

(i) For any functional 4>(T, A) as above satisfying 
the following conditions: 
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(a) 'j>(P, F) = a(P, F) for any q.l. mapping (P, F); 

(b) o(T, A) is lower semicontinuous in the class L, 

i.e., f(T, A) < 11 m A^) for any sequence of 

c. mappings A^) of L, n = 2, with 

^ T (5.3); 

we have A) < L(A, T). 

PROOF: By ( 5 - 9 ^ i) there is a sequence (P^, F^) 

of q.l. mappings such that P^-- T, a(P^, F^) - ^L(A, T). 

By (b) and (a), we have 

4 >(T, A) < 4 >(P^, F^) = 1 ^ a(P^, F^) = L(A, T) 

Thus ( 1 ) is proved. 

(ii) For any functional 4 *(T, A) as above satisfying the 
conditions (a), (b) and 

(c) there exists a sequence of q.l. mappings (P^> F^) 
such that P^ —^T and a(P^, F^^) - 4 >(T, A); 

we have o(T, A) = L(A^ T). 

PROOF: If F^) denotes any sequence as in (c), 

then by (5*10) we have 


L(A, T) < a(P^, F^) = lira a(P^, F^) = 4 *(T, A) 

Thus L < ♦ and, by ( 1 ), also L = 0. Thereby (il) 
is proved. 


^■ 13 * Sufficient Conditions for the Flnlteness of Lebesgue Area 

(i) THEOREM: [C. B. Morrey, l, 2, 3] If (T, A): p = p(w), 
weA is a c. mapping from any admissible set A of the 
w-plane w = (u, v), into the p-space E^, 

P = (x, y, z), and if 

(a) the functions x(u, v), y(u, v), z(u, v), 
components of p(w), are of bounded variation and 
absolutely continuous in the sense of Tonelll [l.e., 

BVT and ACT in A°, see (3.2)] and if 

(b) the partial derivatives x^, x^, ..., z^, 

which, by (a), exist a.e. in are L^-integrable 

in A°; then L(A, T) < + » and 
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L(A, T) 



(A»)/ [l] * 4 

EG - du dv. 



du dv = 


where *^3 ordinary Jacobians of the 

couples (y, z), (z, x), (x, y), ( 5 - 5 )* 


(ii) THEOREM [C. B. Morrey, loc. cit.]: The same con¬ 
clusions as in (i) hold if, for the BVT, ACT functions 
X, y, z it is known that at least two have bounded 
partial derivatives (and the others are L-integrable); 
or that for each couple of partial derivatives, say 
(x, , y^), etc., there are two numbers p > 1, q > 
p -1 + q-l = 1 such that x^ is L^-lntegrable in A 
and y^ is L^-integrable in A*^, etc. 

It is convenient to prove both statements (i) and (ii) in Chapter III (9*8). 
The following corollary can be deduced: 

(iii) The same conclusions as in ( 1 ) hold provided (a) and (b) are 
verified in every F°, where P is any closed figure P C A°, and 
J = J(w) is L-integrable in A^. 

PROOP: Let [f^^] be any sequence of closed figures 

^ ^ ^n+ 1 ' t A°- Then (T, f^)-- (T, f) 

( 5 - 3 ) and, by ( 5 - 10 ), L(A, T) < lim L(f^, T). On the 
other hand, by fC A it follows L(fj^, T) < L(A, T) and, 
hence, lim L(fj^, T) < L(A, T). Consequently, 

L(A, T) = lim L(fj^, T) as n ► By (i) we have 

now L(f^, T) = (fj^)/ J dw and, since f^^-► A° and 

J(w) is L-integrable in we have, as n-► «>, 

L(A, T) = lim L(fj^, T) = (A°) / J dw, (dw == du dv). 

Thereby (iii) is proved. 

The integral I = I(A, T) = (A*^) / J dw is called the (classical) "area- 
integral" for the mapping (T, A): p = p(w), weA, and thus the theorems 
(1), (ii), and (iii) assure that under very general conditions the 
Lebesgue area is finite and given by the classical Integral. 

The particular typical case where A is a closed square or a circle and 
the components x(w), y(w), z(w) of p(w) are continuous in A together 
with their first partial derivatives x^, x^, ..., z^ (surfaces of class 
C * ) is largely included in all theorems above. 
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The more general case where the functions x, y, z are continuous with 

z^ in (A any admissible set) and J(w) is L-lntegrable 

in A, is largely included in (iii). 

The case where the functions x, y, z are Lipschitzlan in A and 
|A^| < + 00 is also contained in all theorems above since x, j, z are 
then BVT and ACT in A^ and x^, ..., z^ are bounded there. The 
case of a non-parametric surface 3 : x = u, y = v, z = z(u, v), 

(u, v)€A, where z(u, v) is BVT and ACT in is contained in the 

first part of statement (ii). 

The generality of the theorems above is really remarkable since (as we shall 
see in Chapter IX, [ 3 ^* 5 , iil), by another theorem of C. B. Morrey, each 
"non-degenerate" surface 3 : x = p(w), weA, of finite Lebesgue area, where 
A is a simple closed Jordan region, has a "representation" on A Itself 
(or on a square) satisfying the hypotheses of ( 1 ). Thus all the topologi¬ 
cal images of a closed circle which are of finite Lebesgue area have at 
least one representation satisfying the hypotheses of (i). Therefore, in 
particular, even the sxarfaces of 3 . Saks [ 5 ] having tangent plane at no 
point, as well as the surfaces of A. Besicovltch [^] covering a set 3 of 
positive 3“dim. Lebesgue measure in E^, have all at least one repre¬ 
sentation satisfying the hypotheses of (1). 

Nevertheless, the Theorems (i) and (ii) are far from being necessary con¬ 
ditions because, as we have observed in (l.^i-), there are mappings of finite 
Lebesgue area with functions x, y, z having no property of differentiability; 
and even in the cases where the fmctions x, y,- z have partial derivatives, 
a.e., in A°, it may happen, as for curves, that L is finite and not 
given by the usual integral for the area. For instance, if z = cp(u), 

0 < u < 1, is a weakly monotone continuous (singular) fianction with 
cp(o) = 0 , cp(l) = 1 , 9'(u) = 0 a.e. in [0, i] (see 3 . Saks, I, p. lOl) 
then the surface S:x = u, y = v, z = cp(u), 0 <u, v<l has Lebesgue 
area > ■/i" (more precisely = 2) while the classical Integral is i. 

As we have stated in (l. 4 ), we shall prove in Chapters V and VIII a nec¬ 
essary and sufficient condition for the finiteness of the Lebesgue area and 
a necessary and siofficient condition in order that L(S) Is given by the 
classical integral (statements L^ and L^ of (i.4))- 

NOTE 1: It is not known whether the conclusions of the Theorem (i) above 
hold under the conditions that x, y, z are only ACT in A° and J(w) 
is L-lntegrable in A*^. f 
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note 2 : Given the mapping (T, A): x = x(w), y = y(w), z = z(w), vek, 
from any admissible set A, let us suppose that the functions x, y, z 
aire continuous in A and the first partial derivatives x^, ^ 

are continuous in A°. Under these particular hypotheses it is easy to 

define, as we shall see, a sequence of q.l. mappings with 

p _► ^n^ —T), where I(A, T) = (A*^) / J dw is the 

area-integral. 


Let 


figures 


o 


n 


^n ^ ^n.r 


(defined in 5-6, Note 2). Since the functions x, y, z, x^ 
are continuous in the compact set F , they are a. 


,0 

n 




f A° 


• • • 


'V 


imiformly 


in F. 


and, hence, there is a ^ ^ such that lT(w) - T(w' )l < (2 n) 
|x^(w) - x^(w* )\, • • IZy(w) - Z-y(w' )1 < (nM_ IF_I ) for all 

where 1F^^ 1 
1 ] in 


-1 


w, w'eF , 


|w - w' 1 < 


< (nM^ 

is the measure (area) of F 


n 


and = max [ lx|, ly|, 


« • 


, ,z IJ in P 

squares q of side-length 2 

g-m+1 ^ ^ corresponding subdivision of F 


Let us divide F_ 
n n 

with m large enough in order that 

into 


into equal 


n 


triangles t obtained by dividing 


by means of one of the diagonals* If 


t = w w^ w 


is any of these tri¬ 


angles, 

V* == V , 


Wi = (Uj^, 

^2 = 


i 

V 


), 


1 = 0 , 1 , 2 , 

1 = 


= V + 1 , 


we have either u^ = u^ + 1, 
or the same relations hold 


2-”, 


1 ■ '' O ' '^2 ~ 0 ' '2 

where each 1 is replaced by + 1 * If X(w) = Au + Bv + C is the linear 
function with X(Wj^) = x^^ = x(u^, v^), 1 = o, 2, we have 

i = 0, 1, 2, and then 


Au^ + BVj_ + C = Xj_ 
B = (Xg - Xq) 
values are 


A = (x. - X ) 1 


1-1 . Thus X^, X^ are constant in t and their constant 


= [x(Uo + 1 , Vq) - x(Uq, Vq)]i-^ = x^(Uq + el, v^), 

^ = [x(Uq, Vq + 1) - x(Uq, v^)]i-’ = x^(u^, + e'l) 


where o < $, e* < i • An analogous conclusion holds in the other cases. 
Thus we have < (n\ |F^I )"’ everywhere in t. If 

X(w), Y(w), Z(w), weP^, are.the q.l. functions which are linear in each 
t€S^ and take the values of x, y, z at the vertices of the triangles t, 
let (Pj^, Pj^): X = X(w), y = Y(w), z = Z(w), weP^^. Then we have 


IX^ - x^l, ..., \\ - z^l < (nM^ \F^\ )-^ , 


1^ ^v " ^ ^v^ - ^^v ~ ' 

< (nM^ IF^I \ + \ (nM^ IF^l )"^ = 2(n |F^| , 
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etc. . Finally, if J^, r = 1, 2, 3, are the Jacobians relative to 
(Pj^^ Fn), we have |J^ - < 4 (n |F^| )"^ everywhere in By (2.10, c) 

and (2.10, d) we have also 






< - J^l < i2(n|Pj^|)-’ . 



Therefore 


l(Fn)/Jn dw - (F^)/J dw| < I 2 n'^ , 

and, finally (F^) / dw —(A*^) / J dw; that is, ^n^—^I(A, T). c 

By the same reasoning of 5*6, iii, proof, we have also 

|X - x|, |Y - yl, |Z - z| < n"', ci(P^, T, F^) < 3n"^ 


and, therefore, P^—► T. Thereby the contention is proved- 

In the case in which (T, A): x = x(w), y = y(w), z = z(w), weA is any 
mapping from a closed pol. reg. A with x, y, z continuous with their 
first partial derivatives in A, then we can define a sequence (P^, A) 
of q.l. mappings with P^^—T, ^ P(A, T). 


Indeed here A is compact and x, y, z, x^, z^ are continuous in A 

and, hence, uniformly continuous in A. Therefore the number can be 

defined as above relatively to the number (n M |A| where |A| is the 
measure of A, and M = max [|xl, |y|, |z^|] in A. Let 3 ^ be 

any finite subdivision of A into triangles t of diameter < 
can always suppose that 3 ^ is regular and that each triangle t = oab of 
3 ^ has a right angle (every subdivision 3 of A into triangles can be 
reduced, by further subdivisions, to a subdivision 3 * having the prop¬ 
erties above, as we shall see in 5*i6). Now, if we consider the sides oa, 
ob of each t as auxiliary coordinate axes o|, otj, then at each point 
of t we have = x^ y^ - x^ y^ = x^ y^ - x^ y^, etc. ( 5 - 7 )^ and the 
reasoning above can be repeated without difficulties. 




The considerations above stem from an elementary observation of L. Tonelll 
[it]. For other conditions on the triangles t and A so as to assure 
that a(P^, Fj^) —I (A, T) under analogous elementary hypotheses on 
X, y, z, see L. Maggl [ij. [ 3 ee also 6 . 9 ]* 
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Some First Properties of Lebesgue Area as a Set Function 

(i) For any c. mapping (T, A) from an admissible set A into E 
and for any sequence (A^) of disjoint admissible sets, 

A ) E A^, we have L(A, T) > E L(A^, T). The sign > may 
hold even if A = E A^. 


PROOF: By ( 5 . 7 , formula 2) the statement is obvious for 
q.l. mappings and elementary area. Let 
n = 1, 2, ..., be a sequence of q.l. mappings such that 




T, 


a(Pn, 


F ) 
n^ 


L(A, T) (5*97 i); hence 


FO I pP, d^ = ^^^n^ ^n^ —o as n —► oo. Let us 

consider any finite family of sets A^, 1 = i, 2, ..., N, 
and, for each A^^, consider a sequence [f 


of figures f^ C A^^ 


o -«o 


im 




as m 


im^ 
00 . 


m = 1, 2, 
i = 1, 2, 


Since each fis compact and fC A° C A^, for 

^ there is an integer n(i, m) 
for all n > n(i, m). Let 


each f 


such that 


flmC Fn 


• • 


N. 


n(m) = max [m, n(i, m), i = 1, 2, 


• • 


N] 


hence, for all n > n(ra) and i = 1, 2, ..., N. 

Set 

^^im^ ^Im^ "" ^^n(m)^ ^im^^ 1 = 2, N , 

ni“l^ 2 ^ • 

Therefore; 

t Kfw f. fta' S 4(r„(„). T. . 

"^nCm) ^ ° 

as m —oo. Finally, by (5-8), also 
N N 

Z L(Ai, T) <2 a(P^^, fin,) < Ita ^ a(P f ) < 

i=l 1=1 tn — » m — 00 1=1 

- m S 00 = L(A, T) - 

Since N is any arbitrary number, we have proved (i). 

In (9-5i Note 2), we shall prove by examples that the 
sign > may hold in (i) even if A = E Aj_. 
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( 11 ) Whenever A = s A^ Is the sum of a sequence (A^ ) 


admissible 


such that each Interior 


point of A Is Interior point to one A^, that Is 
A° = E A?, then L(A, T) = E L(Aj_, T). 

PROOF: Let s = z L(Aj_, T), o < s < + oo. By ( 1 ) we 
have L(A, T) > s. If s = + oo, then L = s = + <» and 
( 11 ) Is proved. Suppose s < + oo, hence, L(A^, T) < + oo 
for every 1 = i, 2, ... . For each 1 there Is a 
sequence (P^^^, F^^^) —^ (T, A^) as n—oo. 


In 


A° 


(h„' hn> 


f ^1' suppose 

< n”' as well as a(Pj._, 


d(T, < n” as well 

L(A^, T) + 2"^"^. Also, Pj^ = 
is a figure, P C A°, and P 


■ell as a(Pj^^, P^^) < 

^n = ^in + P2n ^ ••• ^nn 


P.-. = 0, 1 + j, 


in " jn 


1 ^ j = 1 , 2, n. Let us prove that F° | A°. In- 


O n * 

deed any point peA belongs to a set A^. By 
^In 1 ^1 ^ follows ^*0^ A 


I A^ as n —00 It follows ^*0^ All n 

arge enough; hence, P^F^ for n large. This Im¬ 


plies F^ I pP . Let (P^, F^) be the q.l. 

defined by P^^^) = ^In^^^ ^^^.in' 

1 = 1 , 2, ..., n. Then d(T, P^, F^^) < n“i 

(Pn^ ^n^ —^ 


Let (P , F ) be the q.l. mapping 


L(A, T) < lim 


a(P , F ) = 

^ n^ n^ 

00 n 


11m 


1 ^(Pin' Pin) ^ 


1=1 


11m 


1 L(A., T) + 2 -^-^ < 

i=l L J n 


11m 


(s + 2"^) = 3 


We have proved that L(A, T) < s and, by ( 1 ), we 
have L = s. 


NOTE: The conditions of ( 11 ) are obviously satisfied If A Is an open 
set and A^ are the components of A, or If A Is a finite sum of closed 
disjoint Jordan regions A^. Further additivity theorems shall be proved 
In (21. 4 ). The main properties of L(A, T) as a set fianctlon will be con¬ 
tained In §25. 

(Ill) If (T, A) Is an c. mapping from an admissible set. If jt 
I s a closed pol. reg. it C A, If S denotes any finite sub¬ 
division of I into closed non-overlapping pol. regions n', 
then L(jt, T) > £ L(n*, T). 
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PROOF: We have it° D 2 Jt'° where the sets n'° are 
open and disjoint. Therefore, by (i) and by ( 5 - 9 , 11 )> 
also L(n, T) = L(«°, T) > £ T) = £ L(it', T). 


(iv) If (T, A) 
A, and (A^) is 
with C A^+l. 


Is any c. mapping from an admissible s 
a sequence of admissible sets C A 
A? I then lim L(A^, T) = L(A, T) 


as n 


00 « 


PROOF: By 
and, hence, 
(T, A^) 


A^ C A it follows that 
L(A, T) > Tim L(Aj^, T) 
(T, A) and, by (5-10), 


L(A^, T) < L(A, T) 
On the other hand, 
also 


L(A, T) < 1 ^ L(A^, T) < lim L(A^, T) < L(A, T) . 


Thus L(A, T) = lim L(A^, T) as n 


00 » 


(i) 
r = 


5.1^. A Triangular Inequality 
For any c. mapping (T, A), let (T^, A), 


1 , 2, 3 


be the three c. mappings ( 5 •^ • Then 

1 


£^ L^(A, T^) 



L(A, T) . 


PROOF: Let (P^^, F^^), n = 1 , 2, 
of q.l. mappings with (P^^, F^) 


..., be any sequence 
(T, A), 


a(P , F ) 
'■ n' n' 


L(A, T) ( 5 - 9 , i). Let (P^^, F^), 


r = 1, 2, 3, be the corresponding plane mappings (5-^) 
Since for any we A we have " T^(w)| < 

iP^(w) - T(w)l, then ci(Pp^, T^, F^) < ci(P^, T, F^^), 
r = 1 , 2, 3 - Therefore, 


L(A, Tj,) < Um a(Ppn> 

n —► 00 


< lim 
n 


00 


a(P^, F^) = L(A, T) 


Now let S^ be any typical subdivision of F^^ into 
triangles t of linearity for P^ and let A = Pj^(t), 


A^ = I* = 2, 3, for any teS^ 


Then 


a 2 (A) = a (A^ ) + a (Ag) + a (a^ ) and a(P^, F^) = z a(A), 


^n^ = ^ a(A^), r = i, 2 , 3 , 


where 2 ranges 


over all teS^^. By ( 5 - 8 ) and (2.io, c) we have now 
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11m 


a^(P,, 




= L^(A, T) 


n 


00 


The statement above is, therefore, proved. 


. 16. Partlciilar Conditions Concernlnj;^ Polyhedral Surfaces 

Given a q-l. mapping (P, F), given a typical regular subdivision S of 
F, (5-2) and a nimiber € > o, there is a q.l. mapping (P', F) for which 
S is still a typical regular subdivision and such that each triangle 
A* = P*(t) is non-degenerate, |a(P', F) - a(P, F)| < e, and 
d(P*, P, F) < e. Indeed we can add to each vertex p of the sijrface 
E; (P, F) an arbitrarily small vector, of different direction at each 
vertex p. If A* are the new triangles, P^ is defined as the q.l. 
mapping which maps each t onto A* . 


> 2 


-1 


ft 


We can also arrange that all angles of the non-degenerate triangles A of 
L:( P, F) are acute. Let A = 123 be any triangle of angles or, 3, 7 
(at the points 1, 2, 3, respectively) and let one of them, say a, be 

Of the many procedures in order to divide A into triangles A' 

whose angles are all acute, let us 
, recall here the following one. Let 

10, 20, 30 be the inner bisectors 
at 1, 2, 3 in A, let 08 be the 
bisectors to the angle 203, oh, 05 
be the bisectors to 802 and 803, 

6 and 7 be the points 6€l2, 

€ 13 defined by 6^ = 2^, 



f 03 = Thus S02 = = i+08 = 805 = 5^ = 3^ = h~^ a + 8“^(p + 7). 

It is immediately seen that all angles of the triangles A* = 016, 017 > 
06 ii-, 075, 462, 313 f 0^5 are acute, with exception at most of 
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^ = 2"’jr - 8 "’’ 5 (a - 2 ~\) - 2 ^ (p - B~\), foi = - 8 "^ 

5 (a - 2 ^it) - 2 ^ (7 - 8”^jt). Thus if p > 8"^n, then ^ < 2 ~\; if 
p < 8 ”^n, and 6 oi > 2~^ti, then we have also 

6 ?i = 2“^ P + 4"^ a + 8 "^ (p + 7 ) > Q'‘\ 

and, hence, by repeating the same procedure on the triangle 016 we obtain 
a subdivision of 016 into triangles whose angles are acute* The same 

reasoning holds for the triangle 017 in relation 
to the angle 7. Thus a subdivision of A into the 
required triangles A' is obtained. Obviously, if 
the points 4 , 5, 6, 7, etc* are moved slightly 
along the sides of the respective triangle, the 
angles of the triangles A do not cease to be acute. 
We can avail ourselves of this fact in order that 
the points 4 , 5, 6 , 7, etc*, divide the correspond¬ 
ing sides 1 in parts having rational ratios to 1 . The subdivision now 
defined for the A*s implies an analogous subdivision for the t*s. If 
we denote by S' the new subdivision of F so obtained, S is not nec¬ 
essarily regialar. If N is the minimum common mialtlple of the denominators 
of the ratios above and if we divide all triangles A' into the same number 
N of equal triangles A" by means of 3N straight lines parallel to the 

sides of the triangles A', then the correspond¬ 
ing subdivision S" of P into triangles t" 
is regular and all the angles of the A' ' = P(t' ') 
are acute. 

Finally, we can arrange that all triangles A 

are (non-degenerate and) with one right angle. 

Indeed, if all angles of each A = 123 are acute, 

let 0 be the point of intersection of the 

straight lines orthogonal to the sides of A at 
their centers T, 2*, 3'. Then the si^ triangles a' = 012*, 02'3, 

have a right angle and the corresponding subdivision S' of F into 
triangles t' is regular. 




*5.17. The Kolmogoroff Principle 


(i) THEOREM: Let (T, A) be any c. mapping from the ad¬ 
missible set A into the p-space E^, w = (u, v), 

P = (x, y, z); let t be any c. mapping (t, e. ): q = T(p) 
peE^, from the p-space E^ into the q-space E', 

0 .“ (l; ^), such that |t(p) - t(p')| < |p -p'| 

for all p, p'cE 3. Then, if (T', A) is the c. mapping 
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defined by T' = tT we have L(A, T') < L(A, T). 

PROOF: Let F^) be a sequence of q.l. mappings 

such that P^-a(P^; F^)-*-L(A, T); hence, 

Fn C A, C P^,,, P° t A°, = d(T, P^) — o, 

as n-*"00. Let be a typical subdivision of F^ 

for Pj^. We can suppose that is regular, that 

each triangle A = P«(t), teS is non-degenerate, has 

XX XX M 

a right angle, and diameter < n . For each 

let t = w^ w^, A = p^ P2 P^, Pj_ = 1 = 2 , 3, 

and let A have a right angle at p^. Let 
Qi = T(pj_) = tP^(w^), i = 1 , 2 , 3 , a' = qi ^2 

Let (Pj!^, F^) be the q.l. mapping from F^ into E^ 
defined as the mapping which is linear on each 
and maps t onto A'. First let us observe that we 
have 


ki - <131 = lT(Pj_) - t(Pj.)| < ip^ - Pjl , 

i + j, i, j = 1 , 2 , 3 • 


Therefore 


area A' < 2"’' Iq, - q,^\ Iq^ - q^ I < 

< 2"'' Ip, - Pg I • IPi - P3 1 = area A 
and, hence, a(P*, F) < a(P , F). On the other hand, 

XX a XX 

dlam A* < dlam A < n“ for all Hence, for any 

wet we have 

iT'(w) - P,!,(w)| < |tT(w) - TPn(w)| + 

+ ItPj^(w) - tPj^(w, )| + |tPj^(w, ) - Pn(w, )l + 

+ |Pi(w, ) - P,!,(w)l < lT(w) - Pn(w)| + |Pj^(w) - P^k, )l + 0 + 

+ dlam A' < dj^ + dlam A + dlam A' < d^ + 2 n”^ • 

Therefore, = d(T*, P^, F^^) —► o as n —► oo, 

Pj!^ —T *, and, finally, 

L(A, T< ) < lim afPj!^, F^) < lim a(P^, F^) - L(A, T) . 
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Thereby the theorem is proved. 


NOTE: For another proof of the Kolmogoroff principle see R. G. Helsel and 
E. M. Mickle [ 1 ]. The same principle was proposed by A. Kolmogoroff [i] 
as one of the axioms characterizing a general concept of area. On this 
subject see also ( 7 * 5 ) in this book. The following statement shall be also 
pointed out: 


(ii) Given any two c. mappings (T^, A), (T^^ A) from the same 

compact admissible set A C Eg into E^ such that |T^{w) - T^(w')| < 

|T2(w) - Tg(w*)| for all w, w'eA, then L(A, T^ ) < L(A, Tg). 

Indeed under the same hypotheses there exists a c. mapping t from E^ 
into itself satisfying ( 5 . 17 , i) and such that T, = tT., [R. G. Helsel and 

J. Mickle, loc. cit.]. Hence (ii) follows from (i). In (ii) the mappings 
T^, Tg may map A also into different spaces E, E' [see also E. Silverman, 

1, p. 69]. 


* 5.18. Bibliographical Notes 

For the definition of Lebesgue area see H. Lebesgue [1, 2]. For discussion 
on area as a lower semicontinuous functional see H. Lebesgue [1, 2, 3, 51, 

M. Frechet [2, 3, 1 ], T. Rado [I], C. B. Morrey [1]. 

For the concept of lower semicontinuity in Calculus of Variations for curves 
and surfaces see, for instance, L. Tonelli [I], Marston Morse [I, II] and 

K. Menger [16]. In various recent proofs of the existence of a solution of 
the Plateau problem (surfaces of minimum area spanning a given Jordan curve), 
the lower semicontinuity of the area plays an important role; see T. 

Rado [I], J. Douglas [1], E. J. McShane [ii-, 7], R- Courant [1, 2, 3] and L. 
Tonelli [2k, 25]. The Plateau problem for surfaces of higher topolo^^ical 
type has been discussed by J. Douglas [3]; for the same problem in connec¬ 
tion with stable or unstable extremals, in the line of thought of Marston 
Morse, see M. Shiffman [1, 2]. For other applications of Lebesgue area 
and lower semicontinuity to problems of Calculus of Variations for non- 
parametrlc surfaces see L. Tonelli [19, 22, 29J, and for parametric sur¬ 
faces E. J. McShane [2, 3, 5 ], A. G. Sigalov [5], J. Danskin [l] and 

L. Cesari [kz], [Cf. Appendix B in this book]. 


(*) § 6 . 


ALTERNATE DEFINITIONS OF LEBESGUE AREA 


* 6 . 1 . 


Some Preliminary Statements 


j'= j: - (j; + 


^ Jo) 


o 


(i) Given any two Jordan regions J = j^ - (j^ + ... 

' ■ + J^)*^, (5.1), of the same order of 

connectivity 0 < u < + 00, and given arbitrary homeomorphisms 
hj_ between J^ and J|*, i = 0, 1, u, defined so as 

to retain the coimterclockwise orientations of J^ and J|* 

(J and J* are supposed to belong to oriented planes), 
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there Is a homeomorphism H between J and J' which co¬ 
incides with hj^ between j! and Jj*, i = o, i, u. 

In addition, if J, j' are pol. reg. and the homeomorphisms 
h^ are q.l., then we can require also that H is q.l. 

This is a particular case of well knovm statements of elementary top¬ 
ology. See for instance M. H. A. Nevmian [I], and also J. W. T. 
Youngs [10]. 

(ii) Given any homeomorphism w' = H{w) from a pol. reg. 

R into a Jordan region J and given € > o, there is a 
q.l. homeomorphism w' = h(w) from R onto a pol. reg. 

R' such that |h(w) - H(w)| < e for all weR. 

This is a particular case of a theorem of P. Franklin and N. 

Wiener [ij. 

(iii) Given any too Jordan regions J = j^ _ (j^ + ... + j )0 

J' = J^ - (J] + ... + J') of the same w-plane E, if 

1 Jj_, Jj^ II < e, 1 = 0, 1, . . ., u, (u < + -X,), then for 

each point weE at a distance > e from J*, either 

W€j° J'°, or w€(E - J) ( E - J' ). 

A simple proof will be given in (8.6, Note 3). 

(Iv) Given any Jordan region J and any c > o there is 
a homeomorphism w' = H(w) of J onto a pol. reg. R C J° 

such that |H(w) - w|< € for all wej. If J is a pol. 

reg. we can require H to be q.l. 

PROOF: 

(a) If J is the square [-1 < u, v < i] let 
tJ = min [3”', 2“'e] and set 

Q’ = [-1 + a < u, V < 1 - cr] , 

u' = (l - a) u, v' = (i _ o)vj (u, v)eQ . 

Then 

H^(Q) = Q* C Op, |H^(w) - w| < 2a < e . 

(b) If J is the pol. reg. 

R = Rq - (R, + ... + R^)° , 
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where 


Rq = [o < u < + 1 , o < V < 3] 

Rj_ = [21 - 1 < u < 21, 1 < V < 2], 1 = 1, 2, ... 

let cT be defined as above and let us consider the 
points 


“0 = 

( 0 , 

0 ), 

“u = 

{2\) + 

0 ), 



^0 = 

( 0 , 

3). 

^0 = 

(2v + 

1, 3), 



mi = 

(21 

+ 2* 

\ 0 ), 

ni = 

(21 + 

2 " 

3), 

1 = 


.. 

u - 

1, 




Pi = 

(1, 

1 ). 

'll = 

(1, 2) 

j 1 = 

^ 1 

, 2 , 


( 0 , 

0 ), 

K = 

(2v + 

1 - a, 

0 

), 

*^0 = 


3 - 

a), n; 

= (2u 

+ 1 - 


3 - O’) 

m- = 

(21 

+ 2 " 

1 X 

J 0 ), 

nj = 

(21 + 

2 " 

3 - 


1 1^2, D— 1, 

I = (i + (- 1 )^ CT, 1 - a), = (1 + (-1 

1 “ 2 , •••, 2 ' 0 » 






'\ 





Let be the q.l. homeomorphlsm which maps each 
pointy “l' “^1' Pi' % Into the corresponding point 
n^^, p|, qj, and which is linear in each triangle 
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ra 


i -1 “l P 2 l-r ^ 21-1 


ra 


1 ^ 21 ’ ®l-i ^21-1 


^ 21-1 '^ 21-1 “i * 121 ^ “l 'I2I P2I' 


*^1 *^ 1-1 *^ 2 l ’ *^ 2 l '^ 1-1 *^ 2 l - 1 ' ^ '••> 


y 



4 

4 



By direct computation it is ir 
|H^(w) - w| < 2cj < €, while 


mediately seen that 
R* = H^(R) C R°. 


(c) Let J be any Jordan region. Then, because of 

(i), there is a homeomoi^hism x from J onto a pol. 

reg. R as above (or Q if t» = 0). Then let 

ri > 0 be such that |t'‘^(w) - t“^(w)| < 2”^ e for 

all w, w^eR, |v - w'| <71- Finally, = x"^ H x 

maps J onto another Jordan region J' C J*^ with 

|Hq(w) - w| < 2"^e. Now let '25 = (J*, J*) (2.6, 

Note) and let w = h(w') be a q.l. homeomorphism 

(6.1, ii) from R* = H^(R) onto a pol. reg. R^ 

such that |h(w') - x'^w')! < rain [2”^e, 5 ] for 

all w'eH'. Then, if H = hH x, we have 

— 1 — 1 ^ 

|H(w)-w|<2 € + 2 e = e. Thus H maps J 
onto Rq C J*^ and has all the required properties. 

The case where J is a pol. reg. follows with 
obvious simplifications by the same reasoning. 


NOTE 1 : Under the conditions of (iv) above, if J = (J^, J^, J^); 

R = (Tq, r^, ..., r^), i = 0, 1, u, we have 

^^11 ^ ^3 i = 0^ ^ f *•*, 'O* 


NOTE 2: If J is any simple Jordan region of the w-plane E, 
w = (u, v), then, given e > 0, there is a simple pol. reg. r with 
r C J°, ||r , J II < €, such that r is the finite sum of equal squares 
q of the subdivision L of E by means of the straight lines 
u = i 2 , V = j 2” , 1 ^ j = 0, + 1, + 2, ..., for any n large 

enough. 


In order to prove this statement, which we shall apply in ( 9 * 6 ), let 
us first observe that we may suppose c < 2”^ dlam J*. Let us now 
mention the following well known property of Jordan curves: given 

€ > 0, there is a 6 = 6 (e, J ) such that any two points 

* 

w, w*€j , with |w - w* I < 6 , are the end points of one and only one 
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arc oc C J*, a = ww', with diam a < c (lO.i, 11 ). Let 
a = min [3"^ €, 3"^ 5 (3’^ e, J*)]. Let w be any point 
v^eJ° and let n be any integer with < 3” (w^, J*), (2-6, 

Note) 2”'^'''^ < o. Let us now consider the collection C of all 

squares qe^^^ with q C J°. The collection C is not empty 
because it contains at least the square (or the squares) 
q^ containing w^- Let us denote by C' the maximal sub¬ 
collection of C which has the following properties: 

( 1 ) qc,eC'j 

(2) given any two squares q', q'UC there is a sequence 

of squares q^eC, say q' = q,, q^, 0 ^ = q''> such 

that any two consecutive q^ have a side in common (are 
adjacent). 

If we consider the connected set r covered by C, then the 
boundary of r is the sum of the sides 1 of the squares qeC 
which are not common sides of adjacent squares of C'. If we start 
from any one of these sides 1 we can build finite systems 

1 ^ + Ig + ... + 1^ = \ of consecutive segments 1 as above (with 
1 ^ consecutive to 1 ^), having no other point in common. Thus 
each system X is the boundary of a simple pol. reg. p and, since 
X C J°, and J is simple, then p C J° (10.1, Note 2). Consequent¬ 
ly, all squares q C p are in C and hence p C r. On the other 
hand, there cannot be more than one system x because either 
i X' = 0, and then we would have pp' = 0 and r would not be 
connected, or X x' + 0 , and since no segment 1 can belong to both 
X and ^x', then x x' would be the finite sura of points wexx'; 

then p p'° = 0 and the property (2) yould be contradicted. Thus 
P = r, r C J°. 


= w,, 


each 


Let us prove that ||r , J || < e. Let us divide r* into a finite 
number of arcs = w, w^^,, 1=1,2, ..., m, w^^. = w,, each 

of diameter < a. Each point w^ belongs to at least one square q 

which is not in C nor in C, hence q J* + 0, and thus we may 
join each w^ to the closest point w|€j* by means of a segment 
3 ^ = w^ w£. By a slight modification of the system of points w 
we can even suppose that each segment s^ is contained in only one 
square q. Let us prove that any two segments s^, s. cannot have 
an Interior point in common. Indeed, for Instance, if w es s. is 

interior to both s, and s and |w^ - w• | < |w, _ 


interior to both s^ and s., 

I . ft ■ . J 


Indeed, for instance, if w €s 


and 


'"o - "il < IVq - Wl|, 


IWj - Wj^l < |Wj. - WqI + |Wq - w|| < |w. - WqI + |W - wU = |w. - w'.|, 

a contradiction since wj is the point of J* closest to w.^ 

If two or more segments s^ have a point in common, then this point 
is their common end point on J* and by a slight modification of each 
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segment ve can have new segments 
denotes the end point of s 
are at a distance 


If 


V * 

^i 


i 


w| - 


^i+l' - '^1 ■ ^i' '^i ■ ^i+l‘ *^i+l ‘ ^ 


all disjoint 
on J* then any two points wj^, ^1+1 

I < 


I 

i +1 


and, hence, there is one and only one arc = w| w|^^ C J* of 
end points w|, and of diameter No point wj, 

j = 1 = 1 , i + 1 , may belong to the arc because then either Sj would 

have points in the interior of the Jordan region whose boundary 

s^ and then must intersect and Invade 


is cc^ + + 

more than one square q, or else s- would have no points in the 

t) 

interior of y^, but would have an arc in E - J which means there 
woixld be an interior point of s . on J* each of these cases be- 

cl 

ing contradictory. Thus we have proved that the arcs 
i = 1, 2, ..., ra, form a subdivision of J*. Each point wea^ and 
each point w'ep^^ are at a distance 


w - w 


w - w. 


w. - w] 


w|-w'|<20 + 3 ^e<€ 


Therefore, if denotes any homeoraorphism between and 

mapping w^, w^^^ into wj_, wj_^^ respectively, then we have a 
homeomorphism H between r* and J* with |H(w) - w| < e and, 
hence. Hr*, J*|l < e. The contention is thereby completely proved. 

(v) Given any continuum K of the w-plane E, any two points 
w^, w^eK, and any € > 0 , there is a simple polygonal line 
1 = w^ w^ joining w^, w^, ICE, v^hose points w are all 
at a distance < e from K. In addition, if K is a simple 
arc X = w^ Wg of end points w^, w^, we can suppose 
111 , xjl < € and, finally, if w^, w^ are points of an ar¬ 
bitrary finite system L of polygonal lines and K = x, 

X £ = (w^) + (^ 2 ^^ then we can require also that 
1 L = (w^ ) + (w^)* If K is contained in a closed pol. reg. 

Q we may also require that ICQ. 

The first part of (v) is a well known statement of topology (see M- 
H. A. Newman, I); the second and third part are practically exercises 
and familiar in topology. Let us recall further that any two compact 
sets A, B are said to be topologically equivalent, or homeomorphlc, 
if there is a homeomorphism H from A onto B- 

(vi) Any Jordan region J and a finite subdivision of J 
into simple Jordan regions y^, y^^t by means of a 

finite number of simple arcs x^, X^ (having in common, 

and in common with J*, only end points) are topologically 
equivalent to some pol- reg- R and a finite subdivision S 
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of R into simple pol. reg. by means of 

analogous simple pol. lines 1^, i^; i.©., there is 

a homeomorphism H from J onto R such that 

1 ^ = H(X^). 

This is a well known statement in elementary Topology. 


*6.2. 


An Alternate Definition of Lebes 
Area for A a Figure 


Suppose F is a figure of the w-plane (hence, in particular, 
pol. reg. ), and let (T, F) be any c. mapping from F into 
Let {0') be the collection of all sequences 0' = [ (p , p)^ 

n = 1, 2, ...] of quasi linear mappings from F into E 


such that d(P , T, F) 


o as n 


<», and set 


a 

E 


L*(F, T) = Inf 


lim a(P^, F) 


0 


n 


CO 


(i) L*(F, T) = L(F, T) for every c. mapping (T, F) from 

a figure F. 


F 


PROOF: Obviously (0'} C {0) (5.8) and, hence, L^ > L. 

Let (P„. F). n = 1, 2, ..., be any sequence of q.l. 

° t 

- .. (5-9, 1). 

P is a compact set, hence, T Is mlformly continuous 

in P. Por any integer m>i, let be a number such 


mappings such that F^ C F ,, F C F 

n n+1 ^ n ^ 


d(T, P^) < n 


-1 




-1 


that |T(v) - T(w*)l < m ^ for all v, w'eF, 


w - w 


< € 


mapping 


w 


r _ 


figure 


.0 


such that 


- from 


m 


H^(w) -^w| < e^. Then F^^ is a compact set, F^^ C F*^. 
Since ] F , there is a smallest Integer n = n(m) > m 
such that F^ c P^. Finally, let (P^, F) be defined by 

Then 


* 

Pm = P>. 
m n 


|T(w) - P*(w)| < |T(w) - T[Hjj^(w)]| + 
HT[H^(w)] - Pn[H„/v)]| < m-’ + n-’ < gm"’ 
for all weF. On the other hand, 


a(Pm, ^n^ < L(P, T) + 
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The sequence (P^, P), m=i, 2, is a sequence <>*; 

hence, L*(P, T) < L(P, T). Thus L* < L and finally 

* ” 

L = L. 


*6.3. Lebesgue Equivalence 

Any two c. mappings (T, A), (T*, A') are said to be Lebesgue 
equivalent if there Is a homeomorphlsm w* = H(w) between A 
and A* such that T(w) = T* H(w) for all weA. This Is only 
a particular case of the Frechet equivalence we will introduce 
in Chapter IX (see §31 ), where we will need it. Of course a 
necessary condition for Lebesgue equivalence (as well as for 
Prechet equivalence) is that there are homeomorphisms between 
the two admissible sets A and A' and Topology gives nec¬ 
essary and sufficient conditions for this. We need not go into 
this question. The following statement assures the invariance 
of Lebesgue area for Lebesgue equivalence. 

( 1 ) If (T, A), (T', A*) are Lebesgue equivalent, 

then L(A, T) = L(A*, T*). 

PROOP: Let w* = H(w) be a homeomorphlsm between A 
and A' such that T = T* H- Let (P^^, Pj^)^ 
n = 1, 2, ..., be any sequence of q.l. mappings (from 
into E^) such that C Pj^^-|^ P^ ^ > 

po I A°, d(Pn, T, P^) < n- 1 , a(Pj^, P^^) < L(A, T) + n"’• 
Thus H(P ) = P’ is a finite sum of disjoint Jordan 
regions J and ^ ’ I^note by 3 > o the 

minimum of the following distances: 

(a) [F^ , A**], 

(b) the minimal mutual distance between the 

various components J of 

(c) for each J the minimal mutual distance 

between the various components of J • 

Obviously f'° t A'°, a —^ o, as n —«-=<>• Since 

is compact and (F^, A* ) > 3 the set 

of all points w* with (w*, P^) < 2 is also 
compact and C A'°. Thus T* is uniformly con¬ 
tinuous on and there is an j\^, o < - '^n^ 

such that IT'(w) - T'(w')| < n"’ for all 
V, w'eUj^, |w - w'l < For each component R of 

Pj^ there exists ( 6 . 1 , ii) a q.l. mapping w' = t^(w) 
from R onto another pol. reg. R* such that 
|h^(w) - H(w)| < r\^ for all weR. Since 
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the various regions R' are disjoint and contained in 
^n hence, in A'°. In addition the mappings 

w' = h^(w), one for each R C can be thought of 

as a partictaar homeomorphism from into a figure 

^n ^ ^n ^ ^n^ 'I’l' mapping de¬ 

fined by = Pn h;;’- Let w' be any point w'eA'® 
and let 7' C A*o t>e a closed circle of center w' 
and radius r > o. Then the set 7 = H"^(7') is 

compact and hence there is an n such that y C F 

— ^ n 

for all n > n- We can take h in such a way that 

also Ti^ < r for all n > E. Then 7 C R where R 

is a closed poi. reg. component of F . Let J = H(R)^ 

J “ Jq - (J.| + . . . + 

R* = R^ - (Rj + . .. + vTe have now 7' C J and, 

hence, w'ej^, {w’, J*} > r, and also 

ll^i' II- < Hn 1 = o, 1, . .., , 

By (6.1, lii) we have w'eR'*^ for all n > n. This 

proves that p;^° t A'°. On the other hand’ for every 
w'ePj!^ and w = h^'(w'), we have 

|T'{w') - P;^(w' )l < |T'[h^(w)] - T'[H(w)]| + 

+ |T'[H(w)] - T(w)| + |T(w) - Pj^(w)| < 

< n~’ + o + n”’ = 2n"’. 

There exists a sequence (n„) such that P CP 

We may suppose, for the sake of simplicity P C P 
Thus we have - «-T* and then ^ 

L(AS T' ) < Ito a(P^, P^) = a(P, p^) = l(A, T). 

Thus L(A', T' ) < L(A, T). Analogously we can prove 
that L(A, T) < L(A*, T'). Therefore L(A, T) = L(A', T') 
and (1) is proved. 

Another Alternate Definition of 
Lebesgue Area 

Denote by J any (closed) Jordan region of the w-plane E 
(or order of connectivity o < v < + a,), a mapping (p, j) 

from J into E^ is said to be a generalized quasi linear 
mapping (g.q.l. ) if 
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(a) P is continuous in J; 

(b) there is a finite subdivision 3 of J into simple 
Jordan regions t by means of a finite n\miber of simple arcs 

X; 

(c) for each t there is a homeomorphism h = h^ from 
T onto an auxiliary triangle t such that Ph”^ is 
linear on t. 

Thus Ph^ (t) is* a triangle A c (may be degenerate) 
and the elementary area a(P, J) can be defined as usual. It 
can also be said that (P, J) is a polyhedral surface of ele¬ 
mentary area a(P, J). A subdivision 3 as above is called 
regular provided each arc X is the total common part t* of 
the boundaries t*, t** of tvo regions t, t' (adjacent). 

The regions t are called "ciorvlllnear triangles" if 

T* = x^ + X^ + x^ is the sum of three consecutive arcs X. 

^7 mapping is Lebesgue eqiolvalent to a q.l. mapping. 

This statement is a corollary of the following more precise 
one (proved below): 

(i) Given any g.q.l. mapping (P, J) and any e > o 
there is a horaeomoi^hism w' = H(w) from J onto a pol. 
reg. R C J*^ such that 

(a) the mapping (P, R), P = PH”\ is q.l. ; 

(b) a(P, R) = a(P, J); 

(c) |H(w) - w| < e for all wej. 


Now let (T, J) be any c. mapping from J into E^ and let { 
be the collection of all sequences [ (P^^z J), n = 1, 2, ...] 

of g.q.l. mappings such that o as n — 

Let 


L*(J, T) = Inf 

0» I 



lim 





We will also prove below the following statement: 

(li) L*(J, T) = L(J, T) for all c. mapping (T, J) 
from a closed Jordan region J into E^• 


PROOF OF ( 1 ): Given (P, J) as in ( 1 ), for each t 
let us consider the rectilinear triangle t = 

Any subdivision of t into rectilinear triangles im¬ 
plies an analogous subdivision of t into curvilinear 
triangles. Therefore we can suppose diam t < 
for each t. We can also suppose that the arcs X 
performing the subdivision of J have in common, and 
in common with J*, only end points. Each region t 
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has then a bomdary curve t* which Is a finite sum of 
consecutive arcs \ and each \ is common to t and 
to another region t' (adjacent to t). Let us con¬ 
sider the finite collection [w] of all points wex* 
which are either common points of arcs or images 
under h~^ of vertices of t, or images under h~] 
of vertices of t' = (x'), where x' is a region 

adjacent to x, x' =1= x. Thus h^ maps tw] into a 
finite system [w'J of points of t* and we can obtain 
a regular subdivision of x into curvilinear triangles 
T*. By this procedure we obtain also a regular sub¬ 
division of J into curvilinear triangles x* By 
(6.1, Vi) there is a homeomorphism from J onto a pol. 

reg. such that each x is mapped onto a simple pol. 

reg. r. Let (P^, R^ ) be defined by = ?B.~\ Thus 
P^ is defined also on each side o of each r* where 
it represents a segment s of the boundary a* of a 
triangle A C E^. Let us define a mapplag P^ on the 
set L r*f {z r* as the linear mapping of each 

side a onto the corresponding segment s. Then (P^, r*) 
is a q.l. homeomorphism from r* onto A* and we can 
extend the definition of P^ to all r as a q.l. homeo¬ 
morphism from r onto A (6.1, 1). Consequently, 

(P-l J R^ ) is defined on R^ as a (continuous) q.l. 
mapping, which is linear on each triangle t^ of a con¬ 
venient subdivision [t^] of R^ into triangles. On 
the other hand, Hg ” ^1 ^ is a homeomorphism between 
R-] and itself such that any two points corresponding 
under are^in the same region r. Also we have 

a(P^, R^ ) = a(P^, R^ ) = a(P, J). Let t) > o be a 
number such that |H^“^(w) - H^~^w')l < 3*"' e for all 

w, w'eR^, |w - w'l < Let w' = H2(w) be a q.l. 
homeomorphism from R^ onto a pol. reg. R^ C R^ such 

that ^^(w) - w| < Ti for all weR^ (6.1, iv). Then 
H,"' c J° and 26 = J*) > o. 

Let w = Hi^(wM be a q.l. homeomorphism such that 
lH|^(w') - ^(w*)| < min [3'^ €, &] for all w'eR 

( 6 . 1 , ii). Finally let H = , R = H(J)] 

hence, R C and let (P, R) be defined by 
P = PH . We have immediately 


a(P, R) = a(P^, R^ ) = a(P, J) . 
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Now, for any wej, the two points H^w, w belong 

to the same region r, and, hence H, w, H w 

belong to the same t. Consequently, 

w - H,“'' H, w| < 3 "’ e . 

On the other hand. 


IH3 V - v| < ^ 

and, hence, 

|H,”^ H3 w - H2 H, w| < S"’ e . 

Finally, 

IHj^ Hg H, w - H“' H, w| < 3 ’’e • 

Therefore, 

|H(w) - w| < Hg w - H,”'' H, w| + 

+|H^"’ H, w - H,"’ w| + 

+ |H^ ^ Hi w - ^ Hi w| < € , 

and (i) is proved. 


PROOF of (ii): Suppose L(J, T) < + 00 and let 
(P^, F„), n = 1 , 2, .... be any sequence of q-l. 

d(Pn» T, P^) < n"’, 

n^ ^n^ ^ T) + n“ ‘ . For any integer m let 

>0 be a number such that |T(w) - T(w' )| < m“^ 


n - 2^ •••> 

mappings such that F^ | 

3#(P ^ ^ ^ T / ^ m\ ..••1 


j°. 


m 


for all 


w, w'ej, |w - w*| < r\^ and let 
homeomorphism from J onto a pol. reg. C J 
that iH^(w) - w| < Tijjj 


be a 
o 


such 

U1 

for all weJ. Then for each m 
there is a smallest integer n = n(ra) > ra such that 
R,^ C and we can define (P^ji, J) by P^j = 

n = n(m). It is immediate that P^^^ is a g.q.l. 
mapping and a(Pijj, J) = a(Pj^, R^^) < a(Pj^, P^^) < L(J, T) + 
On the other hand. 


m 


-1 


|P^(v) - T(w)| < |Pn^(v) - TH^(w)| + 


+ |THjjj(w) - T(w)|< m~^ + m ^ = 2m 


-1 
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Thus (P^, J), m = 1, 2, is a sequence * and 

L*(J, T) < L(J, T), provided L(J, T) < + «>. Suppose 
L*(J, T) < + CO and let (Pj^, J), n = 1 , 2, ..be 
any sequence of g.q.l. mappings with d(T, P^, J) —^ o, 
a(P 


-1 


o 


such that the mapping V' is Q-l- 


J) ■$ T)+n', n=l, 2, ... . Por any 

Integer m let us define as above and let be 

a homeomorphlsm from J onto a pol. reg. C J 

n N 

in a(P^, = a(P^, J) and - w| < n^- 

Then for any point wej let r = {w, J*) and n be 
an integer such that < 2 “^r for all n > n. By 
(6.1, Hi) we have weRO for all n > n. Consequent- 
ly R^ ^ J . By the same argument, given any compac 
set K C there is an n such that K C for 


all 


with 


n > n. 
o 


subsequence. 


Thus we can determine 
0 


as m 


00 


Let 


[Rn] 


equence [R ] 
denote this 


On the other hand 


|Pj^(w) - T(w)| < |P^ (v) - T (v)| + 

+ IT + n"’ = 2n-’ . 

Thus [ (Pj^^ n = 1, 2, ...] is a sequence <t> 

and L(J, T) < L*(J, T). In short we have proved 
that, if L < + 00, then L* < L < + 00. Analogously, 
if L* < + 00, then we have L < L* < + «, Therefore 
we conclude that either L = L* = + », or 
L = L* < + 00. Thereby (il) is proved. 


* 6 .^. An Application of R.q.l. Mappings . 

An Additivity Theorem for L 

( 1 ) LEMMA: Given N points p^eE^, i = 1, 2, ..., N, 

and any e > 0, there is a a > 0, 0 < a < e, and a 

c. mapping t: p* = t(p), peE^^ from E^ onto itself, 
quasi linear in E^, such that 

(1 ) |t(p) - t(p* )| < Ip - p' I for all p, p^eE^; 

(2) |t(p) - pI < e for all peE^; 

(3) T is constant in the solid sphere P^ of center 
p^ and radius o; 

(k) every triangle a of E^ is mapped by t into 
a polyhedral surface A' with a(A') < a (a). 
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PROOF: 
let 

- 00 < U < + 00 


For every pair of real numbers h > 0 , 
t = t(u; Uq, h) be the q.l. mapping from 

onto itself defined by v = v(u) = u + h 

- h < u < u + h; 


if 

u < u^ - h; V 

= v(u) : 

= If 

^0 

V = 

v(u) = Uq - h 

if u > 

^0 + h- 

If 

• 

1 = 

1 , 2, . . . , h 

let a = 

c (2^^ _ 

1 ) 

3N 

mappings t^^, 

r = 1 , 

2, 3, 1 



-1 


Pi “ ^^i^ •^i^ 

and let the 


z-t ), 


defined as follows. Let 


^ii 


= t(x; 2 


2 i -2 


., be 
o ). and 


^12' 


^13 


be defined analogously where x, x. are re¬ 


placed by y, y 


^i ^13 ^i2 


12 '^ii' 


and z, 

1 =1,2, 


^1 


• * 


respectively 
, N, and 


Then let 


T 






The mapping t is obviously continuous and q.l. as the 
product of 3N mappings having the same properties. Let 
us observe that for the mapping t defined above we have 
|t(u) - t(u')| < |u - u'l, |t(u) - u| <h for all 
- 00 < u, u* < + 00, and t{u) is constant in the inter¬ 
val (Uq - h, u^ + h). Thus |T^(p) - T^(p*)| < |p - p'|/ 

|Tj_{p) - p| < 3(2^^~^a) for all p, p^eE^, and T^ is 
constant in the cube c • of E, of center p., of 

2 i -1 ^ ^ ^ 

side-length 2 a, and hedges parallel to the axes. 

For all p, p'eE^ we have now |T^(p) - T^(p')| < |p - p'|^ 

IT2 T^ (p) - T^ T^ (p* )| < |T^ (p) - T^ (pMl , etc., and, 
hence, 


t(p) - t(p*)| < |T^ ... T,(p) - T^ ... T^(p»)| < IP - P’ 

and thus (l ) is proved• 

For each peE^ we have 

|T^(p) - Pi < 3a, ITg T,(p) - T,(p)| < 3 - 2 ^o, 

IT 3 Tg T^(p) - Tg T^(p)| < B-S^'a, 

|Tj__i ... T^(p) - ... T,(p)| < 3-2^^"'*a, 


and, hence. 


IT 


1-1 


T, (p) - Pi < 3a (1 + 2 ^ + 2 “* + 

= (22i-2 _ O a , 




• • • 


• 09 
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1-2, 3, N+1. In particular |t(p) - p| = 

I'^n ■ ■ ■ '^1 ■ pi < (2^^^ - 1 )a = €, and thus 

(2) Is proved. 

If peP^ then Ip - p^I < or, 

iTp., ••• T^(p) - p^l < |T^_, ... T^(p) - p| + 

+ Ip - Ppl < (2^^”^ - l)a + o = 2^^"^a . 

That is, T^_, ... T^(p)ec^, T^ Tj^_^ ... T,(p) = p^ 

for every pePj^. Thus T^ ... T^ (p) Is constant in 
PjL and the same occurs for x = Tj^j ... ... T (p). 

Thereby (3) is proved. 

Let A be an^^ rectilinear triangle, A C E^, and 
let A^, A^, A^ be the parts of a with x < -h, 

or x^ - h < X < x.| + h, x^ + h < x respectively, 
where h = 2^^"^a and 1 = 1. Then t,^ maps 
’ ^3 ^“^to parts A^', A^ v/hich are congruent v^lth 

A,, hy and Ag into its projection A^ on the 
plane x = x,. Thus a(A^) = a(Ag), s = 1, 3, 
a(A^) < a(A2), and finally a(Aj^ ) < a(A) where 
A], = t^.|(A). Since x is the product of 3N 
transfonnations as t,^, we conclude that A' = x(a) 
is a polyhedral surface xfith a(A' ) < a(A), and (t) 
is proved. Thereby (i) is proved. 


NOTE l: In the statement (i), if N = 1, l.e., [p] is a single point 

peEj then we have o = 6/3, and, as it can be deduced from the proof 
above, also x(S) = p v/here 3 is the solid sphere of center p 
and radius a. 

(ii) An additivity theorem for L . If (T, J) is any c. 
mapping from the closed finitely connected Jordan region J 
and if [J,, Jg, •••, Jj^] is any finite subdivision of J 
into non-overlapping closed finitely connected Jordan regions 
by means of a finite system [h,, hg, ..., h^] of simple arcs 
(open, or closed) having in common, or in common with J*, at 
most their end points and if T is constant on each arc h. 
then L(J, T) = L(J^, T). ^ 
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NOTE 2: This statement is a particiilar case of the general state¬ 
ment (21.4, i and Note). A direct proof of (ii) is sketched below 
where g.q.l. mappings and lemma (i) are used- Another application 
of the lemma is given in (36.3). 


PROOF of (ii): By ( 5 - 9 ^ ii) and ( 5 * 1 ^^ i) we have 
(a) L(J, T) = L(J°, T) > 2 L(J°, T) = z L(J^, T). Now 
[p] be the finite system of the points 


let 

j = 1. 2, 

let a 


• • 


p = T(hj.), 

m, actually distinct, and for every n. 


0 < 


^n ^ 


(2n)-’, 


be the number and 


be 


for 

are 


n ii • ' - - "— ’n 

the q.l. mapping from E^ onto itself defined by (i) 
e = (2n)“^ and the system [p]. By ( 6 . 4 ) there 
k sequences t (P^i^ Jj_)> n = 1, 2 , 

1 = 1^ 2, ...,k, of g.q.l. mappings with 

n= 1, 2, ..., i= 1, 2, ..., k. Obviously, each 

(Pni^ £i) = 'Tn ^ni ^ 

a(Pj-j^j^, Jand d(Pj^j^, Pj^^ ^ (2n) 

Hence, ^(Pni> T, + (2n)”^ < n"^. Now each arc 


mapping 


-1 


-1 


h = hj is common boundary of exactly two regions, say 


J 


and if p = T(h)e[p] then 


- P 


< a 


n^ 


1 > *" 2 ^ 

i = 1, 2, for every point weh. Therefore tjoth 

(w), 1=1,2, are constant and equal 

on h. This implies that the mapping (P^^, J) defined 
by every wej^ is single-valued and 


^nl^^^ '^n ^ni 


continuous in J, 
from J into E^ 


and hence 
Finally, 


n 


is a g.q.l. mapping 


a(Pj^, J) - 2 a(P^ -^-^ J *^i ^ ^ ^^^nl^ *^ 1 ^ 


< 


< z L(J^, T) + k n 


-1 


On the other hand, for every 

W€j we have weJ^ 

for 

some 

i, and |Pj^(w) - T(w)| 
d(P , T, J) < n"’, P - 


ll’nl 

(w) - 

- T(w)| < 

n-^ 

Thus 

—^ 

T, 

and 

cons equently, 

L(J, 

T) < 11 m a(P , J) < z L(J., 

T). 

By 

(a) we 

con- 

dude that L(J, T) = s 

T) 

• 





*6.6. Some Partlcxilar Cases 

Given any c. mapping (T, A): p = p(w), weA, from an admissible 
set A C into E^ such that all points T(w), weA, belong 

to the same plane a = [ax + by + cz + d = 0] C E^^ it is natural, 
in the definition of L(A, T!), to restrict ourselves to q.l* 


§6. SOME ALTERNATE DEFINITIONS OP LEBESGUE AREA (6.7) 


71 


mappings P^) having the same property; i.e., ^ ^ 

for all n. If we denote hy L^(A, T) the area we obtain through 
this restriction, we have L* > L. Nevertheless, 

(i) L*(A, T) = L(A, T) for all c. mappings (T, A) from A 

into a plane a C E^* 


The proof is in 


Ifll 


ediate and left to the reader. 


Given any c. mapping (T, A): p = p(w), weA, where 

p(w) = [u, V, z(u, v)] , 

l.e., any non-parametric surface, it is natural in the definition 

of L(A, T) to restrict ourselves to q.l. mappings (P^^, P ) which 

are also of the same form; i.e., we restrict ourselves to approach 

S by means of non-parametric polyhedral surfaces. If we denote 

by L*(A, T) the area we obtain by means of this restriction, we 
have L* > L. Nevertheless, 

(ii) L*(A, T) = L(A, T) for all c. non-parametric mappings. 

Since this theorem is not directly used we omit the proof. 

Also for the non-parametric surfaces, there are the two alternate 
equivalent definitions of Lebesgue area (6.2, The simple 

definition of Lebesgue area for non-parametric surfaces defined on 
a square which we have considered in (3.1 ) corresponds to the re¬ 
striction above and to the alternate form (6.2). 


* 6 . 7 . The Lebesgue Area and the 
Concept of Convergence 

The definition of convergence -- T for c. mappings may have 

some bearing in the concept of Lebesgue area. Essentially the 
equivalent definition (6.2) corresponds to a slightly different 
definition of convergence In a particular case (A a figure). 


The definition of convergence ( 5 - 3 ), l.e., T-^ T If and only 

if An C A, An C An^,, A^ f A°, d(T, Tn, An) —^ o Is 
basically a uniform convergence. By relaxing this last require¬ 
ment we could consider larger concepts of convergence, namely a 
point-wise convergence everywhere in A, or even a.e. In A° 

(the former has been used for curves (it.3); the latter has been 
proved to be suitable for discontinuous non-parametric surfaces). 
If we denote by L*(A, T) the area defined as In (5.8) by using 
sequences of q.l. mappings 


(Pn. 


Pn) ^Ith c P^ 
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t ^ all weA° as n-- 

then ODvlously < L. The deep seated equality = L for 

all continuous mappings from a closed Jordan region has been 
statea quite recently by E. Silverman, who has also extended the 
property of lower semicontinuity of the Lebesgue area (5.10) to 
pointwlse convergence. As C. Goffman has proved (1.II), these re¬ 
sults cannot be extended to almost everywhere pointwlse convergence. 


There are some rough definitions of convergence which cannot be 
accepted for the definition of Lebesgue area. Suppose, for in¬ 
stance, that R is a closed pol. region, and that the convergence 

(Tn> R) -(T, R) is defined as follows: given e > o there 

exists n such that, for each n > n and weR, p = 

is at a distance < e from T(R) and p = T(w) is at a dis¬ 
tance < e from Tj^(R). If we observe that v/e can define a q.l. 

mapping (P^, F^) representing a polygonal curve 1^ v/ith the 
following properties: 1^ is contained in the e-neighborhood 
of T(R); each cubic cell of E^ of side-length 2”^e contained 
in contains at least an arc of 1^; then we understand that 

we can "approach" (T, R) with polygonal lines, i.e., with 
polyhedral surfaces of elementary area zero. Consequently, the 
Lebesgue area of every continuous surface would be zero. 

We can mention here that even less rough definitions of convergence 
may be unfit for the definition of area, and if it is used in 
connection \7ith the Lebesgue area, the lov/er semicontinuity prop¬ 
erty (5-10) would fail. For instance, suppose one defines con- 
vergence (T^, A^) -^ (T, A) by A^ C C A, A^ | A°, 

d(T, T , A^) —0 (i.e., the condition A? t Ao of (5.3) Is 

A o n * 

replaced by A^ I A ). We shall show by examples ( 9 - 5 , Note 2) 
that the corresponding area defined as in (5-8) may be different 
from Lebesgue area and that the property of lower semicontinuity 
of (5*10) for L(S) does not hold- The same conclusions hold 
for the following definition of convergence; (T^.^, A^) —(T, A) 

provided C A, A^ — A°, d(T, A^^) -- 0 (i.e., A° | A° 

replaced by A^ —A°), as we shall see in Note). 


NOTE: The following definition of convergence may replace at all 
effects the definition given in ( 5 - 3 ): (T^^, A^) -- (T, A) pro¬ 
vided A^ C A, T, A^) -0, and, given any compact set 

K ^ A°, there is an n = n(K) such that K ^ A^ A° for all 
n > n. The Lebesgue area defined as in (5-8) by using this 
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definition of convergence does not differ from L(S) and all 
our statements hold also with this definition. The obvious 
proofs are omitted. 

*6.8. Geocze's Problem 

Given any c. mapping S = (T, A): p = T(w), weA, (or surface 
S) we could define the Lebesgue area as in (5-8) but with the 
further requirement that S be approached by means of sequences 
^ of polyhedral surfaces ^ = [(P^, F^): p = P^(w), weF^, 
n = 1, 2 , ...], inscribed in S. By this we mean that for 
every n, there is a typical subdivision S^^ of F^ into 
triangles t = (w^ w^ w^ ) of linearity for P^ such that 
T(Wj_) = P(Wj^), i = 1, 2, 3 , for each teS^^. If L^(A, T) 
is the area defined as in (5.8) through this restriction for 
the sequence then we have L^(A, T) > L(A, T). The prob¬ 

lem whether L* = L is usually called the Geocze problem. 

The alternate definitions of Lebesgue area (6.2), ( 6 . 4 ) for the 
cases in which A is a figure or A is a Jordan region, raise 
somewhat analogous but stronger forms of the Geocze problem. 

That we have indeed stronger forms of the problem above is 
clear if we observe that we have to approach a given surface 
S by means of polyhedral surfaces whose boundary curves 

7^ are polygonal curves inscribed in the boundary curves C 
of S. 

For non-parametric c. surfaces defined over a closed square the 
Geocze problem has been completely solved in the affirmative (in 
the strong form relative to the definition (3.1)) by H. P. 
Mulholland [l, 2, 3]. See also H. D. Huskey [l, 2] and T. Rado 
[26]. For parametric surfaces S: p = p(w), wgQ, defined on a 
square Q and where the vector fmotion p(w) satisfies the 
conditions of ( 5 . 13 > i) the problem has been solved in the 
affirmative and in a somewhat weaker form by A. Mambrianl [3] 
and by T. Rado [ 34 ]. Also the strong result is implied provided 
the boundary curve C of S has finite length [L. Cesarl, 39]. 
For general continuous parametric siirfaces 3 : p = p(w), wej, 
defined as mappings from a simple closed Jordan region the Geocze 
problem (in the weak form) has been solved for all surfaces 
provided L(S) [L. Cesari, 39 ]^ and also the strong form holds 
if the curve S bomdary of S has finite length. The diffi- 
ciolty of the strong form in the general case is due to the fact 
that C is then any continuous curve, even a curve of positive 
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measiore (at least this situation has been not yet shown to be 
incompatible with the surface having finite area). A solution 
of the problem in the strong form for any curve C was stated 
by E. R. Reifenberg [l]. 

For parametric surfaces S: p = p(w), weQ, defined as c. 
mappings from a square Q, where p(w) satisfies the conditions 
of ( 5 - 13 ^ i)j J* Cecconi [13] has proved the existence of se¬ 
quences of c. mappings p = Pj^(w), wgQ, having the follow¬ 
ing properties: L(S^) —L(S), d(S^, S, Q) —► 0 as 

n —co; p^(w) = p(w) for all wgQ*, and 
in each pol. reg. R C 


6.9. A Triangtilar Method 


Let us consider with 3 . Kerapisty [ 6 ] any c. non-parametric sur¬ 
face 3 : z = F(x, y), (x, y)€Q = [0 < x, y < l] and, given any 
0 < 5 < 2“^ let us denote by 3 ^ every subdivision of Q into 
triangles t having the following property: for each t the 
minimum height and the maximum side-length have a ratio > &. 

Let d denote the maximum diameter of the triangles te 3 g. 

Let Pg be the polyhedral surface formed by the sum of the 
triangular faces A whose vertices are the images on 3 of 
the vertices of the triangles t. For a fixed 6 , 

let K', K* ' be the lim and Tim as d —► 0 

P. . 3. 


0 < 6 < 2“', 


of the elementary areas of the polyhedral surfaces a ^. 
Kemplsty [ 6 ] has proved that if F(x, y) is continuous and 
in Q, then K* = K" = L( 3 ) = 1 ( 3 ). 


ACT 


* 6.10. Bibliographical Notes 

The form of the definition of the Lebesgue area as given in ( 5 * 8 ) 
is used for instance by L- Tonelll [13] and H. Lebesgue. The form 
given infl|^. 2 ) is often used when A^ is a figure; the form given 
in ( 6 . 4 ) ry sometimes used by T. Rado [I]. Forms involving^the 
concept of Frechet equivalence (see §31) are used by T. Rado [I] 
and C. B. Morrey [1] for the case where A is a simple closed Jordan 
region and are equivalent to the previous ones. The above mentioned 
statement of Topology (6.1, 11 ) on the approximation of plane homeo- 
morphlsms by means of q-l- homeomorphisms has been recently extended 
to spaces E^ by E- E. Moise [l, part. IV, p. 215]. 


* §7. SOME CRITICAL CONSIDERATIONS ON AREA 


The Projection Principle 


We have proved ( 5 - 9 ^ vli) that L(A, t T) < L(A, T) for each plane 
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a of E^; that Is, for every surface S = (T, A) the Lebesgue 
area Ij(S^) of the projection S^ of S on every plane a 
is < the Lebesgue area L(S) of S. With this it is often 
meant that the Lebesgue area satisfies the projection principle. 

It must be explicitly stressed here that no relation exists be¬ 
tween the Lebesgue area L(S^) of the plane mapping 
and the s-dimensional Lebesgue measure of the set [3 ] = 

T(A) C or, i.e., the point set covered by on the plane 

a. We may have indeed L(S) l[S^]I, as the following ex¬ 
amples show. Suppose first that S is a Peano curve 
S: X = cp(u), y = i(u), z = O, (u, v)eQ = [ 0 < u, v < 1 ], 
filling the square K = [o < x, y < 1] of the xy-plane 
Of = Then S = S^, L(S) = L(Sq,) = o (5.9, vi), and 

|[S ]| = |K| = 1 . Suppose now that S is the same square K 

2 

twice covered, e.g., S: x = 4 u - i^-u , y = v, z = 0, 

(u, v)€Q, and then S = S^,, [S^] = K, L(S^) = 2, |K| = 1. 

*7 »2. Areas of the Type of Peano 

Peano's research on area [G. Peano, 2] preceded Lebesgue's and 
initiated what, in modern notation, could be said to be a set- 
theoretical view-point on area. In order to characterize one of 
the concepts introduced by Peano, let S = (T, A) denote any 
c. mapping from an admissible set A C E2 into E^, let 
C A denote any simple closed pol. reg. and a any plane 
in E^. Then T maps onto a compact set T(n) C E^ 
and onto a closed curve C C E^, and the plane mapping 

T^ = t^T maps ;t onto a compact set TQ,(jt) C or and jt* 
onto a closed plane curve C a. Let us denote by m(n, or) 
a sensible appraisal of the "area" of the projection T (n) 
and let ji(jt) = Sup m(jr, a) for all planes a C E^. If now 
U is any finite system of non-overlapping simple closed.regions 
n C A, let 


P„(S) = Sup X ^^(n) 

U neU 

We could denote as the Peano area of S relative to the 

fxmctlon m(n, a). For surfaces of the class ( 5 - 13 ) the 

definition m(jt, 0;) = |TQ,(jt)| seems both natural and close to the 
original definition of Peano. By such a definition of m, the 
area Pjjj(S) coincides with the classical area-integral and thus 
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with the Lebesgue area ( 5 - 13 ) for all surfaces of the class C*. 

Beyond this class such a coincidence is lost, in general, and 
various other definitions of m seem as plausible as the one 
above, for instance m = | or | [T^ (jt)]°|, etc. 

More generally we could define a "multiplicity function" 

^(p; a, Jt), pea, giving an appraisal of the multiplicity 
with which each point pea is covered by T (jt) [and thus 
shall be a non-negative, integral-valued function, zero 
outside T (jt), > o in T (n)]. Then m(a, jt) could be de- 
fined as the integral of ^^(p) in a. 

Various definitions of have been proposed. Just recently 
H. Okamura [ 1 ] has proposed for u the Brouwer index of the 
mapping (t T, n) in a. In §9 we shall take for t>(p) 
the absolute value |o(p; C^^) | of the topological index 
(8.2) of the points pea with respect to [u = o if 

P€[Cq]]. Such a definition corresponds to the one proposed 
by various authors for the so-called Geocze area (next no. ) 
and leads to a Peano area P(S) which coincides with the 
Lebesgue area for all surfaces, as we shall prove in (2t.2). 

On the Okamura definition see also S. Mizohata [l], M- Yamaguti [l]^ 
and J. Cecconi [lO]. 


* 1 - 3 - Areas of the Type of Banach 

Let 3 = (T, A) be any c. mapping (surface) from an admissible 
set A C E^ into E^ and let (T^, A), r = 1, 2, 3, be the 

' ^2 3 ' 

For every simple pol. region tt C A let us consider the image 
T(Tr) of It under T and the projections T^(jt) of T(jr) 
on the coordinate planes, r = 1, 2, 3. Then it* is mapped 
■under T onto a continuous closed curve C C E^ and is mapped 
■under onto a continuous closed plane curve C 

r = 1 , 2, 3. For any choice of the function m(7(, a) (7*2), 
let = m(jt, E^^), r = 1, 2, 3, and kt*(jt) = (m^ + m^ + m^)^- 
If now U denotes any finite system of non-overlapping simple 
closed pol. regions it C A, let 

EL( 3 ) = Sup X 4' (r) • 

^ U Jt€U 

Then B^( 3 ) is the Banach area of 3 relative to the fimc- 
tion ra(it, a). For m(it, a) = [T^ (jt)| we have essentially 


projections of T on the coordinate planes ^^2 
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the original definition of Banach area B(S) [S. Banach, 2 ]. 
For all siarfaces of class C, B(S) coincides with the area 
Integral. Beyond this class a more refined definition of the 
basic function m( 7 r, a) is needed as for Peano area. In §9 
we shall take for m the same function as in (7-2), i.e., 


= (Eg^) ; | 0 (p; C^)|dp , 



Such a definition leads to the area B^(S) here denoted by 
V(S) and generally called Geocze area. V(S) coincides with 
the Lebesgue area for all c. surfaces as we shall prove in 
( 24 . 1 ). Such a definition of Geocze area V(S) has been en¬ 
visaged by W. H. Young [ 2 , 4 , 6 ], R. Caccioppoli [9], G. 
Andreoli and P. Nalli [i], and has been consistently studied 
by C. B. Morrey (1, 2, 3] and L. Cesari [7, 9 , 12]. 


As to the original Banach area B(S), the equality 

B(S) = L(S) has been proved for all siirfaces 

3 : X = x(w), y = y(w), z = z(v) weQ, where x, y, z are 

continuous and ACT in the closed square Q and the partial 

derivatives x^^, z^ are L^'*'^-integrable in Q. for 

some a > o, while examples have been given to show 

that the equality B = L does not hold necessarily if 

2 +c^ p 

L -Integrablllty Is replaced by L -integrabllity [L. Cesari, 
6 ]. These results are related to the fact that each c. 
function f(w), weQ, ACT in Q with partial derivatives 
f^^ fy L -integrable in Q for some a > o have an 
(ordinary) total differential a.e* in Q, [L. Cesari, 6 ], 
while there are functions f, ACT in Q, with derivatives 
f^, f^ -integrable in Q, having differential at no point 
of 0 , [L. Cesari, 5 ]* All these facts have been extended 

to classes of functions somewhat more general by A. P. 

Calderon [l] and T. Rado and P. V. Relchelderfer [Q] • 


*7 - 4 . Mlnlcowski Area and the 
Set-Theoretical Viewpoint 

The area of Minkowski [H. Minkowski, 1] is better denoted as 
a 2-dim. measure of a set X in E^ (analogously for the 
corresponding concepts of length, volume, etc.), and it is 
simply defined as the limit (if it exists) of the quotient 
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m^(6): 2& as 6 —o, where Tn2(&) is the 3-cilm. Lebesgue 
measure of the 6-neighborhood of X. If this limit does 

not exist, then llm may be taken, or even 11 m , as W. Gross [2] 

has suggested. The ideas of Minkowski for length, area and vol¬ 
ume opened the way to the more refined Caratheodory [1] and 

Hausdorff [l] definitions of k-dim. measure. The definition of 
k-dim. Hausdorff measure of a set X in Ej^ has been mentioned 
in (2.13)* The sets X C of finite k-dimenslonal Hausdorff 
measure have Important properties, especially tangential prop¬ 
erties, which have been thoroughly investigated [A. S. Beslcovitch, 
1 , 2, 3; J. F. Randolph, 1 ; H. Federer, 1, 2, 3, 4 ]. 

Since a surface S is given by a vector function S: p = p(w), 
weQ, i.e., by a mapping from Q into E^, it may happen 
that the surface S covers Itself more than once; hence it 
is necessary to distinguish the (path) surface S from the 
set [S] of points covered by S, the area of the mapping S 
(as a factional defined in a class of mappings), from the 
2-dim. measure of [S]. Thus a multiplicity function ^(p), 
o < o(p) < + 00 must, of necessity, be defined so as to be 
zero outside [S] and to give a sensible appraisal of the 
m'ultlpliclty at each point p€[S]. This naturally gives rise 
to the possibility of having ^^(p) = o at all those points 
where the surface is not 2 -dimensional in character. If 
v)(p), peE^, is one of these functions, let X^ denote the 
subset of [ 3 ] where ^^(p) = n, n = 1, 2, . Then a 

natiiral definition of Hausdorff area of 3 (with respect to 
the multiplicity function o(p)) is 

H^O) = H2(X^ ) + 2H2(X2) + 3 H 2 (X 3 ) + ... + (00) ^iXj 

[Here (to) . a = o if a = o, (00) . a = <» if a > o]. 

Recently H. Federer [8] has given definitions of o(p) such that 
H2(S) = L( 3 ) for all c. siirfaces 3 (c. mappings from a 2 

cell). See also E. R. Relfenberg [l]. 


* 7 .^. Axiomatic Definition of Area 

Since Caratheodory [2], measure is any set-fionctlon f(X) 
defined for all sets X of a certain class of sets 3 and 
satisfying well known properties or axioms. For instance the 
k-dim. Hausdorff measure H^(X) satisfies these axioms (2.13)* 
All this is deeply investigated in 3 . Saks [I] and H. Hahn and 
A. Rosenthal [I]. A great deal of research has been dedicated 
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to the analogous question whether It was possible to define 
axlomatlcally length, area, volume, and so on, as functionals 
a(T) defined for all mappings T of certain classes of 
mappings [T ]. 

Ve recall here that K. Menger [1-12] has observed that, by 
making systematic use of the methods of abstract metric-spaces, 
It Is possible to consider large classes of Integrals on a 
curve as generalized lengths, thus obtaining also an enlarge¬ 
ment of the classes of curves to be used In Calculus of 
Variations. It Is possible that analogous results hold for 
surfaces. (See also G. Boullgand [l], pp. 196-207.) 

The problem of characterizing throu^ axioms the Jordan length 
among all functionals of curves, and the Lebesgue area among 
all functional of surfaces Is a somewhat more special one. We 
have already seen In (5*12) an example of a set of axioms 
having the property above for Lebesgue area. Among the re¬ 
quirements which could be taken Into consideration for the 
characterization of the Lebesgue area we mention here, for 
Instance, 

(a) the property of lower semi-continuity; 

(b) the principle of Kolmogoroff ( 5 - 17 ); 

(c) the projection principle ( 5 . 9 > vll; 7 ‘i); 

(d) the coincidence with elementary area for q. 1. mappings; 

(e) the invariance with respect to congruences in E^; 

(f) the property to be subadditive; that is, for every 

subdivision of the surface In parts the area is > the 

svm. of the areas of the parts ( 5 . 1 ^). 

For these questions see A. Kolmogoroff [l], M. Prechet [7], 

S. Kemplsty [5, 6], G. Scorza Dragon! [ 1 , 3 > G. Zwirner [l], 
M. Pagnl [1], J. Cecconl [5]* We will have occasion to state in 
(9.15) the recent quite general result of J. Cecconl. For an 
original approach In abstract spaces see E. Silverman [i, 2]. 

The question whether the conditions (a), (b), (c) and (d) 
alone are enough for the characterization of Lebesgue area 
has attracted a great deal of attention (see M. Frechet [7], 

R. Caccioppoli [8]) but it Is still unanswered, though no 
counter example has been found. In the analogous problem of 
a functional (volume) defined for all the c. mappings from a 
cube of the uvw-space into the xyz-space E^ it has been 
observed that there are at least two different functionals 
satisfying (a), (b), (c), and (d) [H. Pederer, 6]. 
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Nevertheless, as ve proved directly in (5.12), the conditions 
(a), (c), plus the condition of limit there stated, are enough 
for the characterization of the Lebesgue area. The statement 
of (5.12) is only a particular case of the following general 
theorem on the unicity of the extension of lower seraicontinuous 
functionals [M. Fr^chet, 1]. We shall need some definitions 
on metric spaces which are listed in §10. 

Let X be any metric space of elements x, let {x, x') 
be the distance in X, let Y be a subset of X everywhere 
dense in X, i.e., T = X (thus for each element xeX 
there is at least one sequence [y^^] of elements such 

that y^ — X, i.e., (y^^, x) —^ o). Let f(y) be a 
non-negative lower seraicontinuous functional in Y having the 
following property (A): for every yeY there is a sequence 
[y^^] of elements y^^eY such that y^—y, f(yn) —^ f(y)- 
Under these hypotheses, there is one and only one lower semi- 
continuous functional F(x) defined in X, coinciding with 
f(y) in Y [i-e-, F(y) = f(y) for eveiy yeY] and having 
the following property (B): for every xeX there is a 
sequence [yj^] of elements yj^eY with y^^ —^ x, 

F(x) [M. Frechet, Tl- 

We may finally mention that A. 3 . Beslcovitch [^] has ob¬ 
served that a surface 3 (a c. mapping from a square Q into 
E^) may have finite Lebesgue area and cover a set [ 3 ] in 
E^. (graph of 3 ) of positive 3-dimensional Lebesgue measure. 
3 uch a siorface, for instance, can be formed by a countable 
(tree-like) system of thin long cones, each of very small area 
and covering sets of zero Lebesgue measure; since 3 is con¬ 
tinuous, the set [ 3 ] contains all limit points of such 
cones and it can easily be made so as to have positive measure 
in . A somewhat analogous situation had been observed by 
L. Cesari [6] in comparing Banach and Lebesgue areas of flat 
surfaces, i.e., of mappings from Q into a plane. Let us 
mention here that for every surface 3 in E^ of finite 
Lebesgue area L( 3 ) there is an "essential" subset M of 
[ 3 ], necessarily of 3-dimensional Lebesgue measiare zero 
and whose 2 -dimensional Hausdorff measure is equal to L(S) 
provided a convenient multiplicity is ascribed to each point 
of M [H. Federer, 8]. We shall encounter in §18 a subset 
M of 3 necessarily of Lebesgue measure zero. See also P. 

V. Reichelderfer [k] for an approach to the concept of 
essential part of a surface. 


§ 7 . SOME CRITICAL CONSIDERATIONS ON AREA (7-6) 

The fact mentioned above of the existence of surfaces S with 
L(S) < + “ and KSll >0 has been thovight of by some as an 
objection to Lebesgue area, though the general validity of Theo¬ 
rems L^ of (1.4) show that the observed behavior is ir¬ 

relevant for the theory. The following result of E. Silverman 
[5] concerning the axiomatic definition of area is revealing in 
this respect. Let Af be the collection of all metric spaces, 
and C the class of all continuous mappings S = (T, Q) from a 

square Q into an element M of A/ . Let (p(S) be a function¬ 

al (area) defined for each element S of C satisfying the 
following conditions: 

(1 ) If S is a simple arc then cp(S) = O; 

(2) If S is in E^ and llSll >0 then (p(S) = + «•; 

(3) cp satisfies Kolmogoroff’s principle, i-e., if S = (T, Q), 
S' = (T', Q) and |T(w) - T(w')| < |T'(w) - T'(w')| for all 

V, w'eQ, then {p(S) < q)(S'). 

Then there is no area satisfying (i), (2), (3) and the following 
further axiom: 

( 4 ) If S is in E^ and is sufficiently smooth, then (p(S) 
agrees with the generally accepted value of area [E. Silverman, 3]- 

Lebesgue area obviously satisfies (i ), ( 5 )^ ( 4 ) but not (2) 

(see 5 - 17 , i, ii; 5 - 9 , iii; 5 - 15 , i, ii; 5 - 9 , Note 2). 


*7.6. Extension of Lebesgue Area in Abstract 


Spaces and Generalized Surfaces 


In spite of many difficulties E. Silverman succeeded in extend¬ 
ing the concept and most properties of Lebesgue area to c. 
mappings from a 2-cell into a Banach space. In a further ex¬ 
tension to all metric spaces, a particular space, the space m 
of the bounded sequences, was used consistently where the dis¬ 
tance & of two points X = [xi], y = [yil^ x, yem, is de¬ 
fined, as usual, by 6 = Suplxi - yi . For each c. mapping 
(T, A): p = p(w), weA, from a 2-cell A into a metric space 
B, there is an isometric mapping (T, A) from A into m 
which has the same Lebesgue area. Further results have been 
obtained concerning the question of the axiomatic definition 
of area (E. Silverman, 1, 2, Z, 4 ]. 


In connection with the calculus of variations, L. C. Young 
[6, 8, 9, 11] has introduced the concepts of generalized ciirves 
and surfaces [See also E. J. McShane, 10, 11, 12; W. H. Fleming 
and L. C. Young, l]. In the calculus of variations integrals 
over a surface S: p = p(w), weA, are considered 

H(f) = I(S; f) = (A) / f[p(w), J(w)] dw 

for every function f(p> t), p = p(x, y, z), t = (ti, tg, t^) 
with f(p, ht) = hf(p, t), h > 0 [see Appendix B]. If for a 
given S we think of l(S; f) as defined for all possible f, 
we interpret S as defining the Banach operator H(f), linear 
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in f. Then the generalized surfaces Ho(f) are defined as 
those Banach operators which are limit elements of elementary 
surfaces. By this process existence theorems of the calculus 
of variations have been proved which are widely more general 
than usual. The extremals may be generalized surfaces rather 
than ordinary ones. 


Further Bibliographical Notes 

For the problem of the area in the works of Archimedes, see T. 
L. Heath [I]. For an historical insight on the concepts of 
limit, integral, length and area at the origins of Calculus, 
see A. Agostini [l, 2] and A. Rosenthal [9]. For an outline 
of the development of the concept of area from the foimdation 
of Calciilus till the example of Schwarz and Peano, see F. 
Sibirani [ 1 ]. 

Besides the definition of area P(S) sketched in (7*2), an¬ 
other concept of area, vectorial in character, was proposed by 
G. Peano in the same paper [2]. For recent developments of the 
same concepts, see F. Sever! [1]. 

For general theories on the concept of area following the basic 
paper of S. Banach [2], see J. Schauder [l] and W. Gross [2]. 
See also 0 . Janzen [l], E. Cartan [1], V. Glivenko [i], A. S. 
Kronrod [2], G. Ya. Poplaskaya [i], Z. de Gedcze 

Following an observation due to A. Cauchy [1], a concept of 
area C(S), set-theoretical and integral geometric in char¬ 
acter, has been studied by R. G. Helsel and T. Rad6 [2], and 
such an area C(S) has been proved to coincide with the 
Lebesgue area L(S) for all surfaces (i.e., c. mappings from 
a simple Jordan region). Following another observation due to 
J. Favard [ 1 ] another area F(S) integral-geometric in char¬ 
acter has been studied by E. J. Mickle and T. Rado [l] and 
such an area F(S) has been proved to coincide with the 
Lebesgue area Ij(S) for all surfaces S as above. 

For studies on the area of harmonic surfaces S: p = p(w) 

(i.e., whose components are harmonic functions) as a func¬ 
tion of their boimdary lines, see E. Balada [2] and K. H. 
Carlson and L- C. Young [1]. 

For intrinsic definitions of area, i.e., definitions in which 
a lesser use is made of the representation than usual, see 
M. Frechet [ 11 ] and H. Buseman (1, 2]. 

Besides the recent Important results of H. Federer mentioned 
in ( 7 -^) and ( 7*5 )> we shall quote here the extensive re¬ 
search, set theoretical in character, of the same author 
[H. Federer, 1-8], for the comparison of Hausdorff, Favard, 
Lebesgue and other areas. On the same subject see also E. 

J. Mickle and T. Rado [*^-]. An integral formula of the Gauss 
type for every bounded simply connected open set in Eo is 
due to H. Federer [2]. [See also K. Krickeberg, 2.] On 
Gauss* and Stokes* formulas for continuous surfaces see also 
J. Cecconl [7, 8, 9, 10]. 

(Remark added during the correction of the proofs.) Ch. J. 
Neugebauer has orally communicated to me to have proved by 
examples that conditions (a), (b), (c) and (d) of (7-5) are 
not enough to characterize Lebesgue area. 
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§ 0 . THE TOPOLOGICAL INDEX 


Concepts such as topological index, order of mappings, loop¬ 
ing coefficients, etc. are generally discussed in topology 
[see P. Alexandroff and H- Hopf, I, Chapter XII; S. 

Lefshetz, I, Chapter IV; M. H. A- Newman, I, Chapter VIIJ. 
Here only the particular case of the "order of a point peE^ 
with respect to a closed plane ci-irve C C E2" (topological 
index) is needed. This concept admits of a well known and 
very simple metrical approach which is given below ( 8 . 1 - 2 ) 
[Cf. P. Alexandroff and Hopf, I, Chapter XII, § 1 , No. 6 , 
p. 462 ; T. Rado, II, Chapter II, 4 . 34 , p. l 49 ]* Such a 
metrical approach suffices for the present elementary ex¬ 
position (8.3-10) of various properties of the topological 
index needed here, properties which are analytical in char¬ 
acter and not discussed in topology. More detailed refer¬ 
ences are given in (8.16). Connections with homotopy and 
intersection numbers are referred to in (8.13-15)* For a 
far reaching use of topological indices in the theory of 
functions of one complex variable see Marston Morse [III]. 


8 . 1 . Polar Representation of a Continuous Curve 

By using standard angular notations we can suppose that the p-plane E, 

P = (x, y), is coionter-clockwise oriented, i.e., 5 coy = 2 ”'jt. Let (p, o)) 
be any system of polar coordinates of pole o = (0, 0) and polar axis 
? in E [p radius vector, o) argument]. Then p = " IP " ^1 

is a single-valued non-negative continuous fmction in E, while 
03 = ai(p) is defined mod 2 -n at each point p + o. Nevertheless, if 
p =(= o is any point of E and r is the circle |p - p| < |p - o|, 
then the infinity of the determinations of 03 are given by single-valued 
continuous functions a 3 Q(p), pey, congruent mod 2it. 

Let C: p = p(u), ugI = [a < u < b], p(u) = [x(u), y(u)], be any con¬ 
tinuous curve in E such that o is not in [C]- By a polar 
representation of C (relative to the cartesian representation p = p(u), 
uel, ) we mean C: p = p(u), 03 = a3(u), ugI, where p(u), a3(u) are 
single-valued continuous functions in I and [p(u), a3(u)] are the polar 

coordinates (p, 03) of p(u) for every uel. Because of 

p(u) = Pq[p(u)] = |p(u) - ol 

the function p(u) is uniquely determined and continuous in I. If 03(u), 
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a>'(u) are any two possible functions a)(u), then a)(u) - a>*(u) = O(mod air) 
and, because of its continuity, the difference U3(u) - co'(u) is constant 
in I (a multiple of Sn). Thus a)(u) is determined in I up to a 
constant, a multiple of an. The c. fianction a)(u), uel, can be determined 
throu,^ the following procedure. Let D = {o, [C]) be the distance D > 0 
from o to the compact set [C] and let be any of the determinations 

of 0) at the point p = p^ = p(Uq), u^ = a. Thus a continuous function 
a)Q(p) is \iniquely determined by the condition in the circle 

7 q- Ip - PqI < 2 ”^D. If [Uq, u^] is the maximal subinterval of I 
vrhose image is in then the function a)(u) = a>Q[p(u)] is single¬ 

valued and continuous in [u^, u^]. Starting from u^ with the value 
= (jD[p(u^ )] we can repeat this procedure, and so on; in a finite number 
of steps the point b is reached, because of the loniform continuity of the 
vector fimctlon pfu) in I. 


8.2. The Topological Index 0 (p; C) 

For any polar representation C:p = p(u), a3 = aj(u), uel = [a < u < b] 
of a given continuous curve C, set 

0(0; C) = (2ir) ^ [aj(b) - uj(a)] 

Thus 0 ( 0 ; C) does not depend upon the particular choice of the continuous 
function u)(u). Nor does 0 ( 0 ; C) depend upon the choice of the polar 
axis r at 0 because, by rotating ?, all functions cd(u) are modified 
by an additive constant. 

Let C be any closed curve. Then a is identified with b, p(a) = p(b), 
and because of a)(b) s aD(a) (mod 2it), we have that m = 0 (o; C) is an 
integer ^ 0. Let r be the circimiference of any circle and e the 
argument of the points of r with respect to any polar system v^lth pole 
at the center of r. Then any homeomorphism H from I onto r trans¬ 
forms each cartesian or polar representation of C on I into a car¬ 
tesian or polar representation of C on r, say C: p = p( 0 ), or 
C: p = p( 0 )> o) = co(0), where we can suppose that p( 0 ), p( 0 )^ 
all defined in (-<», + «>) and also that p(e), p(e)> tA >(0 ) - me are 
periodic of period 2 jt. According to ( 4 . 4 ) the equations above give a 
representation of C in every interval (e, 9 + 2jt) of length 2n and 
also 2 nm = 2jt 0 (o; C) = 03(0 + .2n) - 03(0) for all 0. 

For any point p not in [C] the number 0 (p; C) can be defined 
analogously by taking p as the pole of any system of polar coordinates 
(p, 03 ) in E. Finally let 0 ( p; C) = 0 if peIC]. Thus 0 (p; C) is 
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defined for every peE and is called the TOPOLOGICAL INDEX, or ORDER, of p 
with respect to C. Since we shall consider 0 (p; C) as a function of p, 
for the sake of brevity, we will denote the finite, integral, single-valued 
function 0 (p; C), peE, as the topological index of C in E. The index 
0 (p; C) gives exact mathematical meaning to the intuitive notion of the 
"number of times C winds counter-clockwise round p" (see illustrations 
a and b). 



It follows from the previous considerations that 0 (p; C) = 0 whenever [C] 
is contained in a sector of center p and opening < 2n. Obviously 
0 (p; C), peE, does not depend upon the system of xy-coordinates in E. 


8.3* Invariance of 0 (p; C) With Respect to Frechet Equivalence 

By C, C we shall mean always continuous closed oriented curves in E and 
by 1 |C, C'li the Frechet distance of C and C, (2.6). Thus C - C 
means that C and C' are Frechet equivalent and thus C C' is equiva¬ 
lent to I'C, C'll = 0. If A, B are any tv/o sets in S, then by 

(A, B) = Inf Ip - ql for all peA, qeB, we denote the distance between 
the sets A and B (2.6, Note). 

(i) If lie, C'|l< (Pq. [C]}, then OCp^; C) = C) and 

Pq is not on [C] + [C ] . 

PROOF. Let Pq = O, a = 1|C, C'L (o, [C] ] = a + 2e; 
hence a > 0, g > 0. We can suppose C, C be the 
images of the circumferences r, r' of any two 
circles. If 0, s are the arguments of the points of 
r, r' with respect to their centers, then C, C 
have (cartesian) representations C: p = p(e), 

O': p = p'(3), where p, p' are periodic continuous 
vector-functions of period 2n and e, s may range 
each in any interval I, I' of length 2n. Because 
of lie, C II = a, there is a homeomorphism s == s(e) 
between r and r' [ 3 ( e + 2jt) - s( e) = 2n for all e] 
such that, if p = p(e), p' = p*[s(e)], we have 
lp-p'l<a+€. On the other hand, Ip-ol >a+2G 
and hence 
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Ip* - o| > Ip - ol - Ip - p* | > a + 2c - - € = e > O . 

Thus o Is not on [C*] and both C, C* have polar 
representations C: p = p(0), to = a)(0); C’: p = pCs)^ 

CD = co(s). For the sake of brevity, we denote 05(0), 
u>' [s(e)] by CD and cd' respectively. In the tri¬ 
angle opp* the angle pop' is < Indeed, in 

the contrary case, we would have 

* 

a + e > Ip - p*| > Ip - o| > cj + 2e , 

a contradiction. Thus cd - cd* = 2 n k + A(0) with 

k an integer, -2"^Tr < A(0) < 2 “^3t, and cd - cd* 

a continuous function of 0. If we divide I into 
a finite number of Intervals I^ in each of which 

il 

CD - CD* has an oscillation <2 jc, then by 

2 it k = (cd - CD* ) - A(0 ) it follows that 2 ic k has, 

in each Interva] I^, an oscillation < 2 ~^ n + rt < 2ir; 
hence 2 n k is a constant in each closed Interval 
Ij_. Consequently 2 jt k is a constant in the whole 
interval I and A(e) is continuous in I. Finally 

|2rt 0(0; C) - 2n 0(0; C* )| = 

= |A(2«) - A( 0 )| < rt, | 0 (o; C) - 0(0; 01 < 2"'' 

♦ 

and, since 0 is an Integer, also 0 (o; C) = 0 (o; C). 

Thereby (i) is proved. 

(ii) If C —C*, then 0 (p; C) = 0 (p; C*) for all peE^. 

PROOF. C—C* implies ||C, C * || = 0, and [C] = [C]. 

Then 0 (p; C) = 0 (p; C*) = 0 for every p€[C], and 
0 (p; C) = 0 (p; C*) for every p not in [C] because 
of (i). 

NOTE. The statement (li) shows that 0 (o; C) is Invariant with respect 
to F-equlvalence. The statement (i) shows that 0 (o; C) can be deter¬ 
mined by computing 0 (o; P) for any closed polygonal line P of a 
sufficiently small nei^borhood of C. Since for a polygonal line P> 
0(0; P) as defined above is obviously given by the classical curvilinear 
integral (2 n i)”^ /p z dz, z = x + ly, i = , we can conclude 

that the equality 0 (o; C) = (2 « 1 )"^ /q z"^ dz (o not in [C] ) holds 
in the class of all closed curves for which we usually define the curvi¬ 
linear integral above (at least for all rectifiable curves). Since also 
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in [M. H. A. Newman, I] the topological index, as defined there (see 8.15 
of this book), is shown to coincide with the value of the curvilinear in¬ 
tegral above, the coincidence of the present definition and the one in 
[M. H. A. Newman, I] is proved. 


8.^^. Measiarablllty of 0 (p; C) as a Function of p 

(i) 0 (p; C) is constant in each component y of the 

open set E - [C] and 0 (p; C) = o in the unbound¬ 
ed component 7^ of E - [C]. 

PROOF. Let C: p = p(u), uel, be the given curve C. 

Let a, b be any two points of the same component 7 

of E - [C], let h C 7 be a simple line joining a 

and b, d > 0 any number d < {[h], [ C]), 

a = Pq < P^ < Pg < * * * < Pn ^ ^ finite chain of 

points of h, |Pj_ - Pi+i I < 1 = 0, 1, . . ., n~^ . 

For any i, let C be the auxiliary curve C'; 

p = p(u) + - p^, U€l. Then 0 (p^; C) = 0 (Pi+i^ C') 

because C with respect to p^_^^ as a pole has a 

polar representation Identical with a polar representa¬ 
tion of C with respect to p^^ as a pole. On the 

other hand, ||C, C' || < d < tC]), and hence, 

by (8.3, 1), also C) = 0 (p^^^; C')- Thus 

0 (Pj^; C) = C), 1 = o, i, ..., n-i, which 

Implies that 0 (a; C) = 0 (b; C). Therefore 0 (p; C) 
is constant in 7. Since points p far enough from 
the origin can be taken as vertices of sectors sub¬ 
tending an angle < n and containing C, then 
0 (p; 0 ) = 0 for those points and hence 0 (p; C) = 0 
for all pe7Q' Thus (i) is proved. 

(11) 0(p; 0) is an integral, finite, single-valued 

B-measurable function in E, and | 0 (pj C)| is 
lower semicontinuous in E. Hence the L-integral 
(E) / | 0 (p; 0)1 exists (finite, or + 00). 

PROOF. Let [7] be the countable collection of the 
components of the open set E - [C], f(p; 7), peE, 
be the characteristic function of the set 7 in E, 
m(7) be the constant value of 0 (p; C) in 7. Then 
0 (p; C) = z m(7) f(p; 7), where z ranges over all 
7^[7] and this series converges everywhere in E. 
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Consequently 0(p; C) is B-measurable [for B-measura- 
bility see, for instance, §i6, or S. Saks, I, pp. k^-k 3 ]. 

On the other hand |0| is continuous at each point 
peE - [C], while |0| = 0 at each point pefC] and 
> 0 at all points of a nei^borhood of p. Thus 
|0| is lower semlcontinuous in E. 

8.^. Two Examples Concerning Q(p; C) 

The function 0(p; C), peE, though finite everywhere in E, need not be 

* 

bounded, nor L-integrable in E, as the following examples show. Never¬ 
theless 0(p; C) is certainly L-lntegrable if it is bomded. 

I. Let C be given as follows: p=0 if u=2, p=u, 

a) = 2 tt if 0<U<1; p = 2 -u, aj = 2 n {2 - u)“^ if 

1 < u < 2. Then the open set Eg - [C] is the sxrni 
of the unbounded region r^ where 0(p; C) = o, and 
the bounded region r^, n = i, 2, ... where 

0(p; C) = + n (see illustration (c) in 8.2). The 

region r is bounded by two arcs p = 2 jt 

* 1 

2jtn<a><2jt (n+i), and p = 2 it cd , 

2 jt(n+ ? Jt(n+ 2), and by two segments 

of the positive x-axis. By direct computation we 
have Ir^^l = 2 n n”^ (n + 1 )”^ (n + 2)”^ and 

(E) / |0 (p; C)| =2n|rj^| = n< + oo. Thus 
0 (p; C) is imboiinded and L-integrable in E. 

II. Let C be given as follows: p = 0 if u = 2; 
p ^ u, m = 2 n if 0<u<l; p=2-u, 

to = 2n exp[(2-u)”^ - 1] if 1 < u < 2. As above 
0(p; C) = + n in each r where r is boionded 
by the two arcs p = p(to) = In" (2 n e to), 

2 jtn<co< 2 jt (n+l), and 

p = p(to) = In ^ (2”^ eto) , 

2jt(n + 1 ) < to < 27t (n + 2) , 

besides two segments of the positive x-axis. 

Since p(a)) as well as |p*(to)| are decreasing 
as to increases, we have 

I p (to + 2jt) - p (to) I > 2Tt I p' (to + 2 n)\ 


where p*(co) = dp/dto. By computation we have 
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|p((u + 2 n) - p(u))| > (n + 2)"’ In'^ e(n + 2) and 
hence n Ir^^l > 2 In"^ e(n + 2) and z n |r^| = + co 

Thus, In this example, 0 (p; C) Is unbounded and 
not L-lntegrable in E. 


8.6. Additivity Property of 0 (p; c) 

Let >t be a simple polygonal region of the w-plane, w = (u, v), let 

« = «, + ^2 + ... + be any finite subdivision of n into non-over 
lapping closed simple polygonal regions, 

(T, P), W€P, P = + "n ' 


be any c. mapping from the compact set P into the p-plane E, p = (x, y), 
C, Cj_ the continuous closed curves which are the Images of n, n* under 

T-'lslo r\ 1 


T, i = 1, 

lines JT , 


2, 

* 

"i 


Q = [C] + [C ] + 


• « 


+ [c^] - T(P). 


^1 polygonal 


are supposed to be counter-clockwise oriented in the v-plane 
and therefore also the curves C, are oriented. 


n 


(i) 


0 (p; C) = ^ 0 (p; Cj_) for all peE - Q. 

i=1 


PROOF. 

n 


It is enough to prove (i) for any subdivision 
- + Ttg of rt into two polygonal regions 

by means of a line h = w w 

* a. T 2 ^ 



If 


W, € n 


h 


= (w, ) + 


(w ). 


u 


Jt = h' + h" and H, H', H" 


h, h', 
ui' (w). 


are the curves which are the Images 
of the arcs h, h', h" under 
P = p(w), then H, H', H’' have, by 
(8.1), polar representations on 
h ", where we can suppose that the functions cu (w), 
m"(w) relative to H, H', H", respectively. 


have the same value co^ at w = w,. Then they have 
values m, 0)', u)'' at w = Wg congruent (mod 2it). 

Ve may consider the polar representations of C, C , C 
on 7t , «^, Kg respectively, which are defined by the^ 
functions u)(w), cd'(w), (b''(w) [i.e., by m'(w) and 

' ' (w) on n , etc. ]. We have 


2 ir 0(0; C) = to' - to' ' , 
2 n 0(o; cp = to' _ 00 , 
2 7 t 0(0; Cg ) = to - to' ' . 
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Hence 0 (o; C) = o(o; ) + o(oj C^). 


NOTE 1. Let o be the pole of the (p, £u)-system of polar coordinates, 
and let us suppose that oeE - Q and that o(o; Cj_) = 0, 1 = l, 2, 

hence 0 (o; C) = 0. Then there exist two continuous real single-valued 
functions p(w) > 0, co(w), weQ, such that 

(1 ) C: p = p (w), u) = a)(w), W€Jt , Is a polar repre- 
sentatlon of C on tc ; 

(2) C^: p = p(w), o) = a)(w), wejt^, is a polar rep¬ 
resentation of on i = 1, 2, n. 

The proof is the same as for (i). 

Let n be any simple closed pol. reg. of the w-plane, w = (u, v), let 
(T, Tt); p = p(w)^ VGjt, be any c. mapping from Jt into the p-plane E, 

P == y)^ let C be the continuous closed curve which is the image of 

Jt under T, and let p be any point peE. 

(ii) If p is not in T(jt^), then 0 (p; C) = 0. 

Hence 0 (p; C) = 1 = 0 implies p€T(n°). 

PROOF. If p€T(n ) = [C] then 0 (p; C) = 0; hence 
we can suppose p not in T(n). Let D = {p, T(jt)), 
hence D > 0^ and let d > 0 be any number such 
that |p(w) - p(w*)| < D whenever w, w'en, 

|w - w* I < d (unifom continuity of p(w) in it). 

Let n = + . . . + be any finite subdivision of 

Jt into non-overlapping simple closed regions each 
of diameter < d. Then each set T(n^) and, there¬ 
fore, each curve C^: (T, Jt^), is seen from p 
under an angle < n and hence 0(p; ) = 0 (8.2). 

By (i) we have 0 (p; C) = z 0 (pj C^) = o. 

Let R = itQ - (jr^ + ... + Jt^)^ be any closed pol. reg. of order of connec¬ 
tivity o, 0 < o < + “, of the w-plane, w = (u , v), let 
(T, R): p = p(w), weR, be any c. mapping from R into the p-plane E, 

P = (x, y), and denote by C , C., ..., C the continuous closed curves 

* ^ 

which are the Images of Jt^ Jt^, ..., under T. Let us suppose that 
jCq be counter-clockwise and «*, jt* clockwise oriented. Finally let 

M be the compact set M = [C^] + .. . + [C^], MCE, and let p denote 
any point peE. 

(ill) If p is not in T(R) then z 0 {p; = o where 

z ranges over all 1 = o, i, ..., Hence 

Z 0 (p; Cj_) + 0 implies peT(R) and, if p is not 
in M, also p€T(R°). 
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The proof is identical with that of (ii). 

NOTE 2. By (6.1, vi) and (8.3, ii) the previous statements (i), (ii), and 

(iii) can be restated by using closed (finitely connected) Jordan regions 
instead of pol. regions R. 

(iv) If 0 is any simple closed oriented curve of the 
p-plane E, p = (x, y), then E - [C] is the 
sum of two components, unbounded, J bounded 

(simple Jordan region) and 0 (p; C) = 0 for all 
PeJqI 0 (p; C) = + 1 for all peJ. 

PROOF. The first part is proved in topology. Let p 
be any point of J, let 0 ^ be any circumference of 
center p^ containing J and C in its interior, U 
the Jordan region of order of connectivity 1 between 
C and Cq. Let R be the annular region between 
the circumferences H, of center (0, o) and radii 
1 and 2 of an auxiliary w-plane. Then by (6.1, vl) 
there is a homeomorphlsm M: p = p(w), weR, from R 
onto U, mapping H onto C, and onto C^. 

Since p^ is not in T(R), we have 0 (p; C) = 0 (PqJ C ) 
and obviously we have 0 (PqJ Cq) = + 1. Thus 
0 (Po^ C) = + 1 for all p^ej. 


NOTE 3. The previous considerations lead to the following simple proof of 
( 6 . 1 ,^ 111 ). If^ w€E, [w,^J*) >, and J= (J^, j,, jj, then 

(w, Jj^) > (w, J^) > e > ||j^^ J| II, 1 = 0 , 1, ...,vi. Hence, by (8.3, 1), 

we have 0 (w; J^) = 0 (w;^Jj ),^ 1 = 0, 1, ..., u, and w is not on J* 

nor^on J' . In E - (J + J'*), ^and because of (8.6, Iv), the points 
W€j are characterized by 0 (pj J*) = + 1, 0 (p; J*) =0, 1=1,2,..., 

the points weE - J are characterized by 0 (p: J*) = 0 . 1 = o i 

or 0 (p; J^) = ± 1, o(p; J*) = i 1 for some 1 ^ i, 2, ..., Ind"' ' 

Jj) - 0 for all j 4 j = 1^ 2 , •••f u* The same holds for J', 

Thus either veJ ^ wej* and hence or weE - wgE - J' 

and hence we(E - J)(E - ). 


8.7. Properties of Convergence of 0 (v: c) 


( 1 ) If lie , C 


(a) 


n 


then 


0 (p; C) = lim 0 (p; C^) 
p not in [C]; 


as n 


00 


for all 
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(1 ) 

( 2 ) 


= 1 [C] 

= 

= (E) 




(b) | 0 (p; C)| < | 0 (p; C^)| as n-►» for all p; 

(c) (E) / | 0 (p; C)| < 1 ^ (E) / | 0 (p; C^)| as n-- 

PROOF. (a) is a consequence of (8.3, i); (b) Is a 
trivial consequence of (a) because | 0 (p; C)| =0 
for all pe[C]; (c) follows from (b) and Patou*s 
inequality [S. Saks, I, p. 29]. 

(ii) If oil -0 and the functions 0 (p; C), 

0 (p; are L-integrable in S, and if 

lim (E) / 0 (p; C ) = (E) / 0 (p; C) + X, X ^ 0 , 
n-►oo ^ 


then 

IlJn (E) / | 0 (p; C^)| > (E) / | 0 (p; C)| + |X| . 
n-► 00 

PROOF. Let be the difference between the two 

integrals in (l). The fionction 0 (p; C) is 
L-integrable in E; hence, given e > 0, there ex¬ 
ists a cr > 0 such that, for any L-measiorable set 
h C E, |h| < o, we have (h) } | 0 (p; C)| < 2“^ g. 

Let [C]p be the p-nei^borhood of [CJ, i.e., 
the set of all peE whose distance from [C] is 
< p. Since [C] is compact, we have [C] C 

[C]p - [C] as p - ^0 +. Consequently 

I t C ] p I -► I [ C ] 1 as p -► 0 +, where by | A | we 

denote the Lebesgue measure of any measurable set 
A of the xy-plane. Consequently we can choose p > 0 
in such a way that |tC]| + o. Let n 

be the smallest Integer such that IIC|| < p for 
all n > n. By (8.3, i), for n > n and peE - [ 0 ]^, 
we have 0 (p; C^^) = 0 (p; C), while 0 (p; C) = 0 
for all pe[C]. Consequently, for n > n, we have 

lA^I = 1 (E) ; 0 (p; C^) - (E) / 0 (p; C)| - 

/ 0 (p; C^) - [C]p / 0 (p; C)| < [ 0 ]^ / | 0 (p; Cj^)| + [ 0 ]^ I |0(p; C) 

; iO(p; Cj^)| - [C]p ; | 0 (p; C)| + 2 lC]^ S | 0 {pj C)| = 

I 0 (pj C^)| - (E) ; | 0 (p; C)| + 2C[C]p - [C]) / | 0 (p; C)| , 
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where the last term is < e and |A^| -► |\| as 

n—^00, Thus the lower limit ( 2 ) is > |X| - e 
and because e is any positive number, (2) is proved. 


8.8. Semirectifiable Curves 

A plane continuous curve C: x = f(u), y = 0 < u < 1, is said to 

be semirectifiable if at least one of the two functions f(u), is 

BV in [0, 1]. 

(i) If C: X = f(u), y = g(u), 0 < u < i, is semi- 

rectifiable, then |[C]| = 0. 


PROOF. For instance suppose g(t) is BV and let 
V(u) be the total variation of g(t) in [0, u]; 
hence, o<V(u)<V< + oo, where V = V(i ). The 
fimction f(u) is continuous in [0, i] and also 
uniformly continuous; hence, given g > 0, there 
is a 6 > 0 such that |f(u) - f(u')l < e for all 
u, u' G [0, 1], |u-u'| <6. Let 


0 =u-<u, <...<u =1 
o 1 n 


be any finite subdivision of [0, 1] in parts 
each of length < 6, and let 


Vf = V(u^) - V{Uj__^ ), 




Then we have 

|f(u) - f(u^)| < €, Ig(u) - g(u^)| < 

for an/ < u < u^. Therefore, each arc 

image of is contained in the rec¬ 

tangle r^ of center [f(uj^), g(uj_)] and side- 
length 2€ and 2 Vj^. Hence [C] C Z r^^, 

|E r^l < te Z = heV. Since e is an/ positive 

number, we have |[C ]1 = 0 and (i) is proved. 


Let C: X = f(u), y = g(u), 0 < u < 1 be any continuous closed curve 

of the p-plane E, p = (x, y), and let s(x), - co < x < + c», denote 
the function defined in (2.11) relative to x = f(u); i.e., let s(x) 
denote the number 0 < s < + oo, of points u€[0, i] where f(u) = x. 

Let t(y),- CO < y < + », have analogous definition with respect to y = g(u). 



94 


CHAPTER III. THE GEOCZE AREAS V AND U AND THE PEANO AREA P 


( 11 ) For any continuous closed oriented ciorve 
C: X = f(u), y = g(u), 0 < u < l, 
f(o) = f(i), g(o) = g(l), we have 
2 | 0 (x, y; C)| < s(x) for all (x, y)eE, 

X + f(o) = f(l); 2 | 0 (x, y; C)| < t(y) for 

all (x, y)6E, y + g(o) = g(l). 

* 

PROOF. Let (Xq, y^) be any point of E with 

Yq + g(o), g(l)* If 0 (^o' ^o^ C) = 0 the state¬ 
ment is trivial. Suppose m = 0 (Xq, y^; C) + 0 and 

hence (x^, y^) is not in [C]. It is not restric¬ 
tive to suppose m > 0, Therefore a polar repre¬ 
sentation C:p = p(u), aj = a3(u), 0<u<1, 

[relative to x = f (u), y = g(u) and pole 

(Xq, y^)] exists and a)(l) - a)(o) = 2 it m. Let 

X ^ 0 be the minimum integer such that 

Xit + 2 ^ it>a-a)(o). Then, Xjt + 2 ”^jt-it<a 

and the 2 m numbers XTt + 2~^ it + iit, 

i = 0, 1, .. ., 2 m-l, are all < b = a)(l ) as it 

follows from \n + + (2m-l)it<a+it + 2mjT - n = b. 

If u^ is the minimum u such that o < u < i, 

a)(u) = Xit + 2 it + iit, then 0 < u^ < u, < . . . < u„ , < 

o 1 2m-1 - 

where at most one of the signs < may be replaced 
by =- We have a)(uj^) assioming the values + 2”^n 
(mod 2it), alternately as i takes successively the 
values 0, 1, ..., 2 m-l, and because of 
g(u) = Yq + p(u) sin a3(u), p(u) = [f^ + g^]^> 0, 
we have g(uj_) > y^ g(Uj_) < y^ alternately as 
1=0, 1, 2 ra-i. Consequently g(u2^_^ ) ^ y^ 

according as gCu^) y^ and, since y^ + g(o) = g(i), 
the number y^ is an interior point either of 
[g( 0 ), g(u.j)], or of [g(xi2j^)> g(l)]. This implies 
t(yQ) > 2m. The second inequality of (li) is proved, 
while an analogous proof holds for the first in¬ 
equality. Thereby (ii) is proved. 

(ill) For any semirectifiable, closed, continuous, 

oriented curve C: x = f(u), y = g(u), 

0 1 < 1 / the function 0 (p; C) is 

L-integrable in E. 

PROOF. The set [C] is compact, hence contained in 
a square Q = [-M<x, y<M] CE and 0 (pj C) is 
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B-measurable in E and zero outside Q. By definition 
at least one of the functions f, g is BV, hence by 
(2.11), at least one of the fmctions s(x), t(y), 
say s(x), is L-integrable in (- «,+ „) and hence 
also in (-M, M). By (ii) we have 0 (x, y; C) < 2“’ s(x) 
for all - M < X, y < M with the exception of at most 
one value of x. Thus 0 (x, y; C) is L-integrable in 
Q and hence in E, and (iii) is proved. 


(iv) 


If C, C^, n = 
oriented curves 

if IIell-- 

then 0(p; C^^) 

n-► 


1; 2, are continuous, closed, 

of the p-plane E, p = (x, y), 

0 and C is semirectifiable, 

0 (p; C) a.e. in E as 


This assertion is a consequence of (i) and of (8.7 i). 


(v) 


4 • 


• J 


are continuous, closed. 


If c, n = 1, 2, 

rectifio.ble oriented curves of lengths 1, 1 , if 

IICj^, C|| - ’ 


0 as n 


then 


“ and 1 < M for all n, 


(a) 1 < M; 

(b) 0(p; C^) 


0 (p; C) a.e. in E 


as 


n 


00 


(c) 


n 


lliti (E) / 0 (p; C ) = (E) / 0 (p; C), 

- CO 


n ^co ^ ^n^l = (E) / | 0 (p; C) 


PROOF, (a) follows from the property of lower semi¬ 
continuity of the Jordan length (2.3); (b) follows from 
(a) and (Iv). Let C^: x = f^(u), y = g^(u), 

0 <U< 1 ; C:x = f(u), y = g(u), 0<u<1. 

Then both functions f^^, are BV for every n 
and V[f^], V[g^] < l(c^) < M (1.2). We can de¬ 

termine a square Q= [-N<x, y<N] such that 
[ 0 ], [C^] C Q for all n and thus 

0 (p; C) - 0 (p; C^) = 0 outside Q. Let s (x), 
t^(y) be the functions above relative to x = f (u) 

S'nd y = respectively. Then, by (11), 

0(p; Cj^) < 2"’ Sj^(x) as well as < 2“^ t^(y) for 
almost all x and almost all y. For any n and 
integer m let I^, be the linear sets of 

all X, or y, where 3 ^(x) > m or t (y) > m. 

Because of / s^(x) < M, / t^(y) < M we have 
^^nm^^ ^^nm^ < M m . Let I^, denote 
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th 3 sets of all points p = (x, y) 
or = m, respectively. Then 

t 

hence 


, respectively 

^^nm^ - ^^nm^ ^ 

+ J , + » 
n,Tn+l 

Consequently, if T^^ 


where | 0 (p; C^^)! > m, 

p nm nm nm 
1^1 < m” . In addition 


nm nm 


• > 


nm 


= IJ 


nm 


+ |J 


is defined by T 


n,m+l 


nm 


« • 


T 


nm 


= m IJ 


nm 




• « 


and hence 


T 


nm 


^^nm^ l^n,m+l^ l^n,m+2 


+ ... < M^Im ^ + (m +1 )~^ + (m+ 2 ) ^ 


where the last expression approaches zero as m-*- 

Let e > 0 be any number and let m = m(e) be an 
integer such that the last expression is < z~^ g. 
Thus m(€) depends on e but not on n. Let 
T] = ti(g) = 2 ”^ m”^ €, and h be any measurable 
set h C Q, |h| < . Then h = (Q - Ij^)h + I^h = 
h' + h* ' and now (h' ' ) / | 0 (p; C^) | < T^^ < 2 ”^ e, 
(h') / | 0 (p; C^)\ <m |h'| <m |h| < 2 ”^ g. Thus 
(h) / | 0 (p; C^)| < G for all |h| < t) and all n. 
Vital!'s condition is satisfied and because of (b), 
also (c) holds [E. W. Hobson, Vol. II, p. 297]. 
Thereby (v) is proved. 


NOTE. The conclusion of statement (v) does not hold necessarily if the 
condition ^ satisfied. An example is given in (9-10, Note) 

8.9. Further Properties of the Topological Index 

(i) If p^ = (x^, i = 1 , 2 , are any two points of 

if d = x^ yg - Xg y^, if the segment s = p^ p^ 
does not contain the origin o = (0, 0), 
s: X = x^ + (Xg - x^ )u, y = y^ + - y^ )u, 

0 < u < 1 , if s: p = p(u), o) = m(u), 0 < 

is the relative polar representation of s ( 8 . 1 ), 
then sgm [a)(l ) - cd(o)] = sgm d if d + 0, 
a>(u) = constant if d = 0 . 


PROOF. We have 


p(u) 





+ (yg 
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for all 0 < u < 1, and 

tan a>(u) = [y^ + - y^ )u] : [x^ + (x^ - x^ )u] 

for the same u. An analogous relation holds for 
ctn (w(u). Since, for all real t, either tan t 
or ctn t is finite with non-vanishing derivative, 
by the well known Dini theorem on implicit functions 
we conclude that the continuous function a)(u) has 
continuous first derivative u)'(u) everywhere in 
0 < u < 1. By direct computation we have 
a)'(u) = d • p” (u). In consequence sgma)'{u) is 
constant in [0, 1], and hence 


sgm [co(l ) 




= sgm d • 


If d = 0, then uj' (u) = 0 for every 0 < u < 1 . 
Thereby (i) is proved. 


NOTE 1. 
sgm t = 


In the statement above by sgm t we imderstand the function 
+1, -1, 0 according as t > 0, t < 0, t = 0. 


(il) 


p^ Pg P3 is sny (closed) triangle of the 


If A - 

■"I ‘ ^ 

p-plane E, Pj_ = {x^, y^), 
is the oriented boundary of 
order p^ Pg P^ ), if D = 

0 (p; A*) = sgm D for every 
every peE - A, and (E) / 0 (p; A*) = 2 
(E) / | 0 (p. A*)I = 2"^ IDI = area A. 


i = 1, 2, 3, if A* 
A (in the cyclic 
y^, 11, then 


peA^, 


= 0 for 

-1 


D; 


PROOF. Since (ii) is trivial for D = 0, we may 
suppose D + 0, hence A is non-degenerate. We shall 
use standard vectorial notations; therefore, if 
P = (x, y), then tp = (tx, ty) for every real t; 
if Pj_ = (Xj_, y^), 1 = 1, 2, then 

Pi P2 " ^^1 ^ 2 ’ ^1 + ^2^ • 

It is well known that A [a°] Is the set of all 
points p = t, p, + tg pg + t^ Pj for all real 
with t, + tg + t^ = 1, tj^ > 0 [t^ >0], 1 = 2, 3. 

Let p be any point peA°. It is not restrictive to 
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suppose p = o = (o, o). Then there are three real 
numbers t^> 0 , 1 = 2, 3 v/lth 

^1 ^2 ^2 ‘‘‘ ^3 ^3 ^ ^ ^ 

t, y, + + t3 73 = 0 . 

The numbers - x^ y^, d^ = x^ y^ - x^ 

^3 = y^ - x^ y^ cannot be all zero because, 
otherwise, we would have D = Oj hence 



and this implies dj_ 4 0, i = 1, 2, 3, and also 
that d^, dg, d^ have the same sign. Finally, since 
D = d^ + dg + d^ we have sgm d^ = sgm D, 
i = 1, 2, 3. Let A* : X = x(u), y = y(u), 

0 < u < 3, be the representation of A* which is 
linear on each of the intervals [0, 1], [i, 2], 

[2, 3] and maps these onto the segments p^, Pg, 

P2 P3> P3 Pi' By (1) the differences a)(l) - £d(o), 
a)(2) - a>(l), co(3) - a)(2) have the same sign, namely 

the sign of D, and by (8.1 ), the same differences 
are in absolute value < «. Therefore, if D > 0, 
then 0 < aj(3) - oij(o) < 311 and since aj(3) - aj(o) = 0 

(mod 2 jt), we have <b (3 ) - tJi)(o) = 2rt; l.e*, 

0(0; A*) = 1; if D < 0, then - 3 « < 0^(3) - £o(o) < 0, 

<^(3) - tw( 0 ) = - 2 jt, 0(0; A*) = - 1. Thus 

0 (p; A*) = sgm D for every peA*^. Let p be now 

any point peE - A. We may suppose p = o = (0, 0). 

If ^ 1 = 1> 2, 3, then these numbers do 

not all have the same sign. Suppose for instance 
d^, <^2 ^ ^3 ^ then o < m(i ) - a>(o) < it, 

0 < a)(2) - a)(l) < It, - Jt < 00(3) - ti3(2) < 0, and 

also - Jt < 03(3) - 03(0) < 2jt. Hence 03(3) - 03(0) = 0, 

0(0; A*) = 0 . An analogous reasoning holds in all 
other cases. Finally, if peA* then 0 (p; A*) = 0 
by definition (8.2). The first part of ( 11 ) is 
proved- By ( 5 • 7 ) we have area A = 2”^ | D |, and 
hence (E) / 0 (p; A*) = 2”^ |D| sgm D = 2“^ D, 

and (E) / | 0 (p; A*)| = 2”^ |D|. 

NOTE 2. The conclusion 0 (p; A*) = + l if peA^, = 0 if peE - A could 

have been drawn also by (8.6, Iv). 
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NOTE 3 . If A is the linear image of a (positively oriented) triangle t, 

A: X = au + hv + c, y = a'u + b'v + o', (u, v)€t, then 

(E) / 0(p; A*) = (ah' - a'b) area t, (E) / |0(p; A*)| = |ab' - a'b| area t 

Indeed if A = p, Pg P 3 , t = Wg = (uj^, v^), i = l, 2, 3 , then 

D = |Xj_, y^, 11 = lauj_ + bv^ + c, a'n^ + b'v^ + C, 1| = (ah' - a'b)| u^, v 

where area t = 2 '"^ Vi' II > 0- Then, by (il), ve have 

(E) / 0(p; A*) = (ab* - a'b) area t, and analogously for (E) / | 0 (p; A^-)l 


(Hi) If (T, n) is a q.l. mapping from any simple pol. 

reg. n of the w-plane Eg, w = (u, v), into the 
p- plane Eg, P = (x, y); if C: (T, n*) is the 
image of the (counter-clockwise) oriented boundary 
n* and J = y^ - y^, then 

(Eg) / 0 (p; C)dp = (jt) / J dw ) 

(Eg) / | 0 (p; C)|dp < (it) / Uldv = a(T, n) , 

where dw = du dv, dp = dx dy. 

PROOF. Let S be any finite subdivision of n into tri¬ 
angles t of linearity for T and, for every teS, let 
A = T(t) be the triangle, A C E^, which is the image 
of t under T. By (ii), and Note 3 above, for every 
teS, we have (Eg) / 0 (p; A*)dp = (t) / J dw, 

(Eg) / 10 (p; A*)|dp = (t) / |Jldw. If z denotes 
any sum ranging over all teS, the set 
M = T(z t*) C Eg is the finite sum of segments, 
hence |M 1 = 0, and, by (8.6, i), we have 

0 (p; 0=2 0 (p; A*), | 0 (p; C)| < L | 0 (p; A*)| 

! 

a.e. in Eg. Consequently we have 
(Eg) / 0 (p; C) dp = ^(Eg)/ 0 (p; A*) dp = (n) / J dp, 
and analogously for | 0 (p; C)|. Thereby (iii) is 
proved. 

(iv) If (T, It) is any c. mapping from any simple 

pol. reg. of the w-plane Eg, w = (u, v), into 
the p-plane Eg, p = (x, y), if both components 
x(w), y(w) of T(w) have first partial deriva¬ 
tives continuous in n and we denote by J the 
Jacobian J = x^ y^ - x^ y^, and by C the con¬ 
tinuous closed oriented curve C: (T, it*), then 
(Eo) / 0 (p; C) dp = (it) / J dw, 

(Eg) / | 0 (p; 01 dp < (it) / |J| dw ■ 
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PROOF. For each integer n let us consider a finite 
subdivision S^^ of jt into triangles t. We may 
suppose that the maximum diameter of the triangles t 
is so small that all functions x, j, x,,, y 


_i -1 ■■■" "v 

have an oscillation < n M in each triangle t, 


where M = max [lx,. 


ly„|] 


we can also suppose that 

teS 


angles 


in Jt. By (5.16) 
is regular and all tri 
^ have a right angle. For each t let 
us consider the system o | t) of axes whose origin 
o is the vertex of the ri^t angle of t and whose 
axes o|, ot) contain the two legs of t. Then, by 
(5.7), J = y.. = X 

ly 


X 


y. - X y^. 


V ^ ''U I " T1 

tij \Jtif |y I < 2M and the oscillation of 

5 T) I T) - 

the partial derivatives x., J 


-1 w -1 


(pj 


in each trl- 
7t) be the 


angle t is < 2n”' M”'. Let 
q.l. mapping which is linear on each 
that = T(w) for every vertex 

angles teS^, and let Xj^(w), yn(w) 
components of weit. Then the partial 

derivatives 

constant in each t and their values coincide with 


teS^ and such 
w of the tri¬ 
be the 


the values of x., x , 


y^, y at some points of the 
two legs of o^, otj of t ?cf. the same reasoning 
in 5 ■ 13 > Note 2). Consequently 


(Xn)p (y„)„ - yj < I + 


i 


n'l 


I 


n'T) 


+ fxj l(y^) -y I < 2n"^ M'‘^'2M+ 2M-2n'^ M ^ = 8 n“^ 

5 n T] ^ ~ 


Analogously we have l(Xj^) (yn^l ~ ^ I < 8 n ^ . 
Hence, if = (x^)^ (y^)^ - (x^)^ (y^)^ = 

(x„), (yj^)_ - (x„)_ (y„),, we have |J^ - J| < l 6 n 


-1 


n'i '•^n'-q n'T\ '‘'n'l' - •■'n 

for all W€jt. Finally, (jt) / dw-^(jt) / J dw, 

(jt) / IJj^l dw-►(«) / |J| dw. On the other hand, 

the curve C^: (P^, jt*) is a polygonal line in¬ 
scribed in the curve C, hence, l(C^) < 1(C) < + w. 


By (8.8, v) we have 


(EU / 0(p; C^) dp 


(El) ; 0 (p; C) dp , 


(E^ )/ 10(p; C^)| dp 


(EL) ; | 0 (p; 01 dp , 


as n 


OD • 


Thus (Iv) follows from (ill). 
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NOTE 3. Both statements (ill) and (iv) are simple elementary cases of a 
more general statement we shall prove in §29. Another particular case, 
though less elementary, is the statement (v) below. 


Let (T, A) be any c. plane mapping from an admissible set A of the 
w-plane Eg jnto the p-plane E^ and let us suppose that the components 
x(w), y(w) of T(w) are BVT and ACT functions in (3*2). Since 

the function [as well as x^, y^, y^l is L-integrable in A°, let 

cp(u) = A°(u) / |x^(u, 0)1 d 0 , >|f(v) = A°(v) / lx^(a, v)| da. Then the 

functions (p(u), ^{v) are defined for almost all u and v, are L- 
integrable functions in (- + »), and also, by [S. Saks^ I, p. il8, 

6.3], for almost all u and v we have 

^u+h n v+h 

(1) cp(u) = lim h” I cp(a) da, i^(v) = lim h" I i|/(0) dp , 

h-o *'u h-► o ^v 


with q)(u) < + a>, i^(v) < + 00. Analogous statements hold where x^ is 

replaced by x^, y^, y^. 

(v) Let (T, A) be any c. mapping from an admissible 

set A of the w-plane Eg into the p-plane E^, p = (x, y), 
and let us suppose that the components x(w), y(w) of 
T(w) are BVT and ACT in A^; let 
I = [a < u < b, c < V < d] be any rectangle, 

I C A*^ such that 

(1) x(w), y(w) are AC on each of the 
sets A°(a), A°(b), A°(c), A°(d); 

(2) the equalities (l) above hold for 
u = a, b, V = c, d, relative to 

V ^ 

and J = y^, we have 

(EU / 0 (p; C) dp = (I) / J dw , 

(Ep / | 0 (p; C)| dp < (I) / |J| dw • 

For the proof we shall make use of the so- 
"integral means" x^, y^ of the functions 
that is the functions 

i^u+h pv+h 

x„(w) = h"^ / I x(a, 0 ) da dp , 

li t/^ 


PROOF, 
called 
X, y; 

( 2 ) 




-2 



u+h pv+h 


u 



y(Q;, p) da dp , 
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where h = n \ and n is any integer large enou^ 
in order that 2n ^ < {I, A*). These integral means 
are discussed under various conditions e.g. in the hook 
[L. M. Graves, I, pp, 254 - 259 ]. An account on in¬ 
tegral means is given in the Chapter IX of this book 

(§32), and we shall prove there all the properties 
we need. 

First of all Xj^(w), yj^(w) are continuous in I 
with their first partial derivatives 

(YnV (32.5, i) and 

uniformly in I (32.3, i)- On the other hand, if 

(I) ; dw--(I) ; J dw , 

(I) / U^l dw--(I) ; |J| dw , 

as n-(32.6). If (Tj^, I) is the continu¬ 

ous mapping defined by x = x^(v), y = y^^Cw), 

W€l, and C^: (T^, I), then, by (iv), we have 

(E2) ; 0 (p; C^) dp = (I) / dw , 

(E^) ; | 0 (p; C^)| dp < (I) ; |J^| dw • 

Let us prove now that ^ for some 

constant M and all n. It is enough to prove 
that the same happens for the total variations of 
the functions x^(w), each side of I. 

For Instance, if v^^ is the total variation of 
Xj^(w) on the side [a < u < b, v = c] of I, 
we have 

rb _p/^u+hrc+h 

Vn = J |(d/du) h" J J x(oc, p )da dp | du = 



[x(u+h. 



P)] dp I du ; 


and since x(u, p) is BV and AC with respect 
to u for almost all p, we have 
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ft) o fc+ti ^u+h 
a '^u ^ 


(Of. 32.5, ii). Now, by elementary transformations, 
we have 


Vn < h-2 




|x^(a, p)| da < 



du < 






dp • 





Since the last integral approaches iif(c) as 

h-►O and t{c) < + » there exists some 

M < + 00 such that < M < + » for all n 
large enough. The same reasoning holds for y 
and for each side of I. Thus l(Cj^) < M for 

all n large enough. By x^^ —^ x, y^ - y 

it follows ^ ^-► 00, and, by 

(8.8, v), we have 

(E^) / 0(p; C^) dp- ^(E^) I 0(p; C) dp , 

(E^) / | 0 (p; C^)| dp —^(E^) / | 0 (p; C)| dp 

as n-*-00. By (3), (if), (5), we conclude that 

(Eg) / 0 (p; C) dp = (I) / J dw , 

(Eg) / | 0 (p; C)| dp < (I) ; |J| dw . 


Thereby (v) is proved. 
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8.10. An Integral Property of the Topolojyical Index 

( 1 ) If C: X = f('u)j y = g(u), Is any 

closed, oriented, continuous curve of finite 
length of the p-plane E, p = (x, y)^ then, by 
using Stieltjes integrals, we have: 

(^ ) (E) / 0 (x, y;C)dxdy = / fdg=- / gdf- 

C C 


PROOF. 

(a) Let us suppose first that both f(u), g(u) 


are q.1. in 

[0, 

1 ] and let 


0 

ti 

0 

< u^ 

A 

• 

• 

A 

11 


be a finite 

subdivision of [ 0, 1 ] 

in n 

intervals 


u^] of linearity 

for 

both f(u). 

g(u). 

If 


Pi = (x^. 

. y^) 

= [f (Uj^),g(u^)] , 


i 

= 0, 

1 , • • •, n , 



then Xq = x^, y^ = y^, p^ = p^, and 
if f(u) = a^u + b^, g(u) = c^u + d^, 

^ 1 ^ 2, ..., n, then 




^i ^i 






-1 


= 2” [g(u^) - g(u^_^)] [f(u^) + f(u^_^)] = 


2"^ [^i.l yi - Xi ] + 2-’ [Xj_ y^ - y^_, ] , 


i“ 1, 2, ..., ri 


Let o = (o, o) and be the oriented 

closed curve = o Pj^_^ pj^; that Is, 
the oriented boundary of the triangle 
Tj_ = (o Pj__i Pj_)- By (8.9, ii) we have 
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(E) / 0(x, y; 0^) = + area (Tj^) = 

= 2"' y^.,) • 

Therefore, 

f dg = (E) J 0 (x, y; Cj^) + 

1 

+ 2-' [x^ y^ - x^_^ y^_,] , 

1=1,2, n, 
and analogously 

g df = (E)f 0 (x, y; C^) - 

1 




- 2"' [Xi yi - y^_,] , 

1= 1, 2, •••,n • 

The sum of the n brackets above 
(1=1, ..., n) Is equal to 

^n '‘^n ‘ ^0^0 " hence 

1 ^ 

f = - jf g df = (E) J ^ 0(x, y; C^) . 

° 1=1 


Let us consider a simple convex pol. 
reg. A In the auxiliary w-plane 
w = (s, t), of vertices w^, 1 = 

1, 2, ..., n, containing a point V€A°. 
Let M be the set sum of the 2 n seg¬ 
ments 1= 1, 2, n, 

and let x = x(w), y = y(w), veM, be 
the q.l. mapping which maps each seg¬ 
ment ^1-1^1 linearly onto op^, 

Pl-iPl respectively, 1 = i, 2, ..., n, 
Wq = Then, If Is the triangle 
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i = n, we 

have C: (T, A*), C^: (T, A*) and, by 

(8.6, i), also 0 (x, y; C) = 2 0 (x, y; C^) 
for all (x, y)€E - M’, where 
M* = T(M) = [C] + z [C^], IM* I = 0. 

Thus (l) follows from (2). 

(b) Let now C be any curve of finite length 
L; hence both functions f(u), g(u) are 
BV in [0, 1]. Let be the total 

variations of f and g. By (8.8,i) we 
have |[C]| = 0 and, by (8.8, Hi), 

0 (^^ y; C) is L-integrable in E. If 

^n* ^ ^ ^ ^ < 1/ 

is the closed polygonal line inscribed in 
C whose vertices are the images on C of 
the points u we obtain by dividing 
[0, 1] into n equal parts, if 
^2n total variations of f^, 

g^, we have f^-f, uni¬ 
formly in [0, 1], -.-V^, 

Vg and also L^^-►L, where 

is the length of C^. By (8.8, v) we 

have 

(E) I 0 (x, y; C^) - -(E) / 0 (x, y; C) 

and by [L. M. Graves, I, p. 283, Th. 23] 

also / f^ dg^-f dg, 

/ g^ 61 ^ — > / g df. This proves (i) by 
virtue of (a). 


8 . 11 . Projections of a Curve C 

Let T be any orthogonal linear transformation in E^: | = *^13 

T\ = + oc^^j + 0^23^^ ^ " “31^ ^32^ “33^ (5.4). Then any continuous 

closed oriented curve C: x = (u), y = f2(u), z = f^(u), 0 < u < 1, 

is transformed by t onto another curve C*: i - P^(u), t\ = F2(u), 

5 = P2(u), 0 < u < 1 , where f^ + fg + f^, 1 = 1 , 2, 3 * 

Let Eg^, Egg, Eg^, Eg^, Egg, Eg^ be the oriented coordinate planes 
yz, zx, xy, t,?, 51, It,; let C^., r = i, 2, 3, be the continuous closed 

oriented curves which are the projections of C, C' on the cooi^iinate planes 
Egr> Egj. respectively. If C has finite length 1 , then also C 
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has finite length 1 , and the curves have lengths < 1. There- 

fore the functions 0(y, z; ), 0 {i, ti; ) are L-lntegrable. Set 

- (Egp) / 0 (q;, P; C^) da dp, u^ = (E^^) / 0 (a, P; C^) da dp, 
r^= 1 , 2 , 3 - By (8.10, 1) we have = / fg d f^ = - / f^ d f^, 

= / Pg d F3 = - / P3 d and analogous relations hold by rotation of 
the indices 1, 2, 3. 

(i) If C is any closed curve of finite length in E3, then 
u^ = a^^ u^ + a^g Ug + a^3 U3, r = i, 2, 3, and 

hence + u^^ 

PROOP. All functi 


Pi(0) = P^(i) 




21 ^31 


+ u 

’2 

2 

2 

2 




3 

^1 • 

H u^ + 

^3 

• 



)ns 


^1' 

, 1 = 


2, 

3, 

are 

in 

[0, 

1 ] 

and 

fi 

(0) 

1 s 

fid). 

(8. 

10, 1 

) we have, 

for 

instance 

= I 

(“21 

fi 

+ “22 

^2 

+ 

“23 

^ 3 ^ 

d 

^“31 

f'l 

" “32 

^2 

+ 

^33 




+ • 

. . + ( 

“22 “ 

33 

- «23 «32) I f^ d 


3 


+ • • • 

where the non-written terras are obtained by rota¬ 
tion of the indices. Because of f^(o) = f^(l), 

1 = 2, 3, the first Stieltjes integrals are zero, 

while *^22 ^33 ” ^23 *^32 ”^11^ * * * ‘ Thus 
Ui =0;^^ u^ *^12 ^2 ''' ^13 ^3 proved. 

For any c. closed oriented curve C in E3, let C^, r = 1, 2, 3, be 
the projections of C on the coordinate planes Eg^. By ( 8 . 4 , li) the 
functions | 0 (p; C^)|, peEg^, r = 1, 2, 3, are non-negative and 
measurable; hence the L-lntegrals v„ = (Eo ) / | 0 (p; c )l r - i p ^ 

exist (finite, or t .). Set v ■ (v? t vf. o < v < * 

Let C, n = 1, 2, be continuous closed oriented curves in E 

“^r' ®nr' ^ 2, 3, be their projections on the planes E , ^ 

let v^, V, v^, v^ be the functions above for the curves C and C 

( 11 ) If II Cj^, C||-►o as n-»-», then ^ 

< 11“ V < 2^ v^, r = 1, 2, 3, as 

n-► 

PROOF. The first part of the statement is a conse¬ 
quence of (8.7, 1 (c)). Therefore, given € > 0, 
for each r = 1, 2, 3, there is an Integer n^ 
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such that > e"’ for all n > If 

> '^r ■ ^ for all n > if < + ». Put 
n = max [n^, n^, n^]. Then = Zp > e“^ for 

^ ^ ^ = + 00 for at least one r. 

Suppose now v.|, v^, < + oo and put 

M = < + 00, xcL^ = max [0, - e], 

V - ^, 2, 3 . Since > 0 we have 

^nr - ^ ^r " 

0 < Therefore 

= ^r ^ ^r = ^r “ ^r^^ 

> ^r ■ 2 ^P Vj, 6p > - 2M€ 

for all n > n. In any case it Is proved that 
2 2 ^ 

^ 1 n-► oo and, since v > 0, 

v^ > 0, also V < lira v., as n-*-oo. 


8.12. Coincidence of Lebesgue Area with Elementary 

Area for q.l. Mappings 

(i) THEOREM. L(P, P) = a(P, P) for every q.l. mapping 
(P, P) from a figure P C E^ into E^. 

PROOF. Let us consider first the sequence (P^, F^) = 

(P, P), n = 1, 2, ... . Then P^^-►P and, by 

definition of the Lebesgue area (5.8), also 
L(F, P) < a (P, F). Therefore L = a whenever 
a = 0. Suppose a > o and let us prove L > a. 

Let S be any typical subdivision of P into tri¬ 
angles t (5.2) of linearity for P. Denote by 
S' the class (not vacuous because of a > 0) of 
all triangles teS such that the triangles 
A = P(t) are not degenerate. For any teS* let 
Of be the plane of E^ containing A and t', t' ' 
any two triangles t'* C (t*)°, t* C t°, so close 
to the triangle t such that 


|t| > |t'| > |t"| > (1 - €) |t| . 

If A', A** are the images of t*, t**, we have 

A" C (A')°, A' C A°, |A| > |A'| > |A"| > (l - e) |A|. 
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Consequently, we have also E |A'' | > (l - c) z |A| = 

(1 - e) a(P, F) where E ranges over all teS'. 

Denote by cr > 0 the minimum of the distances 
(a'*, a*), (a*'*, a'*) for all teS' and by U 

the compact set E t', U C P°- 

Let (P^, P^), n = 1 , 2, be any sequence of q.l. 

mappings with P^-^P, -*^L(F, P); hence 

F^ t F*^, d^ = d(P, F^)-^0. Consequently, 

U C F° for all n large enough and we can determine 
n^, such that U C P^^, ^ all n > n^ . 

For every teS' denote by t the projection of 
on the plane a, hence (t P^, t') is a q.l. 
mapping and a(T t') < a(P^, t')- Now we have 
|t Pn(v) - T P(w)| < |Pj^(w) - P(w) I < for 

all wet', n > n^; in particular for all wet'*, 
and hence HC^!^, A'*|l < a where C^: (P^, t'*). On 
the other hand, for any peA'' we have 
{p. A'*} > a > IlC^, A'*||; hence by (8.3, i) and 
(8.6, iv) also 0 (p; C^^) = 0 (p; A'*) = + !• By 
virtue of (8.9, iii) we have finally 
1A'' I < a(T P^, t') and hence |A''| < a(P^, t'). 
Consequently, for all n > n^, 

(l - e) a(P, F) < E |A" I < 

< E a(P^, t') < a(P^, F^) . 

This implies a(P, F) < a(P^, F^) = L(F, P). 

Thus a < L, a > L and finally a = L. 


^ 8.13. Homotopy 


Given a set H C E^^ and two curves 0 ^^: p = p^(u), o < u < 
C^ C H, 1 = 1, 2, we say that C^ is FREELY HOMOTOPIC to 
in H, l.e., C^ ” C^CH), if there is a c. mapping 
(T, Q): p = p(u, v), (u, v)eQ = [o < u, v < 1], such that 

(i) p(u, v)eH for all (u, v)eQ, i.e., T(Q) C H; 

(ii) p(u, 0) = p^(u), p(u, i) = for all 

0 < u < 1; 



(iii) if Cg are both closed, and thus 

Pl(o) = Pj^(i), i = 1, 2, then p(o, v) = p(i, v) 
for all 0 < V < 1. 
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We 


say that 
= C„(H), 


^1 

if 


is RELATIVELY HOMOTOPIC to 
C 


-i-j. is freely homotopic to 

(iv) p(o, v) = pj^(o) = pgCo), p(i, v) = 

for all 0 < V < 1 (therefore, C 
the same end-points). 


1 


Cg in H, i-e., 
C^ and 

Pi(0 = P2(i) 
and C^ have 


Let us observe that, if C^ ^ C^CH), then C^ can be thought of 
as obtained from C^ by a continuous deformation in H throiagh a 
chain of c. curves C(v): p = p(u, v), o < u < i, where the para¬ 
meter V varies from v = 0 to v = i in the interval [o, i], 
and where C(o) = c^, C(i) = C2 • In addition, if both C^, C 
are closed, each C(v) is also closed; i.e., all curves of the 
chain are closed. If C^ - C2(H), then the end points of C 
(and of Cg) are kept fixed throvighout the deformation. 



Qi 


C|“C2(H) 



C,«C2(H) 



C| 



C,a<C2 (H) 


The four cases: C^, C^ open or closed, freely or relatively homo¬ 
topic, are illustrated above, where H is the hatched region. 

Let us observe that if C^ and C^ are closed, then C^ - C (H) 
is equivalent to the following statement: there is an annular re¬ 
gion R of boundary curves c^, c^ and a c. mapping (T, R): p = q(w), 
veR, such that T(R) C H, C^: p = q(w), wec^, 1=1,2. In order 
to prove the equivalence above let us suppose that R is the annular 
region 1 < p < 2, where (p, 0 ) are polar coordinates in an 
auxiliary plane and let us define q(w) = q(p, 0 ) in terras of 
p(u, v) by means of the relation q(p, 0 ) = p(u, v) where 
p = u + 1 and 0 = 2 jt V. 

We shall say that the vector function p(u, v), or the c. 
mapping T: p = p(u, v), (u, v)eQ, or p = q(w), weR, performs 
the homotopy of C^ and G^. Let C^: p = Pj^(u), 0 < u < 1, 

i 2, 3, denote arbitrary curves in the set H- 

(i) C, - C,(H); 

(ii) - C^ implies C^ - (H); 

(ill) C^ ^ C2(H), C^ = ^3^^) implies =* C^(H); 

(Iv) C^ - C2(H) implies - C2(H*) for every set H* ) H. 
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PROOF. For ( 1 ) set p(u, v) = Pi(u), 0 < u < 1, 

where 0 ,: p = p,(u), 0 < u < 1 . For ( 11 ) let p(u, v), 

(u, v)eQ, be the vector function performing the free 

homotopy of Into Cg In H, and set 

p'(u, v) = p(u, 1 - v), 0 < u < 1, 0 < V < 1. For 

(111) let p,(u, v), P2(u, v), (u, v)eQ, be the 

vector functions performing the two free homotoples 

*^1 ~ *^2' ^2 ~ ^^3 ^ = Pi (u, 2v) 

If 0<u<l, 0<v<2"'; p(u, v) = PgCu, 2v - 1 ) 

If 0 <u< 1 , 2 "^<v< 1 . Then p(u, v), (u, v)€Q, 

performs the homotopy 0 ^= 0 ^ In H. 

NOTE. For the concepts of free and relative homotoples see 
e.g.^M. H. A. Newman [I] or S. McLane [I]. The terms "free" 
and relative homotopy are used In S. McLane; the signs = 

= are used In M. H. A. Newman. 


A continuous closed curve C C H Is said to be FREELY HOMOTOPIC 
TO ZERO In H, or C = 0 (H), If C Is freely homotoplc to a 
curve Cq reduced to a single point (of H). An analogous 
definition holds for relative homotopy to zero. Let K be the 
circle of radius 1, let (p, e) be polar coordinates whose 
pole Is the center of K, and let C: p = p,(u), 0 < u < 1 

be any given continuous closed curve, p,(0) = p^(i). Then 
C = 0 (H) If and only If there Is a c. mapping 
(T, K): p = q(w) = q(p, e), weK, such that q(i, 2 n u) = p (u), 

0 < u < 1, and T(K) C H. Indeed, if C = 0 (H) and ^ 

p(u, v), (u, v)eQ, Is the vector function performing the 
free homotopy 0 (H), then p(u, 0) = p^ (u), p(u, l) - const., 
0 < u < 1; hence the function q(w) defined by 

q(p, 0) = p(2 ’ It ’ 0, 1 - p), 0 < e < 2jt, 0 < p < 1, Is 
single-valued, continuous In K, and has the above prop¬ 
erties. Thus the necessity of the statement Is proved, and 
analogously we can prove the sufficiency. 

Thus C =1 0 (H) Is equivalent to the following statement: 

There Is a surface S In H which Is given by a continuous 
mapping from a two cell and whose boimdary curve is C; in 
other words C = 0 (H) If and only If C can be contracted 
to a point by a continuous deformation In H. 
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* 8 . 14 . Invariance of Homotopy With Respect to 

Lebesgue and Frechet Egiolvalence 

(i) If two curves C^, are Lebesgue equivalent, then 

] = [C^] and 0^=0^ in the set 
H = [C^] = [Cg]. 

The first part is obvious, the second is proved in M- H. A. Newman 
[I, p. 179 ]. 

( 11 ) If two ciirves C^, are Frechet equivalent, l.e., 

Cg then [C^J = [C^J and ^ in the 
set H = [C^] = [Cg]. 

Again, the first part is obvious; for a recent proof of the second 
part see L. Cesarl [38]. 

(iii) If '' c|, C2 Cg, = Cg (H), then = Cg (H). 
This is a consequence of (ii) and of (8.13, iii). 

Analogous statements hold where = is replaced by . The last 
statement expresses the invariance of homotopy with respect to 
Frechet equivalence (and, therefore, also with respect to 
Lebesgue equivalence). 

(Iv) If C^, Cg are oriented closed curves of the p-plane 
E and — *^2 ^ compact set H, then for 

each point peE - [H] we have 0 (p; ) = 0 (p; C^). 

This is a consequence of the definition of homotopy and of 
(8.6, ill). See 17-2, Note, for other statements. We shall 
need also the following simple statements. 

(v) If = (aj^ bj^), 1 = 1, 2, ..., n, is a finite 

system of oriented consecutive curves, i.e., 

b ^ “ ^i+1^ 1“ 1, 2, ..., n™ 1, and ^1 ” ^i 
1 = 1 , 2 , ..., n, then also the c\arve3 c^ are 

consecutive and c^ + ... + ^ **' *^n 


PROOF. Let Pi(u, v), (u, v)€Q = [o < u, v < l], 
be any vector function p(u, v)€H, performing the 


homotopy Cj_ = c^ 


Then the 


then we have c^: p = Pj_(u, 0), 
0 < u < 1; c^: p = Pj^(u, 1 ), 0 < u < 1; 

V^(o, v) = Pj^(l, v) = b^, 0 < V < 1, 

function p(u, v), (u, v)€Q, defined by 
p(u, v) = p^(nu - i + 1, v) for all 

o<v<i, 1=1,2,..., 

is continuous in Q and performs the relative 
homotopy of the curve s c^: p = p(u, 0), 0 < 1^ < 
into the curve z c^^: p = p(u, l ), 0 < < 1^ 


(i - 1 )n"^ < u < in"\ 


in 


H. Thus (v) is proved. 


n, 

1, 
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(vl) If = (a^ b^), 1 = 1, 2, n, are oriented 

consecutive curves and some are reduced to a simple 
point, then L c^(H) in any set H 3 2 :[c^], 

where the sum £' c^^ is obtained by suppressing 
in z c^ some of the curves which are reduced to 
a single point. 

PROOF. Indeed the two curves z c^, z' c^ are Prechet 
equivalent as it can be easily seen and thus (vl) 
follows from (ii). A more direct proof is the follow¬ 
ing. Because of (v) above and (8.13, ill) it is 
enough to prove the statement for n = 2 and, for 
instance, Cgi p = Pg, 0 < u < 1, reduced to the 
point Pg. Then, if c^ : p = p^ (u), 0 < u < 1, 
we have p(i) = Pg. The function p(u, v), 

(u, v)eQ, defined by p(u, v) = p^ [ 2 u(v + l)"^] 
if 0 < V < 1 , 0 < u < 2 “Mv + 1 ); p(u, v) = Pg 

if 0 < V < 1 , 2 "Vv + 1 ) < u < 1 , performs the 

homotopy c^ + Cg = c^([c^]). 

(vli) If c is any oriented curve and c”^ the 
same curve with opposite orientation' (2.7), 
then c + c”^ = o([c]). 

PROOF. If c = Pq(u), 0 < ^ < 1 ; and p(u, v), 

(u, v)€Q, is the f\mction defined by p(u, v) = Pq( 2 u), 
If 0 < U < 2"’, 0 < V < 1 - 2u; p(u, V) = P^{2 - 2U) 

if 2"'' < U < 1, 0 < V < 2U - 1; p(u, v) = Pq(1 - V) 

if 0 < V < 1 , 2"'' - 2”'' V < u < 2“'’ + 2"'' v; then 

c + p = p(u, 0), o < u < 1 , p(u, 1 ) is 
constant, and p(u, v) performs the homotopy 
c + c”^ = o([c]). 

(vlii) If c = (ab) is any continuous curve of end 

points a, b, and [c] C C where C is a simple 
arc, if denotes the subarc of C of end 
points a, b; then c = c^ (C). 

PROOF. If c: p = Po(u), 0 < u < 1, and 
C: p = P(u), 0 < u < 1, then p^(o) = aeC, 

) - beC, and the inverse mapping 
u = P (p), peC, exists and is continuous 
(10.4, iv). Then if u^ = P"^(a), Ug = P"^(b), 
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then Cq = P [u^ + )], 0 < u < 1 . The 

function p(u, v) defined by 

p(u, v) = P |(i - v)P"’ [Pq(u)] + V [u, + uCug - u, )]| 

(u, v)eQi, is continuous in Q, and p(u, v)gC. 

We have also c: p = p(u, o), 0 < u < 1; 
c^: p = p(u, 1 ), 0 < u < 1; p(o, v) = a, 

pO> v) = b, o<v< and hence p(u, v) per¬ 
forms the homotopy c = c^CC). 

NOTE. More precisely we have p(u^ v)e[c], l.e., c = c [c], 

and hence the oscillation of p(u, v) in Q is equal to ° 
the diameter of c. 


(ix) If C is any simple closed curve (Jordan curve), 
if c = (ah) is any continuous curve of end 
points a, b and whose points are all in C, if 
diam c < dlam C, if is the arc of C cover¬ 
ed by c and c^ the subarc of of end 

points a, b, then C - + o, 

Cq C [c] = Cq C C, and c = Cq (Cq). 

This statement is a corollary of (vlil). 


* 8.1^. Additional Remarks 

The statements (8.3), (i) and (ii), as well as the statements (8.6) 
(ii) and (ili) can be deduced through considerations more top¬ 
ological in character by the statements of ( 8 .l 4 ) on homotopy. 

Only for the sake of brevity, and in order to point out and 
prove directly those statements which are most used in the 
present book, the present order has been preferred. The same 
approach to the topological index by means of polar represent¬ 
ations has been adopted in [T. Rado, II]. 

The following further definition of the topological index 
shall be recalled here from M. H- A. Newman [I, pp. 188-198]. 

Let us consider the p-plane Eg, p = (x, y), and for each 
peEg let us denote by p also the complex number 
p = X + iy. Given any two oriented segments 3 = ab, 
t = cd of end points a, b and c, d, respectively. 
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(oriented from a to b and from c to d) suppose that their 
intersection st is a simple point distinct from a, b, c, d. 
Then we shall denote by \ 3 ( 3 , t), or INTERSECTION NUMBER of 3 
and t, the number +1, or - according the imaginary part 
of the complex number (d - c) (b - a) is positive, or negative. 
This turns out to be the same as putting = + 1 if the orient¬ 
ed segment t crosses the oriented segment s from the left to 
the right of s; 





- 1 if t crosses from the right to the left of 3. Let 
v)( 3 , t) = 0 in all other cases. 


If C^, are any two oriented polygonal lines = z s^^, 

Cg = z t. where we have denoted by s., i = i, 2, ..., m, t ■, 
j = 1, 2, n, the consecutive sides of and 0 ^, we 

say that have general intersection provided for every 

pair of segments 3^ = a^ c^^^ either s^ tj = 0, 

or s^ tj is a single point p + a^, ^i+i^ + 

simply means that no vertex of is on [ C^] and no vertex 
of Cg is on [C^] . Under these conditions we shall denote by 
Cg), or intersection number of and Cg, the number 
Cg) = z tj), where z ranges over all 1 and j. 

It is easy to prove that o(C^■^ Cg) = x>(C^, C^"^ = uCC^, C^ ) = 

- ^^(C^, Cg) [M. H. A. Newman, I, p. 188]. 

Given any oriented closed polygonal curve C and any (open) 
polygonal line r = pq, we say that r joins p to •» if 
q is outside some square Q containing p and [C]. 

(i) Given any oriented closed polygonal line C and 

any polygonal line r = pq joining any point p 
not in C to 00 and having general intersection 
with C, then the number o(C, r) does not depend 
on r, but only on p and C. 

This statement is proved in [M. H. A. Newman, I, p. 190] 

where it is also proved that o is equal to the classical 
integral (2 n i)"'' /^(^ - p)"^d^; hence 

\)(C, r) = 0 (p; C) according to the notations above. 
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(ii) Given any oriented closed continuous curve 

and any point p not in [C^] then for every 
oriented closed polygonal line C with 
lie, CqII < {p; [Cq]] and any polygonal line r 

joining p to « and having general inter¬ 
section with C the number u(C, r) depends 
neither on C nor on r, but only on p and 


This statement is also proved in [M. H. A. Newman I, p. 190 ]. 
It follows immediately from (8.3, i) and ( 1 ) above, since 
0 (p; Cq) = 0 (p; C) = \>iC, r). 


The nmber u(C, r) is taken in [M. H. A. Newman I] as the 
definition of the topological index 0(p; C^) of the point 
p not on [Cq] with respect to C^. 


Another equivalent definition of topological index 0 (p; C) 
of the point p with respect to the curve C: p = p(t), 
tel, is the following one. Let 0 (Pqj C) = 0 if 
Pq€[C]. If PqEE - [C], let us consider the aioxlliary con¬ 
tinuous mapping 


P(t) - Pq 

= Ip(t) - PqI' 


tel , 


2 2 

from I into the circumference a = [u + v = l ] of the 
unit circle. Then OCp^, C) can be defined as the order of 
the mapping q = q(t), tel, from I into a in the sense 
of P. Alexandroff and H. Hopf [I]. 


* 8.16. Bibliographical Notes 

For (8.I1-, ii) see, for instance, [M. H. A- Newman, I, p. 191]; 
for ( 8 . 6 , iv), ibid. p. 193 * The statement (8.7, ii) was 
proved by L- Cesari [12], the statement of ( 8 . 8 , 11 ) by T. Rado, 
[ 17 ]. For ( 8 . 10 , i) and ( 8 . 11 , 1 ) under more restrictive con¬ 
ditions see W- H. Young [ 2 , k, 6 ]; for the conditions assumed 
h©r6 SG© T- R&d.^ (loc* cit* ) and L* CGsari (loc* cit» )• Tli© 
statement ( 8 . 9 ^ v), is due to C. B. Morrey [ 1 ]. For general 
information on the topic vinder discussion see the books al¬ 
ready quoted [S. MacLane, I, S. Lefschetz, I; P- Alexandroff 
and H. Hopf, I; and 3 . Eilenberg and H. Steenrod, I]. 
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9.1. The Area V 




Let (T, A): p = T(w), weA, be any c. mapping from an 
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n? 


admissible set A of the oriented w-plane E into the p-space E., 

^ J 

p = (x, j, z); let (T^, A), r = l, 2, 3, be the plane mapplnr^s which 

(5.4). 


2p • For any 

denote the counterclockwise 


are the projections of T on the coordinate planes E 
simple closed pol. reg. n C A, let n* 
oriented boundary curve of ^ and C, r = l, z, 3, the closed 

oriented curves which are the images of under T, T^; hence^ 

[C^] C Eg^ and [C^] is the projection of [C] on 
r = 1, 2, 3- By (8.4, ii) the topological index 0(p; C^), of 

the curve considered as a function of the point is measurabl 

Hence the L-integral of the non-negative measurable function 
peEgpj exists (finite, or + 00 ). Set 


[C] C E 


0(p; C^) 


= 1, 2, 3, 


v^^= v(jt, T^) = (E^^) / |0(p; C^) 
V = v(j(, T) = (Vi + v^ + v^) 2 . Let 3 be any finite sys- 


1 2 ■ ’3 

tern of non-overlapping simple closed pol. reg. 


n C A and set 


V(A, T„) = Sup Z v(n, T ), V(A, T) = Sup Z v(n, T) . 

S ncS ^ S JteS 

As we shall see in Chapter IV, the function V(A, T^) is the total vari¬ 
ation of the plane mapping T^. Therefore V(A, T) could also be thought 
of as a total variation of the mapping (T, A) from A into 
function V(A, T) is generally denoted as the Geocze area of 
(cf. 9*12). Obviously we have 

n C A, and 0 < V(A, T^) < V(A, t; < + if V(A, T) < + 00, then all 
sums above are finite and, hence, for each n C A, the functions 0 (p; C ), 
P€E2 p> are L-integrable in Eg^, r = l, 2, 3 - Since the previous defi- 


E^. The 
(T, A) 


0 < v(7r, T^) < v(it, T) < + 00 for all 
0 < V(A, T^) < V(A, T) < + a.. If v(A, T) < + 00, 


nit ions of V, he 
V(A', T), V(A', T^), 


d also for any admissible set A' C A then 
r = 1, 2, 3, can be regarded as set functions in 
admissible sets A* C A. In particular A' may be any 


open, set contained in A, and even A* = A . Obviously V(A', T) < V(A'' 
V(A', T ) < V(A", T„), r = 1 , 2, 3, for all A' C A" C A. 


NOTE 1. In the above definitions of and V it is not restrictive to 
consider only finite systems S' of closed disjoint simple pol. reg. n 
interior to A. Indeed, if we denote for a moment by V*, V*, the 

corresponding numbers obtained by using only systems S' as above, we have 
V* < V. On the other hand, for any system 3 of, say N, regions 
TT C A and for any neS, let h = 1 , 2, ..., be a sequence of pol. 

reg., "h "h+i' "h such that ||n*, n*||-as h-^oo. 

Hence, if C, are the images of n* under T, then ||C, C,. ||__ o 

as h--00, and, because of (8.11, n), v(>t, T) < m v(nj^, T) 

h--<». Consequently, given £ > o, we have v(it', T) > v(it, T) - N”' 

° [v(n’,T) > £-’ 


'h" 

as 


for some n' = C n 
of the N 


regions 


jt 


if v(it, T) - + 00 ], The system S' 
satisfy all the requirements above and 
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2 v(n T) > z v(jt, T) - € [> € M . Thus V* > V and finally V* = V. 
The relations "Vp = V, r = l, 2, 3, are particular cases of V* = V. 

What we have proved implies also that V(A°, T) = V(A, T), V(A°, T^) = 

V(A, Tp), r = 1, 2, 3, for all c. mappings (T, A) from an admissible 
set A into E^. 

NOTE 2. In the above definitions of and V we could have consider¬ 

ed finite systems S* of closed non-overlapping simple Jordan regions 
J C A instead of simple pol. regions. If V* are the numbers de¬ 

fined as V by using systems S*, then we have V* > Y, V* > 
r = 1, 2, 3. On the other hand, for each J we can define a sequence 
In ] of pol. regions (6.1, Note 2) n C J^^ \\n*, J*|| -0 as n- 

^ XX XX ^ 

and the same reasoning above proves that V < V*, < V^, r = l, 2, 3. 

Thus we have V* = V, = V^, r = 1 , 2, 3. For the use of not nec¬ 
essarily simple polygonal regions (or not simple Jordan regions) see 

(9.16). 


NOTE 3 - V(A, T), V(A, Tp) are invariant with respect to Lebesgue equiva¬ 
lence (6.3). Indeed, if (T, A), (T*, A*) are Lebesgue equivalent, then 

T' = TH where H is a homeomorphism between A and A'. Given € > 0, 
there is a finite system S of non-overlapping simple pol. regions n 
with Z v(n, T) > V(A, T) - e [or > e"^ if V(A, T) = + “] . Then H 

maps S into a finite system of non-overlapping simple Jordan regions 

J C A* and V(A', T' ) > Z v(J, T» ) = Z v(«, T) > V(A, T) - e 

[or > €”^]. Hence V(A', T') > V(A, T). The same reasoning where T and 

T* are exchanged proves also that V(A, T) > V(A', T*) and hence 
V(A, T) = V(A*, T*)' Analogously we have V(A, T^) = V(A*, Tp), 
r = 1, 2, 3- 


Prom the remark at the end of (8.2) it follows that for each plane mapping 
(T^, A), the number V(A, Tp) does not depend upon the system of car¬ 
tesian coordinates in the plane S2r' much deeper invariance of 

V(A, T) with respect to the system of xyz-coordlnates in E^ will be 

proved in (22.3 ) • 
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Finally let us point out that the following simple statement, whose proof 
does not offer difficulty, will merge into the deeper theorem (L^ of 1 . 4 , 
or 18.10, 1 ) when the equality V = L will be proved (24.1, 1 ). 

(i) For every continuous mapping (T, A) from an admissible 
set A C Eg into E^ we have 

( 1 ) V(A, T^) < V(A, T) < V(A, T^ ) + 

+ V(A, Tg) + V(A, T 3 ), r = 1, 2, 3 • 

PROOF. For every system S of non-overlapping 
siinple pol. regions jt C A and for every neS 

O O pi 

we have indeed < v = (v^ + v^ + v ^)2 < 

^2 hence 

+ 2V2 + ZV3 

where Z ranges over all neS. From this (i) 
follows. 


9 . 2 . Lower Semicontinuity of V 

( 1 ) If (T, A), Aj^), n = 2 , ... are c. 

mappings and ► T ( 5 • 3 ) ^ then 

V(A, T) < 11 m V(A^, T^), V(A, T^) < 11 m V(A^, T^), 
r = 1 , 2, 3, as n— 

PROOF. implies A^ C ^ 

A^ t A°, d^ = d(T^, T, A) -► 0 as n —^ ». 

Given e > o, there is a system S of closed non- 

overlapping simple pol. regions % interior to A 
such that z v(jt, T) > V(A, T) - e [or > e"^ if 

V = + oo]. The set K = Z n is compact and K C A'^. 

Since A^ t pP, there is an h such that K C 
for all n > n. If C, are the curves 
C: (T, It*), C^: (T^, jt*), we have ||Cj^, C|| < d^; 

hence ||C^, C |1 -^0 as n —By ( 8 .n, ii) 

we have v(jt, T) < 11 m v(rt, T^) as n -- « and 

hence V(A, T) - e < Z v(n, T) < Z 11 m v(n, T^) < 

11 m z v(jt, T^) < lim V(A^, T^), and the first in¬ 
equality in ( 1 ) is proved. The remaining ones are 
particular cases of the first one. 
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9>3* V(A^ T) as a Set Function 

(1) If A is an admissible set, if A 3 2 and. 
the admissible sets A^^, i = 1, 2, ... are dis¬ 
joint, then V(A, T) > S V(A^, T). The sign > 
may hold even if A = z The same relation 

holds for each T^, r = 1, 2, 3. 

(ii) Under the conditions of (i), if A = L A^, 

A° = S A?, then V(A, T) = Z V(A^, T) and 
similarly for T^. 

(ill) If 1 is a closed polygonal region, I C A, and 

I^, I^, •••, is any finite subdivision of I 
into non-overlapping closed polygonal regions I^, 
then V(I, T) > z V(I^, T). 

(iv) If is sequence of admissible sets with 

AnCA, A^CVl' then 

lim V(A^, T) = V(A, T) as n — 


NOTE. Further properties of additivity shall be given in (9*6, 11 ) and in 
(2 2.t). The main properties of V(A, T) as a set function are given in 


§25 


with 


PROOF of (1 - iv). Let S = Z V(A^, T). Given e > 0, 
for every A^^ there is a finite system of non¬ 

overlapping simple pol. regions n C A. 

yi) 

> € 
all 


-1 


v(:t, T) > V(A^, T) - 2 
if V(A^, T) = +00, 
jteSj . Since the sets A^ are disjoint. 


e if V(A., T) < + CO, 
(i) ^ 

where z^ ranges over 


= S^ + • • - + Sj^ is a finite system of non-over¬ 
lapping regions ?t C A and, if Z* 
extended over all have 


denotes any sum 


V(A, T) > Z' v(n, T) > V(A,, T) + ... + V(A^, T) - £ 

if all V(Aj_, T) < + ■», > e"’ if V(A^, T) = + « 

for at least one i=l, 2, ...,n. As n - 

we have V(A, T) > S - e [or > e ]; finally 
V(A, T) > 3, and (i) is proved. In (9*5^ Note 2) 
we shall prove by an example that the sign > may 
hold even li* A = z A^. 

Under the conditions of (il) let 3^ be any finite 
system of non-overlapping regions n C A with 
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v(fl, T) > V(A,-T) - £ If V(A, T) < + 00, > £ 

If V(A, T) = + 00, where 2^°^ denotes any sum 
ranging over all neS. For each TteS^ we have 
n C A = i: A° and hence each point of n belongs 
to some set A^. Let us prove that each n be¬ 
longs to one and only one set A°. Indeed, 

suppose that there are two points w', w''€)t, 
o ^ ' 


-1 


w'cA^, v^'eAj, i and let h be any simple 

polygonal line joining w' and w", h C Jt. Since 
the sets A^ are disjoint, v" does not belong 


to 


Let 


m 


be the closed subset of the points 
of h which do not belong to A^ and let veh be 
the first point of ra from w^ Then w + w^^, w.. 


(w 


included, w excluded) belongs 

o 


the arc w' w 
0 

1 ^ 

Then an arc a = w^ w^ of h containing w be¬ 
longs to A^; hence the subarc w, w of 

o ' 


to A^. and w must belong to some set A^, k f 1. 


w' w 
o 


belongs to and, therefore, is not in A°, 
a contradiction. Thus we have proved that each 
region n belongs to one and only one set A°. 
Consequently, we have 


V(A, T) - £ < v(n, T) < V(A°, T) < V(Aj^, T) 

Thus V(A, T) < S and, by (i), also V = S. There¬ 
by (il) is proved. 

If (T, A) is any c. mapping, then by (9.I) and 
under the conditions of (iii) we have 


V(I^, T) = V(I°, T), A 1° 

where the open sets 1° are disjoint. By (i) we 
have V(I, T) > v(lj, T) = z^ v(I^, T), and 
(ill) is proved. Statement (iii) can also be de¬ 
duced directly from the definitions as (1). 

The statement (Iv) is an obvious consequence of 
(9*1) and (9-2, 1). 



_9 ‘^. Lebesgue and Geocze Areas 

V(P, P) = a(P, p) for every q.l. mapping 
from a figure P into E.. 


(P, P) 
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PROOF. Let (P, P) be the given q.l. mapping; let 
Sq be any typical subdivision of P into triangles 
of linearity for P (5.2); [a] be the system of 

all triangles A = P(t), tcS^; [A^] the system of 
all triangles A^, projections on Eg^ of the tri¬ 
angles A€[a], r = 2, 3 (a, Ap may be degener¬ 

ate). Then we have v(t, P^) = (E^^) / | 0 (p; A^)| 
and, by (8.6, iv), also v(t, P^) = |a^|, r = 1, 2, 
Consequently v(t, P) = a(A) for every tcS^. 
Finally V(P, P) > E v(t, P) = z a(A) = a(P, P); 
i.e., V > a. 



Let S be any finite system of simple pol. reg. 

It C F* By superposition with S^ we have a finite 
system of simple pol. regions it* C P each of which 
is contained in a triangle teS^. Each neS is 
divided into a finite number of pol. reg. it' and, 
since the Images C^, C^ of Tt*, rt'* under T^ 
are finite sums of segments, hence of measure zero 
in Eg^, by (8.6, 1) we have 


0(p; C„) = Z 



Jt * Cjt 

a.e. in 

^2r^ 

tlon in 

^2r^ 

V( 7 t 

^ Pp) < 


0(pj C^), 


r = 1, 2, 3 

also 


0(p; C^)| < Z |0(p; Cp 

Jt * CiT 


Consequently, by integra- 


X v(7t', P ) = X a(P , Jt*) • 
j(*Cjr ^ jt*CJt ^ 


We have now, by denoting by M the si: 
v(jt, P), 


IH 


of all 




By (2.10, c) we have 

M < Z Z [ Z ^ ^ 

jteS jt*Cjt ^r=1 J teS^ jt*Ct 


= z z 

teS. «"Ct 


a(P, «') < 


z 

t €3 


a(P, t) = a(P, P) 


P) = 
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Therefore V(P, P) = Sup M < a(P, P), v < a, and 
finally V = a. Thereby (l) I3 proved. 

(li) V(A, T) < L(A, T) for every c. mapping (T, A). 

This statement is a consequence of (9-2), (9.4, i) and (5.12, i). 

(T, A) 


9 > 3 * A Particular Case 

Let (T, A) be any plane homeomorphlsm from an admissible set A of the 
v-plane E^ into the p-plane p = (x, y). Then we have 

( 1 ) L(A, T) = V(A, T) = |T(A°)| 


PROOP. By elementary topology we know that the 

image H = T(J) of a Jordan region J under a 

plane homeomorphlsm T is also a Jordan region H 

and that H* = T(J*), H° = T(J°). Prom this it 

follows at once that the homeomorphlc image T(A°) 

of an open set A° Is open. Thus T(A°) is an 
open subset of E„. 

Ct 


Let (P^) be any sequence of figures invading 

T(A°), i.e., P„CP ,, p c TfA°) 

, n n±l' ^n ^ '> 

and hence 


P C F 
Q n ^ n±\^ 

F^l T |T(A )|. For each n let S 


K t T(A^), 


be a finite subdivision of F 
Then T"^ maps F 


n 


n 


into triangles t. 
into a finite sum of 


disjoint closed Jordan regions and maps S into 


a subdivision of into simple Jordan 

regions J. For each n and for each JeS 

M ft 


be any sequence of simple 

"m ^ "m ^ " 

as m -> » 

each n 


no 


let 


T j°, 


m 


m+i' ^m * J* 

iv, Note 1). Then T 

into a simple Jordan region r 
. o _ m 


-> 0 


have r^ C t°, r^ C . oince is uniformly 

'V 


maps 
and we 


continuous on J we have also \\r", t*|| 

By^( 6 .i, ill) we deduce that r° t”t° and hence 

ITj^I T |t I = |t|. On the other hand, by ( 8 . 6 , Iv), 
we have v(«^, T) = |r °1 and finally 
V(A, T) > i; v(« 

over all teS 


n 


.~m- 

m. T) = r 
As m 


Ir°., 


m 

00 


V(A, T) > t |t| = IP |. 


As 


wnere 2. ranges 
we have first 
n —► w we have 
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finally (a) V(A, T) > |T(A°)|. 


(Pj^) be any sequ 
„CA°, F„CF^^,, F°tA°. 

set T(F ) Is contalneci in B = T(A°), 


Let 
F 


o 


ce of figures invading , 
0^.0 ipjjQn the compact 


and hence 

the minimum mutual distance "between the various sets 
T(Q), which are the Images of the components Q 


of F„ and B*, is a number 


there is a q.l. homeomoi^hism 
d(P^, T, F^) < min [ 6 ^, n“^]. 
Pn(Pn^ C T(A°), 


"n > 


0 . 




n 
Thus 


n 

P 


By ( 6 . 1 , ii) 
such that 
—>T, 


a(Pn, P^) = 


P (F ) 

n^ n' 


< |T(A°) 
o 


and finally L(A, T) < 11 m a(P^, F^) < |T(A°)|; 
i.e., (P) L(A, T) < |T(A°)|. By {a), ( 9 - 4 , 11 ) 

and (p) we have 




|T(A°)| < V(A, T) < L(A, T) < ITCA*^)! 


that is, L = V = ITCA*^)! and (i) is proved 


NOTE 1 . The statement (i) shows that L, as well as V, have the char¬ 
acter of "interior areas". For instance if A is any Jordan region and 
T^ a homeomorphism, maps A into a Jordan region B whose boundary curve 
B* covers a set of positive measure, |B*| = m > o (see W* F. Osgood [i]^ 


H. Lebesgue [ 6 ]), then we have L(A, T) = V(A, T) >= |B I < |B 


T(A)| . 


NOTE 2. The following example is of some interest. Let A = [o < u, v < 1 ; 
B = [o < X, y < 1 ], let C: x = f(t), y = g(t), 1 ^ be a simple 

curve of the xy-plane, of end points (1/2, 0), (1/2, 1), contained in 
the rhombus of vertices (l/ 2 , 0), (1/2, 1 ), (l/^, I/2), (3/^/ I/2)/ and 
of measure 0 < m = | [C] | < l/ 4 . Let (T, A) be the homeomorphism between / 
Q and B which maps A* onto B* Identically and the segment 
s = [u = 1/2, 0 < V < 1] onto C. Then, if A.^, 
rectangles separated by s in A, and B^, B2 

regions separated by C in B, we have L(A, T) = V(A, T) = |B^| = U 
L(Aj_, T) = V(Aj_, T) = |B°|, where |B°| + |B°| + m = 1 . Hence 
L(A, T) > L(A^, T) + LCAg, T), V(A, T) > V(A,, T) + Y{k^, T). The same 
happens if A^, A^ are replaced by the disjoint admissible sets 


A^ are the (closed) 


are the (closed) Jordan 

o. 


Hi - 


E 


= A^ + 3, 


H 


1 


+ = A. 


Let us also observe that if F^^ denotes the sura of the two rectangles 
A, and A^_ = [ 2 *^ + n"^ < u < 1 , 0 < v < 1 ], we have F t A as 


1 


n 


00 


• 2 n 
while 


T) = L(P^, T) < |B °1 + |B“| = 1 - 


m 


L(A, T) > 11 m L(P , T), 


V(A, T) > 11 m V(P , T) 


as n 


CO 


Thus 

This fact 


is not in contradiction with ( 5 - 10 )> ( 5 * 1 ^, Iv), (9-2, 1 ) and ( 9 - 3 ^ Iv) 
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since we have here t A*^ - s but not ^ A^. Since con¬ 

tinuous homeomorphlsms can be approached by q.l. homeomorphisms, this 

example shows that the convergence F t A cannot be used instead of 

0 ^ o ^ ^ 

Pj^ T A in the definition of Lebesgue area (5.8); (Cf. 6.7). 

With the same notations above, let us consider now the c. mapping (T^, A) 
which maps 3 homeomorphlcally onto C, both A* and A* homeomorphlcally 
onto both A^ and A^ homeomorphlcally onto . It can be proved 

that L(A, T,) = V{A, ) = 2 |B°|, L(Aj^, ) = V(A^, T, ) = |B°|, 

1 = 1 , 2 , and hence L(A, T,) = L(A,, T,) + L(A2, T, ). 


9 ^6. Regular Mappings 


Given a set A of the w-plane E^, w = (u, v), we have already denoted 
A(u), A (u) the linear sets which are the intersections of the sets 


by 


o 


A, A" with the straight line u = u, and by A(v), A^(v) the inter¬ 
sections with the straight line v = v (3• 2 )- Given a c. mapping 
(T, A) from the admissible set A of tho 1.7-01 

let 

The mapping (T, A) is said to be REGULAR pn 
vlded there exist two countable sets [|], [t^] of real numbers u and 
V, both sets every^rhere dense in (_ », + 00) such that 

0/.\ii . »--0 


Ej, p = (x, y, z), let (T^, A) be the projections of (T, A) on the 
coordinate planes (5.t). 


o 


of A 


lTp[A (i)] I = 0, |T^[A°(ti)] 1=0, r = 1, 2, 3, for all |e[|], 

l.e., provided the Images of the intersections A°{5), 
with the straight lines u=5, v=t), 5 €[|], iie[T)], have projections 

of measure zero on the coordinate planes. We consider this condition 
trivially satisfied if A°(5), A°(,,) are empty. 


In particular, if the components x, y, z of T(w) are of bounded vari 

atlon on each open linear set A°(|), A°(,,) ( 2.12 ) [or at least two of 

the three components x, y, z have this property], then the projections 
above are countable sums of curves of finite length [or semlrectlflable] 
and hence (8.8, 1 ) of measure zero. If A is the closed square 

Q = [0 < u, V < 1], we can take for [|], [,,] any two countable sets 
of real numbers everywhere dense in [o, i]. The numbers u = o, u = i, 
V = 0, V = 1 need not belong to [|] and [,)]. 

In any case let 



Obviously is a subset of measure zero of Let us denote by [1] 

the countable collection of all rectangles (closed Intervals) 
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I=[^*<u<|**,Ti*<v<Ti**], TiSTi**e[Ti] with I C A. 

We shall also let [J] denote the collection containing each polygonal 
region J C A whose boundary J* is a finite sum of consecutive segments 
of straight lines u = g, v = tig[t)]. Obviously each J€[J] 

is the finite sum of non-overlapping rectangles l€[I]. 

(i) Given any simple pol. reg. J€[J] and any subdivision 
S of J into rectangles l€[I], we have 


(a) 


0(p; C^) = 2 0(p; C^) 


a.e. in 


(t) 

(c) 


v(J, T 


r = 1, 2, 3J 
) < s v(I, T ), 


r = 1, 2, 3; 


r - ■ r 

v(J, T) < i: v(I, T), where 

ranges over all leS and where 

C^: (T^, J*), 

r = 1, 2, 3- 


(V I*), 


PROOF. Since E[C^] + [C^] C IVL^, IMpI = 0, (a) 

holds in hy (8.6, i). Consequently 

|0(p; 0^)1 < ElOCp; 0^)1 a.e. in and, by 

integration, we deduce (b). Finally by definition 
of V ( 9.1 ) and by (2.10, c) 


v( J 


, T) = [ 


(J 


, T^)] 


1 



v(I, T^))^] 


1_ 

2 


< S v^d, T^)]^ = 2 v(I, T) . 


Thereby (i) is proved- 

(ii) If is any sequence of pol- regions invading 


A, whose components Q belong to [J], 
is any subdivision of into rectangle 


if 
1 l€[I] 


of mELxlmum diameter < with 


-y 0 as 


n 


■> 00 


then 


n 


V(A, T) = llm X v(I, T) , 

n -> «> I^S 


V(A, T ) = llJn 

^ n —y 0 ® I^S 


Z v(I, T^) , 


n 


r = 1, 2 , 3 • 

PROOF. Given e > 0 there is a finite system S 
of N simple pol- reg. it C A such that 
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V > Z v(n, T) > V - € 

IT V< + oo, >e^ If V=+oo, where V = V(A, T) 
and z ranges over all iteS. By (9.1 ) we may 
suppose It C A^^. Since the set z it C A^ is compact, 
the mapping T is uniformly continuous on sk. We 
can now repeat the reasoning of (6.1, Note 2). By 
using the rectangles leS^^ Instead of the squares 
q€Z„, we can determine 


n 

a simple pol. reg- 

as n-¥ 00, where 

tangles IcS^. If C 




IT with 


* 


IT 


■> 


0 


r is a finite sum of rec- 




C|| 


n 

0 


(T, C:(T, «*), 

as n->•« for each ireS. 


n 


we have 

By 


(8.11, 

, li) 

we 

can 

determine n so 

v(rn» 

T) > 

v(it. 

T) 

- e/N if v(iT, 


T) > 

€-1 

if 

v(iT, T) = + 00. 

abovoj 

, for 

all 

n > 

n, we have 

V > 

z 

v(I, 

T) : 

> Z v(I, T) : 





IcS^,IC2r^ 



> 

Z 

IT 

v(«, T) - € > V 

[or > 


if 

V = 

+ 00]. Finally z 


T) < + 00 

Thus by (i) 


It 


as n 


00. 


The remaining ones 
cases of the first 


V 

Thus the first relation (2) is proved, 
can be considered as particular 
one. Thereby (li) is proved. 


(ill) 


If J€[J] and S is any finite subdivision 
of J into rectangles lell], then 


V(J, T) = 2 v(l, T), V(J, T^) = 2 V(I, T^), 

3 , where z ranges over all leS. 


r = 1, 2, 


PROOF. If we consider for each leS any sequence 

of subdivisions S(n, I) of l into rectangles 

I*e[I] with max dlam I* —> 0, then, for each n, 

all these subdivisions form a subdivision of J 

having the same property, and thus, as n_> co, we 

have 

v(I', T) —^V(I, T) 


127 


for every leS, 
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Z v(I , T) -^ V(J, T) . 

I’CJ 


Therefore 2 V(I, T) = V(J, T) and ( 111 ) is proved. 


NOTE. The statement (lii) is a particular case of a much more general re¬ 
sult which we shall prove in (21. 4 ). 


NOTE 2. The statement (ii) assures that, for regular mappings, V can he 
determined as a limit instead of a Sup. We shall see that an analogous 
result holds for all c. mappings provided the limit is taken conveniently 
( 21 - 2 , i). 


NOTE 3. If Q is any interval Q = [a < u < b, c < v < d] of the 
w-plane Eg, w = (u, v), and (T, Q) is defined by x = u, y = v, 
z = f(u, v), where f is any c. function in Q (non-parametric sur¬ 
face), then (T, Q) is obviously regular, since all curves images of 
the segments s=[u = u, o<v<l], s' = [v = v, have 

projections on the coordinate planes, which are seniirectifiable and hence 
cover a set of measure zero ( 8 . 8 , i). Analogously, if (T, Q) is defined 
by X = y = 2 = v), where f^(u) is BV in 

[a, b] , f2(v) is BV in [c, d], and f^(u, v) is continuous in Q, 

then (T, Q) is regular. If (T, Q) is defined by x = f^ (u, v), 
y = f2(u, v), z = f^Cu, v), (u, v)gQ, where f^, fg, fg are BVT in 
Q (3.1), then (T, Q) is regular. In particular a mapping (T, Q) 
satisfying the conditions of ( 5 . 13 ) is certainly regular. 


9.7. A Lemma on L-Integratlon 


( 3 ) 


( 1 ) If f^(w), weF, r = 1 , 2 , 3, are L-integrable 
functions and S denotes any subdivision of a 
figure F into pol. regions it of maximum 
diameter 5 > o, then 

llm 

B —0 7t€S I r L J ^ j j 


= (F) 


/("■ 


2 + f2 + f2 

1 ^2 *^3 


dw 


PROOF. Let Ag, B be the expression \ander limit 
and the second member of (3)^ respectively, and let 
2 denote any sum ranging over all neS. Then by 
(2.10, C), we have 
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(M 


^ = 


2 ■! J:j.[ (n) / fp dw] 


2 («) / ( 


1 

2 \ ^ 

f r 1 dw 


= (P) / ( 


1 1 i- Ig i- 



B . 


On the other hand, given e > 0, there is a de- 

r = 1, 2, 3, where 

(E. J. 

McShane, I, p. 225 )* By (2.10, b) and (2.10, d) we 
have now 


composition + h^, 

is continuous in F and (P) / |h^| dw < e 


( 5 ) 


2^ -I («) / dw] 


^ sjzp [(rt) / dw - (n) ; dw]^|^ < 


< 2 |z^ [ (n) / dw] 



z -! [ (n) ; dw] 


X 

2 


< 


< Ag + Z l(;t) / dwi < A^ + (P) / Ih^l dw < A^ + 3 € 


Again, by (2.10, b) and (2.10, d) we have also 


B = 


(p) I ( 


+ f 3 f dw = 


( 6 ) 


= (P) / (g, + h,) 


+ (g^ + hg) 


1 

2'2 


^ + (g3 + 113 j dw < 


< (P) / I + g| + g3 1 dw + 


+ (P) 



1 . 

2X2 


h^ + h^ h^ I dw < 




< (p) / (gi 


2 2 
+ g 2 S 


1 

2'2 


dw + 


(P) / Ih^l dw < 


) 

(p) I ( 


2 2 2\ ^ 
gi + g 2 + g 3 ) dw + 36. 


( 7 ) 


Finally, since g^, g^, g^ are continuous functions, 
there is a ^ ^ such that for every 0 < 5 < 6 , 
we have 


^ [ («) / g^. dw] 


}*> 


(P) 


lU 


2 2 
+ g2 + g 


1 

2'2 
3 


dw - € 


Thus, by ( 4 ), (5), ( 6 ), and (7), we have 


B > Ag > Z -j 


[ ("] / gp dw]^|^ - 3e > 


>■ (P) / |g^ S2 ■*■ 33]^ dw - 3e - € > 


> B - 3 € - € - 3€ . 
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That Is, B > Ag > B - 7 e for all S < 6 ^. Thereby 
(i) is proved. 


9 • 8 . Proof of Morrey Theorems (5-13, 1 ), ($.13, 11 ) 

Under the same conditions of ( 5 - 13 , D, or ( 5 . 13 , 11 ), let us denote by 
I(A, T) the area ^tegral I(A, T) = (A°) / J dw, where 

J = (Jl + + J3)® Is the function defined In (5.5). We shall prove 

the following statement which inclixdes (5-13, 1 ), ( 5 . 13 , 11 ). 


(1) THEOREM. Under the same conditions ( 5 . 13 , 1 ), 

or ( 5 - 13 , 11 ), we have L(A, T) = V(A, T) = I(A, T). 


PROOF. 
(a) 


Let 




n = 1 , 2, 


• • 


, be any sequence 


of figures CP, P^ C A°, P° '[ A°. 
For every n we shall denote by 

Znm(w)> integral 

means of x, y, z of order m, i.e., 


nm ' ^ 


X^(w) = h 


-2 



u+h /»v+h 


x{a, p) dor dp > 


u 


V 


W€Pn, 


h = m“^ 9 


where 
order that 


m Is any integer large enoiagh in 

2 m”^ < A*), and analogous 


n 


formulas for 
functions 


nm 

Z 


A*), 

(Cf. 8.9^ v). The 
are continuous 


P 


n 


"nm' nm 

with their first partial derivatives in 

(32.5, i) and 

Z * z as m- ►« uniformly 

nm *“ 

In addition, if (T^, is the c. 

mapping whose components are ^nm' 

Z 1 and J is the function defined 
nm nm 

. we have 

m — 

Thus we can determine ra = m(n) 


^nm •—^ 


'nm^ 
as J 


for 


nm 


(F„) / dw 
' n ' nm 


(F ) / J dw as 


(32.6). 

in such a way that 2 m~ ' < 


-1 




A*), 


I ^ ^nm / J dw| < n 


-1 


P 


n 


00 


applying ( 5 - 13 , Note 2 ) to the mapping 
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(T„^, P^) we can now determine a q.l. 
nm n ^ 

mapping (P^, P^) such that 


I (fti' I ■!„ a" - (F„) I dv| < n 


-1 


where is the function defined as J for 

P^. Therefore 


/ Jnm ^ 


-1 


Thus 


d(Pj^, T, P^) < 2 

|a(Pj^, Pj^) - (P^) / J dw| < 2 n"’ 
and finally 

—-T, a(Pj^, P^) —. (A°) / J dw = I(A, T) 
By (5.8) we conclude that 


L(A, T) < 11 m a(P^, F^) = I(A, T) 

(b) Since the functions x, y, z are BVT and 

ACT in A°, we have (a) x(w), y(w), z(w) 

are BV and AC in the linear sets A*^(u) 
and A°(v) for almost all u and v; (p) 
for almost all u and v the relations 
(i) of (8.9) are satisfied relatively to 

y.^^ 2^; z^- First of all by 
(a) it follows that (T, A) is regular 
in the sense of (9-6). Let [|], [t\] be 
two countable sets of numbers u and v, 
everywhere dense in (-«>,+ oo), such that 
(a) and (p) hold for every u = and 
V = T]. Let F^, n = 1, 2 , be a se¬ 

quence of figures with F„ C F ,,, F C A°. 

^ that each is the sum of 

a finite collection S^ of non-overlapping 
Intervals I=[a<u<b, c<v<d], 

with a, be[|]^ c, d€[Ti]. If 5^^ denotes 
the maxlmimi diameter of the Intervals leS 

n^ 
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by ( 9 « 7 ) we may suppose that, for each n, 
is so small that 



Consequently, we have 


( 8 ) 


n 


. iS O’' 

n 


By (8.9, v) we have now, for every leS^, 

(E^^) J 0(p; C^) dp - (I) J Jp dw , 


r = 1 , 2, 3 


where C^: (T^, I*). Finally, we obtain 

V(A, T) > Z v(I, T) = Z Z v^(I, T )1 

' TeS l€S *■ r J 

n 


n 


- E{S 

IeS„^ r 

n 


(E,^) 


f |0(p; 


c„)l dp 



> Z [(Egp) J 0(p; C^) dpj^l' 


I ^ 


> Z IZ^ [(I) J Jj. dwj^l 


IcS^l ^ 


As n -by (8) we have 


V(A 


, T) > (A°) J J dw = I(A, T) 


By (a) and ( 9 - 4 , 11 ) finally we conclude 
that 


§ 9 - THE GESCZE and PEANO AREAS V, U, P ( 9 - 9 ) 
V(A, T) > I(A, T) > L(A, T) > V(A, T) 

where I(A, T) < + Hence V = I = L 
and hence (1) is proved. 


9 . 9 - An Elementar:/ Limit Theorem Pbr The Area V 

(i) If (T, A) is an/ c. mapping from an admissible set 
A C E2 into Ej with V(A, T) < + <», and (P^, P^) 
n = 1, 2, is any sequence of q.l. mappings with 

^n^ -’'V(A, T), then we have also 

^•(Pnr' ^n^ -♦ V(A, T^) as n -»«>, where T^, P^^ 

are the projections of T and P^ on the coordinate 
planes E^^^, r = 1, 2, 3. 

PROOF. Let us prove, for Instance, that 

^n^ -T, ) 

as n -By (9.2) and (9.1+, 1 ) we have 

V(A, T^) < P^) < TIE a(P^^, P^); hence 

If M^(A) = im a(P^^, P^), we have V(A, ) < M^(A). 
We have to prove that V(A, (A). Let us ex¬ 
tract from Fj^)] a particiolar subsequence such 

that a(P^^, P^) -> M^(A) as n ->«>. Let 

M = V(A, T) + I < + 00 and e > o be any number, 

0 < e < 1. By (9.1 ) there is a finite system S 
of simple non-overlapping pol. regions q C A such 
that (a) E v(q, T) > V(A, T) - e, and, by (9.1, 

Note O, v^e may suppose that the regions q are 
interior to A and disjoint. Since E q C A° and 
the set E q is compact, and since P ->T im¬ 
plies F^ C P^ C A, F^ T A*^, we conclude 

that there is an integer n^ such that E q C P° 
for all n > n^^. By (8. n, ii) and (9.2), (9.4, i) 
we have, for every qeS, 

v(q, T) < 1 ^ v(q, P^^), v(q, T^) < ^ v(q, P^), r = i, a, 

V(q, T) < Ito a(q, P^), V(q, T^) < 1 ^ a(q, P^), r = i, 

where lini is taken as n > oo. Since S is a 

finite collection, we may extract from [(P , P )1 

n^ n^-* 


2 , 
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(by means of a finite nmber of successive extrac- * 

tions) a new subsequence such that for each qeS 
the following limits exist, say 

m(q) = lim v(q, P^^), m^(q) = 11m v(q, P^^), r = 1, 2, 3 / 

(10) 

M(q) = lim a(q, P^), M^(q) = llm a(q, P^), r = 1 , 2 , 3 , 

and also (A) = lim a(Pj^^, E^) as n—> 

By (9) and (10) it follows v(q, T) < m(q), 

T^) < m^(q), V(q, T) < M(q), V(q, T^) < Mp(q), 
p = 1, 2 , 3. Let us put h(q) = M(q) - V(q, T) 
for every qeS. Then we have £ M(q) > z v(q, T) > 

V(A, T) - e, and 

£ h(q) = 2 [ ]yi(q) - V(q, T)] = 

= £ [lim a(q, - V(q, T)] = 

(11) = llm z a(q, - z V(q, T) < 

< llm a(Pj^, F^) - z v(q, T) < 

< V(A, T) - [V(A, T) - e] = e . 

Now by (5.15) and (8.12) we have 

a^(ci, ) + a^(q, ^ ^ ' 

and hence, as n-> «, we have also 

M^(q) + M2(q) + M2(q) < M^(q) • 

Since M^(q) > V(q, T^) > v(q, T^), 

M(q) = V(q, T) + h(q), we have 

2 

M^(q) + v^(q, Tg) + v^(q, T3) < [V(q, T) + h(q)] , 

and since v^(q, T^) = v^(q, T), we have also, by (2.10, d), 

2 p 

M^(q) < v^(q, T, ) + [V(q, T) + h(q)] - v (q, T) , 

2 5 

M, (q) < v(q, T, ) + [V(q, T) + v(q, T) + h(q)] [V(q, T) - v(q, T) + h(q)] • 


By sijinmation over all qeS, by (2.10, a) and ( 9 .l)> 
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we obtain 

s (q) < i; v(q, T, ) + 

i 1 

+ [E V(q, T) + E v(q, T) + E h(q)] [e V(q, T) - E v(q, T) + e h(q)]^ < 

< V(A, T,) + [V(A, T) + V(A, T) + E h(q)]i [V(A, T) - e v(q, T) + e h(q)]^ 

Finally, by (a) and (il) we have also 

£ M,(q) < V(A, T,) + [2M + [e + c]^ < 

< V(A, T,) + (6M €)i . 

Since P - E q Is a figure, for all n > n^ we have 

V(A, T, ) < (A) = llm a(Pj^^, p^) = 

= llm [a(P^^, F^ - 2 q) + 2 a(P^^, q)] < 

< llm [a(P^, P^ - E q) + E a(P^,, q)] = 

= llm [a(P^, P^) - z a(P^, q) + z a(P^,, q)] = 

= V(A, T) - E M(q) + E M,(q) < 

< V(A, T) - [V(A, T) - e] + V(A, ) + (6M € )^ = 

= V(A, T,) + e + (6M €)i . 

Since € > 0 Is any number, we have 
(A) = V(A, ) and ( 1 ) Is proved. 

, . ^ n' n-* v^A, i; of the elementary statement 

Implies L(A, T) = V(A, T), as we have noticed in (5.12, 11). in 

( 24 . 3 , 1 ), when the basic equality L = V will be available, we shall 
prove a stronger form of statement (1). 


9 * 10 * The Area U 

A useful variant of the Geocze area V Is the area U, which we shall 
prove later coincides with Lebesgue area L and Geocze area V, as well 

as With the Peano area P (9• 1 D for all c . mappings. Let (T, A):pi T(w) 

V A, be any c mapping (5.2) and let us suppose V(A, T) < . .. We shall 
use the same notations as In (9.I). For any simple closed pol. re^ 
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It C A, let C, be 
Since V(A, T) < + oo, 
L-integrable in E^^• 
u = u(iT, T) = (u^ + Ug 
r = 1, 2j 3 , and also 
0 < u(7t, T) < v(jT, T). 


the images of n* under T and T^, r = 1 , z, 3. 
the functions 0(p; ^ 

Set = u(it, T^) = (Eg^) ; 0 (p; C^), r = i, 2, 3, 

+ u )^. We have u(it, T 0, u(jt, T) > |u(it, T„)|, 


T^)| < v(it, T ), r = 1 , 2 , 3 , 


Let S denote any finite system of non-overlapping simple closed pol. 
regions it C A and set 


U(A, T ) = Sup 1 |u(«, T )|, 


S rt€S 


r = 1 , 2 , 3 , 


U(A, T) = Sup i u{7r, T) . 

S TteS 


Obviously 0 < U{A, T^) < U(A, T), 0 < U(A, T^) < V(A, T^), r = 1 , 2 , 3 . 

0 < U(A, T) < V(A, T). 

The same proof as for ( 9 -^^ i) yields U(Fj P) = V(E; P) = a(P, P) for 
every q.l. mapping (P, P) from a figure P. We shall prove for u some 
properties of lower semicontiniiity, though v/eaker than the properties 
(8.7, i, (c); (8.11, ii)) for v. Finally the function U satisfies prop 
erties of subadditivity analogous to the ones given in ( 9 * 3 ) for V. 


NOTE. That the function u has not the property of lower semi continuity 
which holds for v (8.7, i, (c); 8.11, ii) can be shorn by the following 
example. Let C: x = cos t, y = sin t, 0 < t < 2it; x = 

Y = P (t), 0 < t < 2 n; where f^Ct) = cos (l - n' )”^t, 

j '•=*n' " - “ 1 «1 ' ^ -1 X 

rr (f.) = sin h - n’ ) t if 0 < t < 2jt (1 - n ); 


Y = p (t), 0 < t < 2 n; where f^Ct) = cos (1 - n ) t, 

j '•=*n' " - “ 1 «1 ' ^ -1 X 

g^(t) = sin (1 - n' ) t if 0 < t < 2it (1 - n ); 
f (t) = 1 + n”^ + n"^ cos u, gn(t) = - n“^ sin u, u = n- 

n 4 y-fc • 


X = 


if 2it(l - n" ) < t < 27 r. 

of the circle of radius 
of the circumference C„ 


.f0<t<2jt(l-n”); ^ 

i, g^Ct) = - n"^ sin u, u = n^(t - 2it + 2it n ) 
Then is the sum of the circumference C 

and center (0, 0) (C counterclockwise) and 


-1 


of the circumference of the circle of radius n and center 

(1 + n~\ 0), the latter coimted times (C^ clockvrise). Then 

u = (E) / 0 (p; C) - If, u^ = (E) / 0 (p; 0 ^) = n - n^ (it n ^) = 0, 

n = 2, 3, ..., while -» cos t, hence 

lie , oil _> 0, as n —We may observe-also that 1 (C) = 2it, 


) - 0 , 


n = 2 , 3 


11 C„, Oil 


as n 


1 (C ) = 2:t (n + 1 ) 


00. 


+ 00 as n 


Let 


9.11. The Peano Area P 
fl.n-nin'T from an admissib 


into the p-space E^, w = (u, v), p = (x, 7 t 2) 


A of the w-plane 
Let n denote 
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any simple closed pol. reg. tt C A. For any plane or c E^ let x denote 
the projection of E^ Into ot, and C, C* the continuous oriented closed 
curves which are the Images of n* under T and xT. Hence [C] C 
fC’] C or. Then the function 0 (p; C*) Is defined for all points pea. 
Because of ( 8 . 4 , 11 ) the non-negative function | 0 (p; C')| Is measurable 
in a and hence the L-integral v(it, T, a) = (a) / | 0 (p; C')| exists 
(finite, or + 00). Set i^Cn, T) = Sup v(jt, T, a) for all planes a c E^ . 
Now let S be any finite family of non-overlapping simple closed pol. 
regions n C A and set 

P(A, T) = Sup X T), 0 < P < + 00 

S Tt eS 

We shall denote P(A, T) as the Peano area of (T, A). 

As for the area V, it can be shown that P(A, T) = P(A°, T), that 

P(A, T) is a lower semicontinuous functional, and that P coincides with 

the elementary area for all q.l. mappings from a figure. Hence 

P(A, T) < L(A, T) ( 5 - 12 , 1 ) for any c. mappln,g (T, A). We shall prove 

in Chapter VII that P = V = L for all c. mappings. A little reflection 

shows that P(A, T^) = V(A, T^), r = 1 , 2 , 3. All proofs are the same 

as for the area V and we do not need to repeat them. 

If a is any fixed plane in and t the projection of E into a, 

then by definition we have P(A, T) > V(A, t T), where V(A, tT) does 

not depend upon the system of cartesian coordinates in the plane o: as 

remarked in (9.1, snd of Note 3). In particular P(A, T) > V(A, T ), 

r = 1 , 2 , 3 , where is the plane mapping v^hlch is the projection of 

T on the coordinate plane Eg^. 



The area V defined in (9.1) is obviously a variant of the 
Banach area mentioned in (7.3), where for "area" m(a) of the 
projection a on a plane E of the image under T of a 
simple pol. region k C A, we take m(o) = (E) / | 0 {p; C)|, 

C being the continuous closed oriented cxirve projection 
on E of the image under T of n*. Thus also the area P 
defined in ( 9 - 11 ) is the corresponding variant of the Peano 
area (7.2). As we have mentioned in (7.3) such a defi¬ 
nition of m(a) by making use of the topological index has 
been proposed by various authors (W. H. Young, R. Caccloppoll 
E. Andreoli and P. Nalll). Consistent research on the area 
V is due to C. B. Morrey [1, 2, 3], E. J. McShane [3], 
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L. Cesari [7, 9 , 12 ]; on the area P, L. Cesarl [7, 12] and 
J. Gecconl [k, 5]; the area U is a useful variant which 
has been consistently studied by L. Cesari [12]. The 
proof 7,lven here ( 9 * 8 ) of Morrey's theorem is the one 
'^iven by the same author [ 1 ]. Regular mappings have been 

consistently^studied by L. Cesari [?]. Statement (9-9, i) 
has been proved by both T. Rado [35] and L. Cesari [22], 
together with the stronger statement (24.3, i) mentioned 
in ( 9 * 9 , Note). The proof is essentially the one given 
by T. Rado. Tangential properties of a surface S and 
the Weierstrass integral over a surface have been express¬ 
ed in terras of the functions u and U [L. Cesari, 28, 

23 ^ 29, 30; cf. Appendix B of this book]. For the recent¬ 
ly renewed interest in the Peano area P, see J. Cecconi 
(loc. cit. ). 


* 9 * 13 » The Index 0 (p; C) and the Related Areas V, U, P . 

Given a continuous closed oriented curve C in the p-plane 
E, let 0 (p; C), pcE^ be the topological index of C and 
let 0 (p; C), peE, be the auxiliary function defined by 
0 (p; C) = +1, -1, 0, according to 0 (p; C) > 0, < 0, = 0. 

By ( 8 . 4 , li), 0 (p; C) is measurable and since it is 
bounded, |6| < 1, it is also L-integrable. 

(i) If C^, C, n= 1, 2, ..., are continuous 

closed oriented curves in E, and |iC^, C|| —>0 
as n -> 00, then 

(a) 0 (p; C) = lira 0 (p; C^^) for all 
peE - [C]; 

(b) | 0 (p; C)| < lira | 0 (p; C^^)! for 
all peE; 

(c) (E) / l6(p; 01 < Ijmi (E) / | 0 (p; C^)| 

as n -> t». 

These assertions follow from (8.7, i). 

(li) Under the same conditions as (8.6, 1 ), we 
have 0 (p; C) = 0 (p; C^), 

| 0 (p; C)| < | 0 (p; C^)|, 

l6(p; C)| < | 0 (p; C^)| for all 

pe[E] - Q. 

Indeed, the first inequality is in (8.6, 1 ); the second, is 
a trivial consequence. For the third let us observe that, 
if 0=0, then the inequality is trivial; if | 0 (p; C)| = 


1 . 
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then 0(p; C) + 0 and 0(pj + 0 for at least one 1; 
therefore |0(p; C^)| = i and |0(pj C)| = 1 < |0(pj Cj^)|. 

If (T, A) denotes any c. mapping from an admissible set A 
of the w-plane E Into the p-space E^, If (T^, A), 
r = 1, 2 , 3 are the corresponding plane mappings from A 
Into the coordinates planes Eg^, If n c A Is any simple 

closed pol. reg. and C, the images of n* under T, 

Tp, let 

= v(«, T^) = (Eg^) / |0(p; C^)l, 

V = v(«, T) = (v^ + Vg + , 

iip = u(«, T^) = (E ) ; 0(p; C ), 

1 . 

u = u(n, T) = (u^ + Ug + u^) . 

In addition If a is any plane In E^, and the pro¬ 

jection of C on a, let 

m(>t, T, or) = (a) / |0(p; C^)| , 

n(it, T) = Sup m(«, T, a) . 

a 

Thus all numbers v^, v, u^, u, m, ^ are finite. If S de¬ 
notes any finite system of non-overlapping simple pol. reg. 

It C A, let 


r = 2, 3 , 


r = 1, 2, 3 ^ 


V(A, T) = Sup X v(jt, T) , 

S iteS 

U(A, T) = Sup X u(it, T) , 

S ireS 

P(A, T) = Sup ^ n(7t^ T) . 

S It€S 


Thus the functions V, U and P are areas of the Banach 
and Peano type, respectively. 


1, 9.14. A Generaliz ation of A Theorem of Complex Variable Theo 

In addition to (8.6, ii) the following theorem generalizes 
a well-known statement of the complex variable theory: 

(1) If (T, n) is any c. mapping from a simple 
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closed pol. reg. n of the w-plane E, w = (u, v), 
into the p-plane E', p = (x, y), if C: (T, «*), 


and 


there exists a point p^eE' such that 
point v^en, and I 0 (Pq; C)| = m > 1, 
neighborhood U(p^) of p^ such that 


-1 


point 


and 


X (Pq ) is a single 
then there is a 


neighborhood UCp^) of p^ such that for each peUCp ) 
P " 1 ^ Pq^ there are at least m distinct points w. 

• I 1 / V X 


with T(w.) = p, 


i = 1, 2, 


This theorem was proved by T. Rado [i8]. More detailed state¬ 
ments were given later by L. Cesari [10], M. Dolcher [ij. An 
indirect consequence of all these statements are the equali¬ 
ties V = V = L, proved by L. Cesari, [ii, 12] and P = P = L 
proved by J. Cecconl [5]. As H. Pederer has observed [6], the 
statement (i) cannot be extended to mappings from a space 
into a space E^, n > 3^ 3 -nd the corresponding "volumes" 

V and V, P and P, are then different. 


* 9 * 1 ^* An Axiomatic Definition of Lebesgue Area 

As we shall prove in Chapter VTI, the equality L = V = P 
holds for all c- mappings (T, A) from an admissible set 


ACE 


into E^. In addition, the further equalities have 


been proved L=V=V=P=P, and also L = U = U if 
L < +00 [L. Cesari, 13 , 13, IS; J. Cecconi, 4 , 5]. J. 

Cecconi [5] has also proved the following statement concern 
ing the axiomatic definition of area: 

(i) If (T, A) denotes any c. mapping from a 2 -cell 
A of the w-plane Eg into the p-space E^, if 
cp(T) is any fmctlonal defined for all c. 
mappings (T, A), if cp(T) is lower semicon- 
tlnuous, subadditive ( 7 - 5 ; f)/and coincides with 
the elementary area for all q.l. mappings, if 
for any plane a C E^, cp(T) is > the 2-dim. 
Lebesgue area of the set of points pea where 
0(Pj C ) + 0, C being the projection on a 
of the curve C: (T, A*), then cp(T) = L(A, T). 

For an analogous statement in abstract spaces see 
E. Silverman [1]. 


9.16. The Index cp and the Related Areas U*, P 

If (T,A): p = p(w), weA, is any c. mapping from an ad¬ 
missible set A C Eg into the p-space Eg, let (T^, A), 
r = 1, 2, 3, be the corresponding plane mappings from A 
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into the coordinate planes E^^. For any closed pol. region 
R = (r^, r^) C A of some order v>, 0 < u < + oo, 

( 5'1 ), let (Tp^ r^^) he the image of the boiindary 

ciirve r^ under T^, i = 0, i, ...,-o, r = 2, 3, where 

we suppose^that r^ is counterclockwise oriented and 
^1^ •••> are clockwise oriented. Then the functions 
'pCp; defined by 9(p, R, T^) = 0(p; C^j_) 

if peE^ - T^(R*), (p(p; R, T^) = 0 if peT^(R*), is ^ 

B-measurable in E^^* Consequently the L-integrals 

= v*(R, T^) = (E^^) / |(p(p; R, T^)|, r = 1, 2, 3, ex¬ 
ist (finite, or +00). Let 3,v*(R, T) denote the number 

v*(R, T) = 0 < < + 00. Let S de¬ 

note any finite system of pol. regions RCA (simple, or 
not), and let us put 

V*(A, T) = Sup X v^(R, T) , 

S ReS 

V^(A, T ) = Sup X v^(R, T^) > 

S R€S ^ 


r = 1, 2, 3 • 

The function V^(A, T) is another variant of the Geocze area 
V. It is easy to prove that v^, have the same properties 
of lower semicontinuity and additivity already proved for v , 

V* (8.7, i, (c); 8.11, ii; 9.2; 9 - 3 )- Obviously we have V < V* 
and, by (5-12, i) also < L. The areas U^, P^ can be 
defined analogously. 


NOTE, 
by V < V* < L, 
the functions 

12.15). 


We shall prove in (24.1, 1) that 

it follows V = = L. 

cp, V*, see H. Pederer 


V = L. Hence, 
For the use of 
[6]. (Cf. also 


10. CONTINUOUS MAPPINGS AND SEMICONTINUOUS COLLECTIONS 

_ Topological Spaces. Metric Spaces 

A collection Q of elements p (points) Is said to be a 
topological space provided there exists a class (U) of 

subsets of Q (every U being denoted a neighborhood of 
each of Its points) with the following properties: 

( 1 ) each peQ belongs to at least one U and, 
given any two distinct points p, peQ there 
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Is a neighborhood U of p not containing q; 

(11) given any two nel^borhoods U, V and a point 

peUV there Is a nel^borhood W C UV contain¬ 
ing p. 

A point peQ Is said to be a point of accumulation of a set 
M C Q If each neighborhood of p contains Infinitely many 
points of M; the set of all points of accumulation of M 
Is said to be the derived set M' of M. A point peQ 

is said to be a boundary point of a set M C Q if each 

neighborhood of p contains at least one point of M and 
at least one point of Q - M; the set of all boundary points 
of M Is said to be the bomdary set M* of M. A point 
peM Is said to be Interior to M If there is a neighbor¬ 
hood U of p contained In M; the set of all points 
peM which are Interior to M Is said to be the Interior 

M of M. It Is Immediately proved that M + M* = M + M' 

for every set M C Q; the set H=M + M*=M + iyi' Is 
called the closure of M. If M :)M' and thus M = 
then M Is said to be closed; If M = M' then M Is said 
to be perfect; If M = then M Is said to be open. If 
M is closed [open], then Q - M Is open [closed]. 

A space Q Is said to be regular If for any neighborhood 
U of a point p there Is a neighborhood V of p with 
IT C U. A space Q Is said to be perfectly separable If 
there is a covintable family [R^^] of neighborhoods such 
that for any pcQ and neighborhood U of p there ex¬ 
ists 1 with peRj^, Rj^ C U. 

A space Q Is said to be metric If there exists a func¬ 
tion p(p, q) (distance function) defined for each pair 
of points p, q of Q such that 

(I) p(p, q) > 0, and p = o if and only if p = q; 

(II) p(p, q) = p(q, p); 

(III) p(p, q) < p(p, r) + p(r, q). 

(1) Every perfectly separable, regular, topological 
space Q Is metrlzable [Of. E. T. Whybum, I, 
p. 7] • 

Given any set M of a metric space Q, by dlam M Is meant 
the n\miber S\q) p(p, q) for all p, qcM; given any two sets 
of Q by distance (A, B] between A and B is meant the 
number Inf p(p, q) for all peA, qeB. By e-neighborhood 
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Ug(p) of a point p, or Ug(M) of a set M, is meant the 
set of all points q with p(p> q) < e, {M, q) < e. 

A set M of a topological space Q (or Q Itself) is said 
to be compact if every sequence [p^] of points of M has 

at least one point of accumulation in M. Given any two sets 

A C B of a topological space Q, A is said to be open in 
B if for every point peA there is a neighborhood U of 
p such that UB C A; the set A is said to be closed in 
B if A B C A. A set A of a topological space Q (or 
Q itself) is said to be connected if A is not the sum of 

two disjoint sets, both closed in A. A compact and connect¬ 

ed set is said to be a continuum (thus even a single point 
peQ is a continuum). The arcs M C Q are very simple ex¬ 
amples of continua and they have the property that the sub¬ 
arcs and the single points of a given arc M are the only 
subcontinua of M. If T C M are any two sets in Q, then 
T is said to separate MinQifM-Tis not connect¬ 
ed. A point peM separating M is said to be a cut point 
of M. A set M is said to be locally connected provided 
that for ever^' point peM and neighborhood U of p there 
is another nel^borhood V of p such that MV lies in a 
single component (maximal connected subset) of I-IU [G. T. 
Whybiu?n, I ] . 

A perfect separable, regular, topological space which is 
compact, connected and locally connected is said to be a 
Peano space. By using any corresponding metrizatlon of Q 
the following well known property holds: given e > o, 
there is a d = d (e, Q) > o such that every pair of points 
w, w'eQ with |w - wM < d belong to some subcontinuimi K 
of Q with w, w*eK, diam K < e (uniform local connectivity 
of Q). In addition we may require that the subcontinua K 
are arcs. 

A necessary and sufficient condition for a metric space Q 
to be the continuous image Q = T(I) of a segment I under 
some c. mapping (T, I) is that Q is a Peano space (theo¬ 
rem of H. Hahn and S. Mazurklewlcz; see G. T. Whyburn, I, 
p- 33 )' The graph [C] of any closed or open curve C in 
Ej^, any square Q C or Q C E^, any cube M C E^, any 

closed Jordan region Q C E^, the graph [S] = T(Q) C E^ 
of any c. surface 3 = (T, Q), where Q is one of the sets 
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just now mentioned, are very elementary examples of Peano 
spaces. The c. Image of a Peano space is a Peano space. 

The property of laniform local connectivity has the follow¬ 
ing important implication for simple closed continuous 
curves (Jordan curves): 

(ii) Given any Jordan ciirve C C E^ and any e > o, 

0 < 6 < 2"^ diam C, there is a d = d(€, C) > 0 
such that any two points p, p'eC with 

Ip - p'|< d are the end points of one and only 
one arc c C C with diam c < e. 

Indeed every subcontinuum K of C containing p and p' 
is an arc of C containing one of the two arcs ppS p'p 
in which p and p* divide C. Thus of the two arcs pp', 
p'p, at least one, say pp', must have diameter < e because of 
the theorem of Hahn and Mazurkiewicz, while the other arc 

p'p must have a diameter > e because otherwise we would 
have diam C < 2 e. 

If K denotes any set of a metric space Q, then K is 
said to be well chained if for any pair p, p' of points 
of K and any e > o there is a finite system 
[p^, i = 0, 1, n] of points Pj^^K with p^ = p, 

Pn "" IPi-i " Pil ^ i = 1, 2, n. Then every 

connected set is well chained; every' compact well chained 
set is connected, and hence a continuum [G- T. Whybum, p. 13]. 

Finally let us note that if J is a closed Jordan region, 

J C £2^ and J is considered as a space, then the sets 
M C J vhich are "open" (as subsets of the space J) are 
those sets which are denoted as "open in J" when E^ is 
the total space. 

NOTE 1 . In the following, for the sake of brevity, by a top¬ 
ological space v^e shall mean a perfectly separable, regular, 
topological space. 


NOTE 2. We shall say that a set M is countable provided 
M is either empty, or finite, or denumerable. The components 
of an open set G form a countable collection. Let us mention 
here that an open set G C E2 is said to be simply connected 
provided we have J C G for every simple Jordan region J 
with J* C G. 


§ 10 . CONTIMJOUS MAPPINGS AND SMICONTINUOUS COLLECTIONS ( 10 . 2 ) 


145 


A point p of a topological space Q is said to be a point 
of condensation of a set M C Q provided every neighborhood 
U of p contains an uncountable collection of points of M. 
Let us denote by M" the set of all points of condensation 
of a set M C Q. The following statemeFits are well l:nown: 

(i) M D M", and M - H is countable; 

(ii) if M is an uncoiontable set, then FT is non¬ 
empty and perfect; 

(iii) M = M if and only if M is perfect (and then 

M = FT = M); 

(iv) each closed set is the sum of a countable set 
and of a perfect set. 


* 10.2. Semicontlnuous Collections 

Given any sequence tA^J of sets of any topological space 
Q we denote by 1 = lim inf A^, L = lim sup A^ [G. T. 
Whybiarn, I, p. 14 ], the sets of all points peQ such that 
each nei^borhood U of p contains points of all but 
finitely many sets A^^, or of infinitely many sets A^, 
respectively. Thus 1 C L C Q and both 1 and L are 
closed. Obviously 1 and L are also compact if Q is 
compact. 

(i) (Zoretti's Theorem). If [A^^] is a sequence 
of continua of a compact topological space and 
lim inf then L = lim sup A^ is a con¬ 

tinue [Cf. G. T. Whyburn, I, p. i 4 ). 

A collection r of disjoint continuua g of a compact top¬ 
ological space Q is said to be upper semicontlnuous in Q 
provided that for each ger and any neighborhood U of o- 
(l-e., any open set containing g), there exists a neighbor¬ 
hood V of g, g C V C U such that, if h is any con- 
tlnuimi of r intersecting V, then h C U [loc. clt.]. 

(il) A collection r of disjoint continua g of the 
compact topological space Q is upper semicon¬ 
tlnuous if and only if for any ger and for any 
sequence [g] of continua g^^er with gl ^ 0, 

1 = lim inf g^^, we have 1 C L C g, 

L = lim sup gj^ [loc. cit., p. 122]. 

(iii) The collection r of the components of a closed 

subset of Q is upper semlcon'clnuous. Any 
collection r which is the sum of an upper semi- 
continuous collection r^ covering a closed set 
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Hq C Q, and of a collection of single points of 
Q - H^^, is upper semlcontinuous. Every sub¬ 
collection r of a given upper semlcontinuous 
collection is upper semlcontinuous. 


The first part of (ill) is given in [G. T. Whyburn, I, p. 122, 

1 *11]; the second and third parts are consequences of the defi¬ 
nitions. 

A collection r of disjoint continua g C Q is called a de¬ 
composition of Q if r covers Q,, i.e., z g = Q where 

z ranges over all ger. 

(iv) Let r be an upper semlcontinuous decomposition of 
Q into continua g. For any closed set H C Q, 
the set Hq smi of all ger with gH =(= 0 is a 
closed set and H C H^ C Q. For any open set 
G C Q, the set G^ sum of all ger with g C G 
is open (in Q) and G^ C G (G^ may be vacuous). 

The proof of the second part is given in [G- T. Whyburn, I, p. 123J. 
The first part can be immediately proved by considering the comple¬ 
mentary sets in Q. 

Given the decomposition r as in (Iv) of the compact topological 
space Q, let us denote by M the collection of all subsets 
M of Q; by G and H the subcollections of all those sub¬ 
sets of Q which are open or closed; by the collection 

of all subsets of Q which are sums of continua ger, i.e., 

M = z g; by g^, Hq the collections of all sets MeM^ 
which are open, or closed. Hence 

A set MeA^ if and only if Me M and has the property that 
g M + 0 implies g C M. 

It is now natural to consider r as a space Itself, say r, 
whose "points", say g, are the continua g and whose 
"nel^borhoods" and "open sets", say G, are the open sets 
G€Gq, G = Z g, thou^t of as collections of elements g. 

Then "closed sets", say H, are the sets HeW^ thought of 
as collections of elements g. If M is any set MeA^ and 
hence M = z g, let M denote the same set thought of as a 
collection of elements g and thus a subset of r. Let 
Af^ G, H be the collections of all subsets of r, or of all 
open, or closed subsets of r, l-e., the same collections 
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Mq, Gq, Hq when each set MeA^, G^, Is thoioght of as a 
sum of continua g. 

(v) f is a perfectly separable, regular, compact, 
topoHoglcal space; hence, by (lO. 1, i), r Is a 
metric space [G. T. Whyburn, I, p. 123]. 

r is said to be the hyperspace of the decomposition r (loc. cit. ). 

(vi) Any set MeAf^ is open, closed, compact, connect¬ 
ed, a continuimi, according as M has the same 
properties in r. M separates Q, or any set 
GeG^ in Q according as M separates r, or 
the corresponding set G in r. 

The statement (vi) is a trivial consequence of the various 
definitions listed in (lO.i) and (10.2). 

Let us recall here also that by Borel collection B in the 
space Q (or collection of all Borel sets M C Q) is meant 
the smallest class of subsets M of Q containing all open 
and closed sets and such that 


(1) 

for 

any two sets A, BeB 

also 

A + B, A - B, 


AB 

belong to B ; 



(2) 

for 

any countable system 

[A^] 

of sets A.GB 


the 

sets z Aj_ and n A^ 

also 

belong to B. 


Thus B contains the empty set as well as the 
whole space Q (because Q = 2: is the sum of 

the basic sets Rj_ of lo.i) [Cf. H. Hahn and A. 
Rosenthal, I, p. 3; s. Saks, I, p. 7 and p. ^k]. 
Let us mention here that a collection of sets 
having properties (i) and (2) above is said to be 
a a-field. The statement (vi) can be completed 
as follows; MeAf^ is a Borel set in Q if M 
is a Borel set in r and vice versa. As usual 
[H. Hahn and A. Rosenthal, I, p. 5; s. Saks, I, 
p* ^i] we shall denote by P-sets the closed 
sets, by G-sets the open sets, by P^[Gg] those 
sets which are neither closed nor open but are 

countable sums [intersections] of closed [open] 
sets, etc. 


NOTE. The statement (vi) does not hold for perfect sets be¬ 
cause, for instance, while a non-degenerate continuum ^er 
is a perfect set in Q, g is a single point in r and thus 

is not a perfect set. An element ger shall be denoted 
an ELEMENT OP cO'"'”""- - uenocea as 
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nei<;^borhood U of g there is an uncountable collection 
of elements g^r M with g C U. (Hence g is point of con¬ 
densation of M in r.) The statement (vi) can be completed 
now as follows: M is perfect if and only if MeM^ is per¬ 
fect and each geM is element of condensation of M- 


•*^ 10 . 3 - Properties of Separation of Elements ger 

We have already mentioned (lO.i) that, given a topological 
space 0 , and three disjoint subsets A, T, B of a connect¬ 
ed set M of 0 ., the set T is said to separate A and 
B in M if M - T is not connected and there is a de¬ 
composition M - T = of M - T into disjoint sets 

iyi2 both closed in M - T and ') A, DB. 

Let Q be an./ compact connected topological space, r any 
upper semicontlnuous decomposition of Q into continua g 
and let r be the h^g^erspace associated with r (10.2). 

Lot Pu be the subcollection of all those continua ger 
which separate Q (i-e., such that Q - g is not connect¬ 
ed (lO.i )). Thus shall denote the collection of all 

points ger which separate r (i-e., such that r - g 
is not connected). Given any t\ro elements a, ber, let 
E(a, b) denote the family of all ger which separate a 
and b in Q- Thus E(a, b) shall denote the collection 
of all points ger which separate the points a, ber. As 
we Icnow from (10.2), properties e:cpressed in terras of the 
elements with tilde (l.e., elements of the space r of 
points g) can be expressed in terms of the same elements 
v/'ithout tilde (elements of the collection r of continua 
g). We shall often prefer the latter if more e::pressive. 

(i) Each family E(a, b) is naturally ordered in 

such a way that, if gGE(a, b), and we denote 
by e"(g), e'*'(g) the collections of all ele¬ 

ments g'GE(a, b) preceding, or following g, 
then a + b-t-E-g=e“ + e'*', and g separates 
each element g'ee“ from any element g’'€e in 
Q [G- T. Whyburn, I, p- 4 l ] . 

(ii) For each family E(a, b) of points ger the 
set a + E(a, b) + b is compact and hence 
the sum of a countable set D*, and of a set 
Ep which is either empty, or perfect [G. T. 

Whyburn, I, p. 50 , 4 . 12 ]. 
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NOTE 1. (ii) In terms of r states: for each family E(a, 
of contlnua the collection a + E(a^ b) + b covers a 

compact subset of Q. The collection a + E(a, b) + b Is 
the sum of a countable collection D* and of a collection 


b) 


If non-empty^ covers 


Ep either empty or uncountable. Ep, 
a perfect subset of Q and each continuum g of Ep Is 
an element of condensation of Ep. The lllustratlon^shows 

two cases of families E(a, b) where 
Q Is a closed simple Jordan region 
In the w-plane E^■ The other ele¬ 
ments gep are all single points of 
Q not In the contlnua g of the two 
families E. 

(Ill) For each family E(a, b) at 

most a countable subfamily 

D'' of elements geE are 
not condensation elements of both e“(g) and 



e'''(g) [G. T. Whyburn, I, p. 44 , 2.1]. 
(Iv) p 

E(a, b) [G. T. Whyburn, I, end p. 52]. 


^ Is the sura of countably many families 


NOTE 2. The previous definitions and statements may be given 
in a stronger form. Indeed let be the subcollection of 

all those contlnua ger which separate either Q or some 
connected open set G C Q, Gec^. Thus Is the collec¬ 

tion of all points gef ^which separate either r, or some 
connected open set G C P. Given any tv;o elements a, bep, 
let E(a, b) denote the family of all gep which separate 
a and b In p or In some connected open set G C Q, 

GgGq. Thus E(a, b) is the collection of all points 
g€r which separate ^a and B either in r, or in some 
connected open set G C P. The statements ( 1 ) - (iv) 
still hold [G. T. Whyburn, I, p. 6l, §9]. 

The Illustration shows three cases 
Ej_(a^, b^), 1=1^2, 3, of 

families E(a, b) where Q Is a 
closed Jordan region of order 
^ = 1 of the w-plane. The 
contlnua geS^, S^E^, separate Q; 
the contlnua do not separate 

Q nor separate a^, b^ in Q, but 
they do separate the open connected 
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set G between the two broken lines and they do separate a 
and b^ in G. ^ 

* 10.U. Continuous Mappings 

Any single-valued mapping (T, Q): p = T(w), weQ, from a topo¬ 
logical space Q into a topological space E is said to be con¬ 
tinuous at a point weQ if given any neighborhood V of the 
point p = T(w)eE there exists a neighborhood U of the point 
weQ such that T(U) C V. By continuity of T in Q is meant 
the continuity of T at each point of Q. If both Q and E 
are metric spaces and for their topology e-neighborhoods are 
used, then the concept of uniform continuity can be introduced 
as usual. Any real single-valued function can be thought of as 
a mapping from Q into the space E^ of real numbers. We re¬ 
call here that for any set A C Q the distance {A, p) is a 
non-negative continuous fmction of p in Q and that [A, p] = 0 
if and only if peA. The distance function p(p, q) is a con¬ 
tinuous function of p and q in Q [Cf. G- T- Whyburn, loc. 

cit.]. Let (T, Q) be any continuous (c.) mapping from a top¬ 

ological space Q into a topological space E (lo.i, Note l). 

(i) For any compact set A C Q, the set T(A) C E is 
compact- The set T(Q) itself is compact if Q 
is compact. 

(ii) For any peT(Q) the set T”Vp) C Q of all points 
weQ such that T(w) = p is closed. 

If both spaces Q and E are metric and Q is compact the 
following statements hold: 

(iii) T is imifortnly continuous [G. T. Whyburn, I, 

p. 25J. 

(iv) For any peT(Q) and e > 0 there is a 

6 = &(p, e) > 0 such that for every other 

point qeT(Q) with |q - p| < 5 we have 
{T”^(p), T“^(q)) < €. In particular, if 
(T”\ Q')^ Q' = T(Q), is single-valued, 
then (T”\ Q') is a continuous mapping 
from Q’ onto Q. 

PROOF of (iv). Suppose the statement is not true. 

Then there is a peT(Q), an e > 0 , and a se¬ 
quence [pj^] of points Pj^gT(Q), p^-► P, such 

that {T'^(Pj^), T''^(p)] > €. Let w^ be any point 
WnGT“^(p^), n = 1 , 2 , ... . Since Q is compact 
there is at least one point of accumiilation 
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Wo of 
T(w ) = p 


[Wn], 

with w 


WqEQ, 


and also a subsequence 


n 


w 


n 


k 

P 


o 


as 


00 


By 


n 




and the continuity 


k “k ‘^k 

of T we deduce T(w^) = p 

•• 1 / \ ^ 

Consequently we have also 


o^ 


hence 


Wq = T 


(Pq)- 


W 


n 


k 


- ^ol ^ 


(T‘'(p 


n > -T-'(P„)) 


> e 


a 


contradiction. Thereby (iv) is proved. 

-1 


By ex¬ 
amples it coxald be shown that if T“^ is not 
3ingle-valued, then it may happen that 6 cannot 
be chosen Independently of p (for Instance if 
T:x = u, y = uv, 0<u, v<l). 


Let both Q and E be topological spaces and let Q be com¬ 
pact. 

For any p€T(Q), the set T"’(p) C Q, by virtue of ( 11 ), Is 
closed, and hence compact, and its components are disjoint 
continua g C Q. Denote by r = r(T, Q) the collection of 
all continua g C Q, which are components of at least one 
set T (p), peT(Q). Obviously the continua ger are all 
disjoint, the collection r covers Q, l.e., r is a de¬ 
composition of Q, and finally r is the collection of all 
maximal continua g C Q of constancy for T in Q. 

(v) The collection r = r(T, Q) Is an upper 
semicontinuous decomposition of Q. 


PROOF. Let g be any continuum ger and [g^] 
any sequence, with Ig 4 0, 

1 = lim inf g^. Set L = 11 m sup g^^, so that, 
by (10.2, i), L is a continuum, 1 C L C Q. Let 
u, V be any pair of points uegl, veL, and let 
U, V be two neighborhoods of u and v, respect¬ 
ively. Then, by the definitions of 1 and L 
(10.2), there are points u^eg^, Q-H 

but finitely many n; there are also points 

^n^^' ^n^'^ infinitely many n. In con¬ 

sequence, for infinitely many n, we have 

|T(u) - T(v)| < |T(u) - T(u^)| + iT(u^) - T(v^)| + 
|T(Vn) - T(v)|, where the second term is zero, 
and the first and thii*d temns can be taken as 
small as we want. Therefore, |T(u) - T(v)| = 0, 
T(u) = T(v) for any veL. This Implies that T 
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L C s'. g * G r• On the 


is constant on L> hence ^ ^ , 
other hand, gl 4 1 C L; therefore ^ 4 0, 

gg' 4 0 - This implies g=g', i.e., LCg. 

Thereby statement (iv) is proved. [See another 
proof in G. T. Whyburn, I, p. 1^2]. 


As a consequence of (v) and (10.2) the collection r = r(T, Q) of 
all maximal continua of constancy g of T in Q can be consider 
ed as a topological space r and this space can be metrized. We 
shall see in (10.7, Note 1) a simple metric on r. As in (10.2) 
we shall denote by A/, G, h the collections of all subsets M of 
Q, or of all open, or closed sets; by M^, the correspond¬ 

ing collections of those sets M = Z g which are sums of continua 
ger; by M, G, H the collections of all sets MeM^, G^, when 
each set M is thought of as the sum of its continua g, and, 
therefore, a subset of r. 

(vi) Every upper semicontinuous decomposition r 
of a compact metric space Q into disjoint 
continua g is the collection r = r(T, Q) 
of all continua of constancy of a c. mapping 
(T, Q). 


Indeed, if we consider the hj^'perspace r defined in (10.2) 
and we define (T, Q) as the mapping p = p(w) which maps 
each point weg into the element p == ger, then (T, Q) 
is obviously a c. mapping from Q onto r and r = r(T, Q). 

In addition (T, Q) is monotone [Cf. G- T. Whyburn, I, p. 125 ]- 


NOTE. As a particular case of (vi), if Q is a simple closed 
Jordan region of the w-plane E2 ( 2 -cell)^ and no element 
ger segarates J, nor E2^ then also r is a 2 -cell, 
i.e., r is homeoraorphic to a closed circle c [R. L. Moore, 

1] and thus r is the collection r(T, Q) of some monotone 
c. mapping (T, Q) from Q onto c. 


In connection with this remark also the following statement 
shall be mentioned which is a particular case of various 

statements due to J. W. T. Youngs [ 7 ]- 

(vli) If (T, Q): p = p(w), weQ, is any monotone 

mapping from a simple closed Jordan region 
Q of the w-plane E^ into a Peano space S 
in which a metric has been chosen, if T has 
the property that no element g of r(T, Q) 
separates Q nor E^ then, given any g > 0, 
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there exists a homeomorphlsm (H, Q) from 
Q onto T(Q) such that d(T, H, Q) < €. 


* 10-5- The Countable Set D(T, Q) Associated 

With A Mapping (T, Q) 

For the sake of simplicity, and because this is the case we 
will have occasion to apply, let Q be any closed Jordan 
region of finite oMer 0 < ^ < + 00 of the w-plane E^ 
w = (u, v), and let (T, Q); p = T(w), weQ, be any c. 
mapping from Q into the Euclidean p-space E^ (or any 
Ej^), p = (x, y, z). Let r = r(T, Q) be the upper semi- 
continuous decomposition of Q into maximal disjoint con- 
tinua of constancy of T in Q. Thus \ie could consider Q 
as a compact connected (Peano) space and we could associate 
to (T, Q) the hyperspace r of the decomposition r. 


For later use we will consider here a variant of this process. 
Let Qq be any closed square of the plane Eg containing 
in its interior the whole set Q, Q c (Qq)°- Let r* be 
the decomposition of we obtain by adding to r all 

single points weQ^ - Q. By (10.2, Hi) 
r* is an upper semlcontinuous decompo¬ 
sition of Qq and we shall denote by 
r* the hyperspace of the decomposition 
.,-Oo r* (10.2). Let us consider now the sub- 
collection r* of all ger* (If any) 
which separate Q^. Obviously all 

contlnua ger. By (10.3, Iv), 
Is the countable sura of families 

E(a, b) [i.e., all ger* separating 
in Qq any two elements a, ber*]. 



For each family E(a, b) ve have already associated in 
(10.3, ii and ili) two countable subcollections, namely the 
subcollections D*, D'* of all geE which either do not 
belong to the perfect subfamily Ep, or such that g is 
not an element of condensation for both subcollections 
Q (g) and e'^(g). Thus also the subsets T(D'), T(D'' ) 
of E^, namely the sets of all points peE^ which are 
images of some continua geD', or geD", are countable. 
In addition we have Ep = E- D', D'' 


family 
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^ ^ of* all continua g which are elements of con¬ 

densation of continua g' of both e"(g) and e'*'(g), We 

say that an element geE^ has property P'^[P“] provided 

g is an element of condensation of elements g'ce'^Cg) 

[g*€e (g)] with T(g') f T(g). We denote by E^ the sub- 
collection of all elements g of E^ which have both prop¬ 
erties P and P , and by D* *' the complementary 

collection D' ' * = E^ - E^ . Thus E = E + D' = E + D* + D* * 
E^ + D* + D* * + D'''. ^ ° 

We may say that D** * C E^ is the collection of those 
elements gcE^^ (if any) which are not elements of 
condensation of elements g^ee”(g) with T(g') f T(g), 
or are not elements of condensation of elements g*ee'^(g) 
with T(g* ) + T(g). Of course D** * need not be 
countable because, for Instance, T could have the 
same value on all continua geE^ and then D* ^ ^o* 

The following simple examples will be helpful. We shall de¬ 
note by (p, e) polar coordinates of center o in the 
w-plane E^^ and by (r, o), 2) cylindrical coordinates in 
the p-space E^. 

I. Let Q = [p < 1 ] and (T, Q): p = T(w), weQ, 

be defined by the relations r=p, 00 = 0 , z=o. 

Then r(T, Q) is the sum of the point o and of 
all lines g=[p=t], 0 <t<l. If a=o, 

= g-] = [p = then E(a, b) is the collection 

of all lines g = [p = t] with 0 < t < 1 , and 
E(a, b) = Eq = E^, while D'' and D*'* are empty. 

II. Let h be a perfect totally disconnected set of 
real numbers 1 < t < 2, containing 1 and 2, 
and let m be the countable collection of all end 
points of the complementary Intervals of h in 
(-00^ + oo); hence 1 and 2 are in m, 
m C h C [ 1 , 2], and each nijmber teh - m is an 

element of condensation of numbers t * eh, t' < t, 
as well as of numbers t'eh, t* > t. Let 
Q=[p< 3 j> HCQ, be the perfect set of all 
points w = (p, 0)eQ with peh, and let 
G = Q - H. Finally let (T, Q) be defined by 
the relations r = {w, H], a> = e, z = 0, where 
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(w, H) denotes the distance of w from the set 
H. Then T(w)=[r= 0 , z= 0 ] for all weH, 
r(T, Q) Is the sura of all points weG and of 
the collection [g] of all lines g = [p = t] 
with t€h. Finally, if a = 0 and b is any 
point beQ* we have E(a, b) = [g]. Here D'' 
is the collection of all g = [p = t] with 

tera, and E^ = D'" = E - D" while E, is 
empty. 

III. As in II where (T, Q) is defined by the re¬ 
lations r={w, H), 03 = e, z = p. We have 

T(w)= [r=0, z=p] for all wcH, and 

r(T, Q) is as in II. Also E(a, b) and D'' 

are as in II for the sarae a and b. Finally 
D' '' is empty and E^ " ®o' 

IV. As in II and III where (T, Q) is defined by 
the relations r = {w, H); 03 = ej z = p if 

p < t|^; ^ " ^o P ^ ^o' where t^ is a 

given real number tQ=h-ra, l<t <2. 

Then r, E, and D'' are as in II and III, 

D''' is the collection of all lines 

g = [p = t] with t > t^, teh - m, and E^ 

the collection of all g = [p = t] with 

t < ^o^ teh — ra. 

We shall now prove the following statement: 

(i) For each family E(a, b) the collection D" ' 
has a countable image T(D'''). 


PROOF. By (10,3, 11) a + E + b = Ep + D' = 

Eq + D' + D" . Suppose that an element geEL is 
not an element of condensation of contlnua 

g'€e"(g), with T(g') + T(g). This Implies that 
there Is a neighborhood U of g such that the 
elements g'ee (g), g c U, are mcountably many, 
while for all but a coxjntable subcollectlon of 
these we have T(g') = T(g). If g. is an ele¬ 


ment of this subcollectlon, then T(g') 4 T(g) 
and g' cannot be an element of condensation of 
elements g"ee-(g), hence g- is not In EL, 
i.e., g'eD'. This Implies that for all g'^-(g), 
S' C U, g'€Ep, we have T(g') = T(g). The 
family of all g'eEp, giee-(g) Tig') = T(g) 
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Si 


is obviously ordered as E and also compact (by add¬ 
ing a if necessary) and hence has a first element 
[Cf. G. T. Whyburn I, p, 51, 4 . 4 ]. Therefore 
each element geE^ which has the property of not 
being an element of condensation of elements of 
e”(g) with T(g') + T(g) is the last element of a 
non-empty subfamily I = Ep[E(g^, g) + g] and T 
is constant on the set covered by I in Q. Since 
Ep is ordered and compact there exists an order 
preserving continuous mapping from Ep (as a 
collection of elements ger*) into the real inter¬ 
val [0, 1] [G. T. Whyburn, I, p. 55 , 6 . 4 ], and 

the above subfamily Ep[E(g^, g) + g] is mapped into 
a subinterval of [0, 1]. Elements geEp which 
correspond to different values T(g) of T corre¬ 
spond to disjoint sets I and hence to disjoint sub¬ 
intervals of [0, 1]. Since disjoint intervals form 
a countable family, the set T(D''' ) is also count¬ 
able. Thereby (i) is proved. 


Since is the sum = z E^(a^, b^^) of a countable 

collection of families E^(a^, b^), let D|, D' ' 

be the sets defined above relative to E., and from which we 
exclude, in any case, those continua ger such that gQ + 0 
[at most one for each component of Q*, thus a finite number 
for each family E^^]. Let D(T, Q) be the countable set 

D = D(T, Q) = L^[T(D|) + T(D|' ) + T(d|" )] 


NOTE 1 . If we consider the cases Illustrated in (10.5, Note 2) 
we see that only the family E^ of continua ger is contained 
in continua g of the families E^, E^ do not 

separate any large square 5 Q* 

NOTE 2. If Q is a finite sum of disjoint Jordan regions 
J^, 1 = 1, ..., k, and (T, Q) is any c. mapping from Q 
into E^, let D(T, Q) be the sum z D(T, Jj_) of the 
countable sets defined above. 


If A is any admissible set of the w-plane ( 5 - 1 ) and 

(T, A) is any c. mapping from A into E^, then, in any 
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case, A is the countable svm of connected sets a and 
each or Is an open connected set, or a connected set open 
in a Jordan region J. Let [P^] be any sequence of fig- 
ures such that C A°, P^ C P°^,, P° \ A° and 

such that for each or there is (at most) one component 
^n ^n^ \ ^hus for each a, we have 

^ ^ ^+1 ^ ^+2 ^ where m is an integer 

m = m(a). Thus for each (T, we can define the 

collection = r^(T, and the countably many fam- 

ilies bj_)> ®ni‘ each at most 

finitely many elements g have points in common with R* 
we shall denote by C E^ the subcollection of all ^ 

elements g C E^^^^ with g C R°. Since R^ C R°^^ each 
element g€r^(T, Rj^)^ g C R°, is an element g€r^(T, R ). 
Therefore we can suppose that each family is a family 

^n+l,j’ ^ part of a family Pn.+ i^j- Thus we have also 

D(T, Rj^) C D(T, R^^, ) and the set D(T, a) = 11 m D(T, R ) 
as n —«, is a countable set. Plnally the set 
D(T, A) = z D(T, a) for all components a of A is also 
a countable set. The set D(T, A) depends solely on A 
and not on the sequence [Pj^] which we have used. Por 

the sake of brevity we omit the proof of this statement 
which we shall not need. 


* 10.6. The Modulus of Continuity of (T, Q.) 

Let Q be a compact metric topological space (lo.l. Note i) 

and (T, Q): p = T(w), weQ, be any continuous mapping from 
Q into any metric space E. Por any 8 > o let a)(s) = 

Sup |T(w) - T(w')| for all pairs of points \r, w'eQ such 
that I w - w'I < 8. 

( 1 ) 0 < a)(8 ) < diam T(Q); u)(8)<a)(8') for all 

0<8<8'; 0 < |T(w) - T(w' )l < O) (|W - w'I ) 

for all w, w'eQ; diam T(M) < od (diam M) 
for every set M C Q; <o(0 + ) = o. 

This statement is an obvious consequence of the definition of 

“(8), of the continuity of (T, Q) and of the consequent 
uniform continuity of T on Q (10.4, m). 

(li) If T is not constant on Q and Q is connect- 
ed, then 03(6) > 0 for every 6 > 0. 

PROOF. Suppose a)(6) = 0 for some 5 > 0. Then 
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for any pair of points w, w*eQ, |w - w*| <6, ve 

have |T(w) - T(w')| - 0 , i.e., T(w) = T(w*). 

Hence, if a, b are any two points of Q and 
a = w^, w^, = b is any finite chain of 

points with |w^ - w^_^^ | < 5, w^eQ, then 
T(a) = T(w^ )=...= T(b); that is, T(a) = T(b) 
for any pair of points a, beQ. The existence of 
the chain above is a consequence of the connected¬ 
ness of Q [G. T. Whybum, I, p. it, 8.2]. 

The function a)(&) is called the MODULUS OP COOTINUTTY of the 
c. mapping (T, Q). Given any set A C Q we denote by 
oscillation of T on A the number 0 sc(T, A) = t|(T, A) = 
diam T(A). Thus for any set A C Q we have nCA) < a)[diam A]. 

The function a)(5) is not necessarily continuous as the 
following example shows. Let Q be the set 
Q = [l<p<2, O< 0< 3rt/2] of the Euclidean w-plane E^, 

where (p, e) is any system of polar coordinates in (we 

take in Q the usual Euclidean distance), and let T(Q) be 
the c. mapping from Q into the Euclidean space 
E^ = [- oo < X <+ co] defined by T: x = 0. Then 0 < a)(8) < Tt/2 
for all 0 < & < 2^; 03(5) = 3n/2 for all b >^[2, and 

hence a3('/*2 - 0) < od (^2), i.e., a>(5) is not continuous. 

Nevertheless a)(o+) = 0. 

(Hi) If A, B are any two sets A, B C Q, AB + 0, 

then diam (A + B) < diam A + diam B; 
diam T(A +B) < diam T(A) + diam T(B); 

T) (A + B) < ti(A) + ti(B). 

PROOF. If w is any point of AB and w*,V* any 
pair of points of A + B, then we have |w' - w* ' | < 
diam A if w*, w**gA; < diam B if w', w'*eB; 

< |w* -w| + |w-w''| < diam A + diam B if 
w*€A, w'*eB. Because of diam (A+B) = Sup |w* - 
we have diam (A + B) < diam A + diam B 'and the 
first part is proved. By AB 4 0 stnd 
T(A) T(B) 5T(AB) it follows that T(A) T(B) 4 0, 
and thus the second part is a consequence of the first 
part applied to T(A), T(B). The third part is a 
trivial deduction from the second part. 
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*10.7. Distance (u, v)^ With Respect 

to a Mapping (T, Q) 

Let Q he any compact, connected, metric topological space and 
let (T, Q) be any c. mapping from Q Into a metric space E. 

For any pair of points u, veQ the collection y of all con- 
tinua c C Q containing u and v is not empty (indeed 
c = Q67) and we set (u, v),j, = Inf diam T(c) for all cer. 
Given any two sets M, N C Q, let {M, N),p = Inf (u, v)rj, 

for all U€M, veN. The functions (u, v)^, (M, N)^ are said 

to be the distances of u, v and M, N with respect to (T, Q). 
(1) (u, v)^ < (u, w)^ + (w, v),j for all u, v, wj 

(M, u),j < (M, v)^ + {v, u)^ for all sets M 

and points u, v. In addition (u, v),j, = (v, u),p > 0, 

(M, N)^ = (N, M)^ > 0, {M, N}^ < (u, v)^ for 

all ueM, vcN. 

PROOF- Given e > o there are two continua c.j, 

with u, W€c^, w, vecg, diam T(c^ ) < {U; v)^ + e, 

diam T(c2) < (w, v),j, + e. Therefore 4 0 and, 

by (10.6^ iii), also {u, v],p < diam T(c^ + c^) < 

diam T(c^ ) + diam TCCg) < {u, w)rp + (w, v)^ + 2e. 

Since e is any positive nmber, the first part of 

(i) is proved. Now we have {M, u)^ < {w, u)^ for 

every weM and hence (M, u)^ < (w, v}rp + {v, u)^ 

and because we can choose w in such a way that 

{w, vlrp is arbitrarily close to (M, v)^, we 

have (M, u),p < {M, v)ij, + {v, u)^. Thereby (1) 
is proved. 

(ii) (u, v},p = 0 if any only if u, veg, ger. 

PROOF. If u, veg, ger, then T(g) is a single 
point and hence 0 < {u, v),p < diam T(g) = 0, i.e., 

(u, v)^ = 0. Let us suppose (u, v)^ = 0. Then, 
for each n = i, 2, ..., there is a corltinuum 
Cj^ C Q, u, vec^, with diam T(c^) < n’^ Let 
1 = lim inf L = lim sup c^^; hence u, vel, 

1+0, and, by (10.2, i), L is a continuum, 

1 C L, u, V€L. For any point weL and neighbor¬ 
hood U of w there are points w*€c for in¬ 
finitely many c^. Therefore 
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|T(w) - T(u)| < |T(w) - T(w')| + IT(w') - T(u)| 


where w', |T(w') -T(u)| < n■^ and 

iT(v;) - T(w')| can be taken arbitrarily small. 
Thus |T(w) - T(u)| = 0 , l.e., T(w) = T(u) and 

T Is constant on L. Consequently L C g, ger, 
and finally u, veg, ger. 

(Ill) If u, u'eg, V, v'eg', gjg'er, then 

(u, v),p = {u', v'Jfpi that Is {u, v)^ 
considered as a function of u, veQ, Is 
constant on the continua sier. 


PROOF. First consider the points 
V, v'eg'. By (i) vre have {u^ v') 

[U, Vjrp < {U, v' + {v', V) 


U, V, v’ 


< {U, V) 


ueg, 

IJI^ {v^ v') 

fp, where; by (ii) 

= 0. Hence (U; v'),p < {u, v)rp < 

,p; o-.c.; (U; v'] = {U; v}rp* Consequently 

we have also {u, v')^ = tu', v'],p7 and finally 


[V; V'} 
(U; V'} 


T 


T 

= (V; V),p 

l.e. ; 


(U; V)^ = {U 


V’] 


T' 


T 


NOTE 1 . Given any pair g; g' of points of r, let g; g' be 
the corresponding continua g, g'er and set p(g, g') = {u, v)rp 
for any ueg, veg'. By virtue of (ill) p(g; g') does not de¬ 
pend upon the choice of u in g and v in g'. By (i) and 
(ii) we have ^p(g; g'J = p{g'; g) > o; p(g; g') = 0 if and 
only if g = g’; p(g; gM < p(g, g'' ) + p(g'S g')- Thus 
p(gj g*') is an example of distance in the space r. 


In the following further statements we suppose that Q is 
locally connected besides the hypotheses already made at the 
beginning of this section. Thus Q is a Peano space (lO.i). 

(Iv) For any Peano space Q; the distance (U; v),p 
considered as a function of u and v, is 
continuous in Q. For any set M C Q also 
the distance (M, ulrp is a continuous fmc- 
tlon of u in Q. 

PROOF. By ( 10 . 4 ; iii) T is iinlfoi-mly continuous 
in Q; hence given g > o there is a 6 > 0 such 
that |T(u) - T(u*)| < G for every pair of points 
U; u'gQ; |u - u'I <5. Hence dlam T(h) < e for 
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every set h C Q such that dlsm h < 6 . Since Q 
is a Peano space, Q is locally connected and also 
imifortnly locally connected; hence there is a a > 0 
such that every pair of points u, u'eQ, |u - u'| < o 
belongs to at least one subcontinue h of Q with 
diam h < 6 . Finally (u, u')qn < diam T(h) < e for 
all u, u'eQ, |u - u*| < a. Now for every four 
points u, u*, V, v*€Q, |u - u' I < |v - v'| < a 

we have {u, v}^ < (u, u'),^ + (u', v'},p + [V, v)^ < 

{u', v'}rp + 2 e, and, analogously, [u', v'} < (u, v},j, + 2 e. 
Thus I (u, v},p “ (u', v'}tp| < 2e. Thereby the con¬ 
tinuity of {u, v}fp in Q is proved. Analogously 
for the distance function {M, u)^. 

(v) For any Peano space Q and any two closed sets 
M, NgQ, there are two points ueM, vgN such 
that {M, N}^ = (u, v),j,. Hence [M, N)rp = 

rain (u, v],p for all ugM, veN. 

PROOF. If a denotes a = {M, N),j,, then, for every 
n = 1 , 2, ..., there are points u^eM, with 

^ ^n^ ^ Of + n ^ . Since Q is compact, also 

M and N are compact; hence, by two successive ex¬ 
tractions, we can determine a sequence (n^, m = 1, 2, ...) 
of integers such that u^-u, v^-v as 

m -where ueM, veN. By (iv) we have 

^n^T -hence [u, v)rp = a. 

(vi) For any Peano space Q and for any two closed 
sets M, N C Q we have {M, N},j, = 0 if and 
only if there exists ger with gM + 0, 

gN + 0 . 

PROOF. By (iv), [M, N)^ = (u, v]^ for some ugM, vgN. 

Hence (M, N)^ = 0 if and only if (u, v}^ = 0 and, 
by ( 11 ), If and only If u, v€g, ger, l.e., gM + 0 , 
gN + 0, for some ger. 

(vii) For any connected set K C Q and every two 
points u, vgK we have (u, v},p < diam T(K). 

PROOF. Since Q is compact, the closure IC of K 
is a compact set and obviously connected. Thus K 
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is a continuum containing u and v and, therefore, 

{u, v)^ < diam T(K) = diam T(K). 

(viii) For any Peano space Q and for any two sets 

M, N C Q and any set K C Q connected with 
diam T(K) < (M, N),p we have either MK = 0, 
or NK = 0 , or both. 

PROOF. Let us suppose MK + 0, NK + 0, and consider 
two points ueMK, veNK. By the definition of (M, N]^ 
and by (v) we have {M, N)^ < (u, v]^ < diam-T(K), 
a. contradiction. Thereby (vlil) Is proved. 


NOTE 2. Neither statement (vii) nor (viii) necessarily holds if 
K is not connected, as the following example shows. Let 
(T, Q): X = cos jtu, y = sin jtu, z = 0 for any w = (u, v)€Q, 
Q=[o<u, v<i]. Set w=(o, 0), w'=(i, 0), 

K = (w) + (w')- Then T(w) = (i, o, o), T(w') = (-1, o, o), 
diam T(K) = 2 , (w, w')ip = «, diam T(K) < (w, w')ip' Therefore 

(vii) does not hold. Analogously let M = (w), N = (w'), 
then diam T(K) = 2 , (M, N)^ = (w, w')^ = «, i-e., 

diam T(K) < (M, N)^ and MK = (w) + 0 , NK = (w') + 0 . There¬ 
fore (viii) does not hold 


* 10 . 8 . Some Additional Observations and 

Bibliographical Notes 

Let (T, Q); p = T(w), weQ, be any continuous mapping from any 
compact topological space Q into a metric space E. Let us re¬ 
call here that T Is said to be monotone [light] provided for every 
point P€T(Q) the set T"^ (p) C Q Is connected [totally dis¬ 
connected] . Because T is continuous and Q Is compact, 

(Q) is compact and therefore if T is monotone then 
(Q) Is a continuum. 

Let r = r(T, Q) be the collection of the maximal contlnua of 
constancy of T In Q and r the "hyperspace" associated 
with r whose points are the elements g of r. Then the 
open sets in f are the open sets which are sums of 

contlnua g€r. 

The passage from r to r can be thought of as a mapping, 
namely the mapping (m, Q): g = m(w), weQ, from Q into r 
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which maps each point wcg, ger, into the point ger. Then ob¬ 
viously m is continuous in Q and monotone because for each 
per the set T~^ (p) = g is a subcontinuum g of Q. 

Let us denote by ( 1 , r): p = 1 (g), ger, the mapping from r 
into E which maps each point ger into the point p = T(g)€E. 

Obviously 1 Is continuous in r and 1 is light also; name¬ 

ly for each peT(Q) = l(r) the set T”^ (p) is a compact sub¬ 
set of Q whose components are continua ger and the set 
m[T ^ (p)] = 1 ”^ (p) is a compact subset of r whose components 
are points ger. By definition of m and 1 we have also 

T = Im, i.e., T(w) = Ifm(w)] for all weQ. Hence 

( 1 ) Each c. mapping (T, Q): p = T(w), weQ, from 
a compact topological space Q into a metric 
space E admits of a monotone-li^t factoriza¬ 
tion T = Im, where m is a monotone mapping 
from Q onto the hyperspace r of the de¬ 
composition r, and 1 is a li^t mapping from 
r into E; hence m(Q) = r, l(r) = T(Q). 

This statement, in the form above, is due to G. T. Whybum [1, 2] 
and 3. Eilenberg [5]. In some cases it had been observed already 
by B. V. Kerekjarto [1]. Each time the space r is connected 
with this theorem, r is called the middle space of the trans¬ 
formation (T, Q), [T. Rado, II]. As a general reference on 
( 10 . 1 - 1 ^) see [R. L. Moore, I] and [G. T. Whyburn, I]. Consistent 
use of the middle space r in questions of area of a surface was 
first made by C. 3 . Morrey [1, 2, 3]. 

Note that the space r = r(T, Q) corresponds to the space used 
by G. T. Whyburn, for instance, at p. i 42 , (the "points" of r 
are the single components g of the compact sets T"^ (p)) and 
this space is consistently used in some recent research on sur¬ 
face area. As shown for other purposes by G. T. Whybum 
(p 126), the whole sets T"’(p) can also be taken as points 
of a space which of course may not be homeomorphic to r. 

See for more information on the same subject in ( 37 . 4 ). 

For the statement (10.5, i) and another approach to the count¬ 
able set D(T, Q) see L. Cesarl [9]. See also T. Rado [32J. 

For the distance (u, v),p of (I0.7) see [G. T. Whybum, I, 
p. 1 54 ]. 
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*§ 11 - SOME PROPERTIES OF THE EUCLIDEAN PLANE E 

2 

* 11.1. Properties of Separation 

Let Eg denote the Euclidean v-plane, w = (u, v). Thus a set 

M C Eg is compact if and only if M is closed and bounded. 

(i) If A, B C Eg are compact sets, AB = 0 if u, v 
are any tv/o points aeA, beB and e is any posi¬ 
tive number, then there is a simple closed poly¬ 
gonal curve 1 separating a and b in E„, 
such that 1 (A + B) = 0 and such that every point 
of 1 is at a distance less than e from A. 

This elementary statement can be thought of as a variant of [G. 

T. V/hyburn, I, p. l 08, 3 .1 ]. 

(ii) If K is a component of a compact set M C E„ 

Ca 

y a component of the open set E„ - K, w. a 
point of 7 and e any positive niomber, then 
there exists a simple closed polygonal line 1 
which separates and K in Eg, v;ith 

IM = 0, and such that each point wel as well 
as each point we/ separated by 1 from is 

at a distance less than e from K- In addition, 
if 7 is bounded [unbounded], w^ is in the 
bounded [unbounded] component of Eg - 1. 

This statement is also a variant of [G. T. Whyburn, I, p. 109, 3-11]. 


* 11 . 2 . 


Some Junction Properties of the Plane 



(i) Given any two points a, b of an open connected set 
G C Eg, there is a simple pol. line 1 C G join¬ 
ing a and b. 


The statement is contained in [G. T. Whyburn, I, p* 37 ^ ii] 
where e-chains of segments are used instead of general e-chains 
of locally connected continua. 

(ii) Given any closed pol. reg. R of order > 1 

and a closed set M C R C Eg, if some two points 
a, b belong to different boundary curves of R 
and to the same component / of R - M, then 
there is a subdivision of R into simple pol- re¬ 
gions Jt and in a new pol. reg. R' of order 
V) - 1, with C 7, JtM = 0, R *M = R*M, and 
a and b belong to some regions n, and not to R'* 
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The statement is an elementary one. It states 
simply that we can cut R along a line i C R, 
IM = 0 , joining a and b, and that by en¬ 
larging 1 into a simple pol. reg. n contain¬ 
ing 1 , jtM = 0 we divide R into one or more 
simple pol. regions n and a pol. region R' 
of order ^ - i. Of. for analogous questions, 

M. H. A. Newman [I]. 

* 11 . 3 - Some Covering Theorems 

( 1 ) Let (T, Q): p = T(w), weQ, be a c- mapping from 
the closed polygonal region Q of the v/-plane E^, 
w = (u, v), into the p-space E^ [or any E^] and 
let r = r(T, Q.) be the corresponding collection of 
the maximal continue of constancy g for T in Q 
(10.^). Let S be any finite system of simple 
closed non-overlapping pol. reg. q C and h 
be any closed set, whose components are all continua 
ger, such that H (z q*) = o. Let e > o be any 
positive nimiber. Then there is a finite subdivision 
SQ=S+ 3 '+S'*of Q into non-overlapping pol. 
regions qeS, neS', RgS'', where S is the sys¬ 
tem of all q above. S' Is a system of simple 
pol. reg. Tt with nH =0, S'' is a system of 
pol. reg. R (not necessarily simple) with 
R* H = R* Q* H and Ti(n) = diam T(it) < €, 
ti(R) = diam T(R) < e (l0.6) for all jteS' and 
ReS''. Thus S + S'' is a covering of H . 

PROOF. Let H' = H(Q - z q) + G = q _ H'. Then 

H' is compact and G is open in Q as well as in 
Eg, and boiinded, G D Z q, G C If h = HQ*, 

oj = Q* - h, then h is a (linear) closed subset of 
Q*, and to is the complementary, linear set, open 
in Q*; hence o), if non-vacuous, is the countable 
sm of open disjoint arcs of Q*, i = l, 2, ... 

Let [F ] be any sequence of closed flgiires F c F*^ , 

o A / \ ^ n+1 

Fn C G, Pn I G where G is boionded^ We can 

suppose that for each component 7 of G and integer 
n large enough there is only a polygonal region R^, 
a component of F^^, with IL. C 7 ( 5 .l). 
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If for each of Q* ve denote by [3^, tn = 1, 2, ...] 

a sequence of closed arcs such that p. c 3? 8 r o- 

rS . I rv OCT ^ p . ^ ^ 


as m 


1^1^ then .. 

finite 


P_] is 


Hill 


►o 


following properties: 

is the subset of all points of f 


f C f 
m ^ 


f_ C 0 ), 
m ^ 


rn 


*0 i 

m I 

interior to 

with respect to Q*. For each arc 3 = of Q*, 

say p = ab, let us consider two segments s = aw, 
s* = bw* completely interior to Q (with exception of 
the end points a, or b, which are on Q*). We can 
suppose the segments s so small that sH= 0, 

3(2 q) = 0, and also that all seponents s relative to 


where 


m 


different arcs p of each f^, as well as all segments 
s relative to different f are disjoint. 


For each arc p = ab of f^, both s - a, s' - b be¬ 
long to the same component y of G; hence there is 

an integer n(m) such that sF + 0, s'F + 0. 
o n ' n ' 

C F^ for all n > n(m). We can also suppose n(m) 

large enough so as these relations hold for all arcs 

P of f^. For every arc p let w^, w* be the first 

two points of the segment s = aw, s' = bw' (starting 


from a, or b) which are on F^, n > n(m), and 
hence on the boundary of the same pol. reg. 

R^ being the component of F 
the arc p, the sesments 


n 


contained in 

I i 

s, = bw 


1 - “1 


an arc 
«n ^ 


P' of R^ define a simple pol. reg 




y . Thus 
and 

jr.. with 


n 


# t ^ 

We have = P + P * +3^ + s^ and hence o* We 

have also D and we shall prove that jt^w = 0 

for all n large eno\igh. Indeed, in the contrary case 
all sets would be compact and non-empty, 

hence also the intersection set h 
of all n^H, n > n(m), would be compact and non-empty 
[G- T. Whybum, I, p. k, 3 - 6 ]. Thus h C //, h C n 
for all n > n(m), and since ^ ^n ^n^ 

0, ^ ” ^n^ should have h C 7 - R^^, a 

contradiction, since R^ f 7. This proves that 

H = 0 for all n large enou^. Let us fix for n 
an Integral value n = n*(m) > n(m) such that 

0 for each of the m arcs p = P^. We shall 
also fix n*(m) in such a way that n*(m) > n* (m-1 ), 
n * (m) > m, where n' (0) = 1 . 
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THE EUCLIDEAN PLANE 


(11.3) 


Let Sjjj be the finite system of all closed regions R 
of Pjjj and of the m closed simple pol. regions n 
just now determined. It Is easily seen that the closed 
set A^ covered by S* verifies the relations: 

\ ^ \+^’ ^ ° \ 

of a finite system S'' of pol. regions R' with 

^ t ^ t ® 

R H = R Q H, while each region is com¬ 

pletely contained in a region 


Let = max ti(R*) for all R'eS''. Then o > a 

m m - m+l 


m 


ra 


0 as m 


and we will prove that a 
this is not true. Then there is a X > 0 


o). Suppose 
such that 


> 
m - 


X for all m and there exists also a sequence 
[Rj^] of closed regions with > x for 

all m, RjJ^ ^^+1* ^ intersection of 

all the regions R^, K = Rj R^ then K is a 

continuum [G* T. Whyburn, I, p. 15 ]* Let us observe 
that for each m there is a pair of points 

V ^m^^ ^ ^ since 

R^ji C Q, Q compact, there are certain sequences of 


integers m, such that w 


V * 

O’ ^ 

Hence 


m 


w 


o 


w 


m 


w., .. 


are points of accumulation of 




where 


w , w^eK, 






IT(Wq) - T(w' ) I > X and hence 


t)(K) > X. On the other hand, let us observe that 
RjJj C Q - P° where F° | G as 
K C Q - G = H' = H(Q - Dq) + Q*. 


m 


00 • 
i 


hence 


R^Q* 

hence 


c Q* - f°. 

^ m^ 


where f° t 

m I 


0 ) 


00 • 


Also 

, as m 

KQ* C Q - to = h = HQ*. Therefore K C H 
and since K is connected, also K C g, where 
is a component of h as well as an element of 
r(T, Q). Therefore ti(K) = 0, a contradiction. 


g 


This 


proves that -- 0 as 

exists an m such that 
m > m. 


ni —^ and hence there 

(R* ) < e for all R*gS" 

m 


Let S'' ' > m - m. Let cu (B) be the modulus of 

continuity of (T, Q) and, because of cd(o+) = o 
(10.6, (1)), let Bq be a positive number such that 
tu(SQ) < 6. Let us observe that the regions qeS are 
all interior to the regions ReP^^, n = n(m) and 

that q*H= 0, R*H= 0. Thus by an arbitrary finite 
subdivision, we can divide each R into the regions 

q C R (if any), and new simple non-overlapping closed 
pol. reg. «' c R, n' h = O, dlam «' < B^. Since 
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nH= 0 for each n, also the regions n can be 
divided in analogous regions it'. Thus if 3 ^ is 
the finite system of all the regions n' we have 
Tt'H = 0 , ri(jt') < e for all jt'eS’. Thereby the 
required subdivision S + S' + S'* of Q is ob¬ 
tained and (i) is proved. 

(ii) Under the conditions of (i) there is a finite 
subdivision S + S' + S'' of Q into non¬ 
overlapping pol . reg. qeS, jteS', ReS'', where 
S is the given system, S' is a system of 
simple pol. regions n, S'' a system of non¬ 
simple pol. reg. R and 

(1) R*H= t](R) < e, 

ti(t() < € for all ReS'', jteS'; 

( 2 ) z''z*'i(p*) < e where L* is extend¬ 
ed over all boundary curves p* of 
R* and z'' over all ReS''. 

PROOF. Each of the closed pol. reg. ReS'' defined in 
(i) has ' u + 1 boundary curves p^, i = 0 , l, ..., u, 
= -.(R) > 0 . The notations R = (p , ..., p ), 

-if * ^ ^ 

R* = (Pq> P^) ( 5 * 1 ) will be used- Let us observe 

that all ReS'' with v) = 0 are simple pol. reg. and 
we can put them now in S'. Therefore we can suppose 
(a) i)(R) > 1 for all ReS' ' . 

We can also suppose that the following property holds: 

(p ) any pair of points wep^, w'epj, i =1= j, belong 
to different components wey, w'ey' of the set, open 
in R, R - HR, ReS''. Indeed, if (P) is not satis¬ 
fied, then, by (n.2, ii), there is a subdivision of 
R into simple pol. regions n with Tt*H= o, 
n(jt) < -nCR) < e, which we put in S', and into one 
region R' with r'*H= R^R'HC Q*H, t) (R') < n (R) < e 
and R' of order u - i . We put R' in S' if 
0-1=0, in S'' if o - 1 > 0. By repeating this 
procedure a finite number of times we obtain a sub¬ 
division S + S' + S'' such that both (a) and (P) 
are satisfied. Let N = Zo the sum of all orders 
u = o(R), RgS' ', 0 < N < + CO. Let cb(&) be the 
modulus of continuity of T in Q (10.6), and let 5 
be a number such that a>(&) < a, a = e/ii-N, 
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35 < lvl> p]], i + j, 1 , j = 1 , o = x>CR), 

ReS*', 


For every ReS'' let us consider the compact set 
RKC Eg and let r* be the upper semlcontinuous 
collection of all components of Rh and of all single 
points of Qq - R , where is any large square 

Q C (Qo)°- Therefore (lo.2, Hi) r* is an upper 
semlcontinuous decomposition of the compact set Q . 

For any two points aeQ^ - p^, and bep°, let us 
define the family E(aj b) of the elements ger* 
separating a and b in Q.^ [E being ordered from 
a to b]. Obviously E is non-empty (because of p) 
and also does not depend upon the particular choice of 
the points aeQ^ - p^, bep°. On the other hand, if 
Tq is the component of - HR v/hlch contains a, 
and 71 the component which contains b, then 

Pq ■ Pq ^ ’'o’ Pi - P, ^ C r,, and 7 ^ 7 = 0. 

Because of (10.3, ll), a + E(a, b) + b is compact and, 

since E(a, b) C Q, acQ^ - p^, bep®, E(a, b) is 

also compact (and ordered). Hence [G. T. Whyburn, I, 

p. 31, E has a first element Sq^p* which 

separates and 7^ in Q^. Let 7^ be the 

component of containing a. By (11.1, ii) 

(with M = HR, K = g^, Wq = a, 7 = 7^) there is 
a closed polygonal line 1 * with 1 * 7 /R = 0, and thus 
’’o’ separating a from g^^ and such that any 
point wel*, as well as any point separated 

by 1 * from a, is at a distance < 8 from g . 

Let 1 be the bounded and closed simple pol. reg. 
whose boundary is 1 *. If 1 ) let p^ = p , 

R' = R. Then (w, g^X s for every wep^* because 
1 * already has this property and C p Cl; hence 

Ti(p'*) < 2 a . ° 


IP 1 C Pq, then, because of 1 *hR = 0, we can re¬ 
place 1 * by a new polygonal line 1 '* Interior to 
1 and hence to p^ and so close to 1 that in the 
region between 1 » and 1'* there is no point of 

TV 


w , nor of + 


• • 


+ Thus C 1 '? 1* c 1 °, 


and, if we set = 1 ', we have (w, g ) < 6 

_/ m V O 


all W€P^*, T,(p.*) < 2a, as above. 

R into two regions R', R" orders 
[R' between 1 ' 


for 


Then 1 ' divides 


X) 




> I 


and all those p^ interior to 
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Pq = 1 ' including p^; R' ' between p^, p^ and the re¬ 
maining Pj_]* If o', 1 ^'* are the orders of R', R'', 
then u', - 1 are the numbers of regions p^^, 

i = -0, interior and exterior to 1 * = p^; hence 

o' + (o'* - i) = o. Since R' ' does not satisfy (^) we 
can operate as above and thus replace R' ' by a new pol. 
region R'* of order o'* - i. Thus o' + (o'* - i) = o. 


If 1 - PqI = 1 = 0 , Pq - Ip^ 4 = 0, then 1 *, p* have at least 
two distinct points in common and each bounded component 
of E^ - (p* + 1 *) is a simple pol. region. [This is an 
elementary well known fact, which could also be deduced by 
the non-elementary statement: G. T. Whyburn, I, p. 107, 

2.5]. If 1 q is the one region which contains g^, let 
Pq = 1 q and, as before, (w, g^} < 6 for all wep^* = 1 *, 
n(Po*^ ^ 20. Let R' be the region between p^* and 
those Pj^ contained in 1 = p^ including p^ . Of the re¬ 
maining simple regions (bounded components of E^ - (p* + 1 *))^ 
those which do not contain regions p^ are simple pol. 
regions it which we put in S'; those which do contain 


regions p^^ form certain pol. reg- R*, R*', ... 

■o', o' *, ... are the orders of the regions R*, R* * 
(finite in number), we have o' + o'* + ... = o. 


If 




Let us now repeat the procedure above for all new re¬ 
gions R' so determined. Since at each step the sum 
Zo' remains the same and the orders o do not 
increase, the number of the regions R' remain boimd- 
ed and hence, after a finite number of steps, all re¬ 
gions R' will have their external boimdary curve p^ 
verifying the inequality ti(Po*) < 2a. Ve can now re¬ 
peat the same procedure for every pair of boundary 
curves p^, pt, of the regions R* so obtained 
(i = 1 , ..., o', j = 0 , 1 , ..., o', instead of 
1 = 0 , j = 1) by exchanging the use of interior and 


§11. SOME PROPERTIES OP THE EUCLIDEAN PLANE E^ (11.3) 

exterior boiondaries. Each time we obtain a new set 
of regions R' with zo' = all u* > 1, and the 
nvimber of boundary curves pj, 1 = 0, i, o', 

verifying the relation Ti(pj) < Za Increases each 
time by one- The total number of boundary CLirves Is 
necessarily equal to z(o' + l ) = Z\)' + z(l ) < o + o = 2 o 
(because of o' > l). Therefore, by repeating the pro¬ 
cedure above a finite number of times, we obtain the re¬ 
quired set of regions R*. Thus we have 

t)(P£) < £"i:»(2a) < 2a Z" (o' + 1) < 4a Z"(o) - 4Na 
The statement ( 11 ) Is proved. 

(Ill) Under the conditions of ( 1 ) and ( 11 ) where S Is 

now any finite system of pol. reg. q C simple 
or non-slmple, overlapping or non-overlapping, with 
q* H = 0, there exists a finite subdivision S' + S'' 
of Q Into a system S' of simple pol- reg. jt 
and a system S'' of pol. reg. R satisfying all 
requirements of (1) or (11) and such that each re¬ 
gion qeS Is the finite sum of regions JteS', 

ReS' ' . 

PROOF. The same proof as for ( 1 ) and ( 11 ), with 

= H+Q*, g = Q-h', Since Zq» c G there 

exists an n^ such that Zq* C p^ for all n > n . 

Let us require the Index n(m) to satisfy n(m) > n . 

Then zq* Is completely Interior to regions ReS* and 
we can divide R Into simple pol. regions n such 

that q* C z«*, and each q Is a finite sum of re¬ 
gions JteS' and ReS''. 

(Iv) Under the conditions of (1), (ii), or ( 111 ), let 

D = D(T, Q) be the countable set defined In (10.5) 
and let H be any finite set of points peE^ with 

H C T( H ), HD = 0. Then we can request that 

S, S', S'' satisfy all requirements of ( 1 ), ( 11 ), 
or ( 111 ), and furthermore that for any ReS'' and 
any boundary curve p* of R* the set T(p*) is 
completely contained In a sphere P with PH = 0. 


PROOF. The proofs of ( 1 ), (u), (lii) hold with the 
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following variant. Each of the families E(a, b) de¬ 
termined in (il) for a given R is a subfamily of a 
larger family E^Ca, b), the svmi of all contlnua 
ger(T, R) separating a, b. For any geE(a, b), we 
have either T(g)H = o, and then (T(g), H) *> 0, or 
T(g) C H and then since HD = 0, each element 
geE(a, b) is an element of condensation of elements 
g' of both e“(g) and e'^(g) with T(g') +T(g). 

This is true in particular for each element g^eECa, b) 
(determined in (li)) and, in the second case, we can 
take g^eE^Ca, b), T(g^) ^ so close to g^ that 

(T(gQ), T(g|^)) < (H - TCg^), TCg^)}; hence 

Kg^m = 0 . If 3 T = (T(g^), H) [ 3 t = (TCg^), H) in 
the first case] and we take a in (li) such that 
a < T then the whole remaining proof remains unchanged 
if we use g^ Instead of g^^. On the other hand, we 
now have cu( 6 ) < x, (w, g') < 6 for all wep' and 
hence T(p^) is contained in a sphere P of center 
T(g^) and radius 2t. Therefore PH = 0. 


Bibliographical Notes 


The statements (ll.i, i-iv) summarize various earlier lemmas 
[L. Cesari, 9 , 12]. 
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§ 12 . BV PLANE MAPPINGS 

12.1. The Functions N, V. W 

Let A be any admissible set of the v-plane Eg, w = (u, v), (5*1 ); and 
let (T, A): p = T(w), veA, be any continuous (briefly c.) mapping from 
A into the p-plane E^, p = (x, y). 

Let us suppose that both planes Eg, E^ are oriented. Denote by n any 
simple closed polygonal region (briefly pol. reg.) n C A, by n* the 
boundary of n, both as a set of points w and as a (countercloclairise) 

oriented simple closed polygonal line. Let C: (T, Jt*) denote the c. 

oriented closed curve which is the image of n* in the plane E^, and 

^(pj C), peE^, the topological index of C in the p-plane E^ ( 8 . 2 ). We 
shall use also the following non-negative integral-valued functions 
(Vj C) = 2~^i\0\ + 0), 0“(p; C) = 2 ”^(| 0 | - 0), peE^. Therefore 
0 < 0'*' < |0|, o < 0” < |0|, 0"^ - 0" = 0, 0**" + 0“ = |0|. Both functions 
0"’', 0“ are, as well as 0, B-measurable in E^ ( 8 . 3 , li), and, since they 

are non-negative, their L-lntegrals exist (finite, or + «>); 

v'^Cn, T) = (Ep / 0^(p; C), v"(n, T) = (E^ / 0'(p; C) , 

v(n, T) = (E^) ; |0(p; 01 . 

Obviously v was already considered in ( 8.7 - ii). Let S denote any 
finite system of simple non-overlapping pol. regions n C A and set 

V'^(A, T) = Sup X v'^(n, T), V"(A, T) = Sup X v"(jt, T) , 

S It eS 3 It eS 

V(A, T) = Sup Z v(n, T) , 

S iteS 

I 

and, for each point peE^, also 

N'^(p; T, A) = Sup Z 0'^(p; C), N"(p; T, A) = Sup Z 0"(p; C) , 

S rteS S „cs 

N(p; T, A) = Sup Z 10(p; C)| • 

S IteS ( 
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We have 0 < V < V, and 0 < N'^, N" < N for every peE|. We ah ai i 

prove that V’*’ + V = V, ( 12 . 8 , 11), and that N"*" + N” = N for all but a 
countable set of points peE^ ( 12 . 5 ). 

We shall denote the functions N(p), N'^(p), N"(p), peE^, as the ABSOLUTE, 
POSITIVE, NEGATIVE MULTIPLICITY FUNCTIONS, respectively. The function V 
was already defined In (9-1 )• We shall use therefore the properties of the 
function V there proved. In particular. If (P, P) Is any q.l. plane 
mapping from a closed figure P, we have a(P, P) = V(P, P) (9.4, 1). 

The previous definitions hold also If we replace A by any other admissible 
set A' C A. Hence V, V"*", V , and N, N^, N” for every p, may be con¬ 
sidered as set functions. Obviously, If A'' C A' C A, we have 
V(A'') < V(A'), N(p; A'') < N(p; A') for every p, and analogously for 
V"^, V", N"^, N". 

For every « C A and for all peE^ - T(A), we have, by ( 8 . 6 , 11), 

0(p; C) = 0'*'(p; C) = 0"(p; C) = 0 ; hence N(p) = N'^(p) = N"(p) = 0 for 
the same p. 


NOTE. If (T, A) Is a regular plane mapping, (9-6), then the number 
V(A, T), by (9-6, 11), can be obtained as a simple limit. Instead of a 
Sup, where we consider the set {r} of the particular rectangles r C A 
defined in (9*6). An analogous result holds for all plane mappings, as we 
shall see In (i2.8, 1), provided the limit Is ta^en conveniently. 


12 . 2 . Lower Semicontinuity of the Functions N, N’’’, N“ in E^ 

(1) The functions N(p), N'^(p), N"(p) are lower semlcon- 

tlnuous in E^. 

PROOF. Let p be any point peE^ and n be any in¬ 
teger n < N(p). Then there Is a finite system S of 
non-overlapping simple pol. reg. n C A with 
n < Z |0(p; C)|. If K = Z[C], K Is a compact subset 
of Eg• In the sum above we can suppose all terms 
10(p; C)l > 0 by dropping from S the pol. reg. Jt 
with 0(p; C) = 0; hence p Is not in K (8.2) and 
the distance 6 = {p;K] Is positive. For every point 
p' of the neighborhood U of p of radius 8 and for 
every curve C: (T, Jt*), itcS, p lies in the same 
component of E^ - [C] where p lies; hence, by 
(8.4, 1), 0(p'; C) = 0(p; C), n< z |0(p; C)| = 

z |0(p*; C)| < N(p'; T, A), and, since n Is any number 
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n < N(p), we have N(p) < N(p' ) in U if 

N(p) < + », and <» = N(p) = 11m N(p*) as p' —p 

If N(p) = + 00 . In any case N(p) < 11m N(p' ) as 

p' -^ p. An analogous reasoning holds for N 

and N”* 

12 . 3 . Positive^ Negative, Total Variations of a 

Plane Mapping (T, A) 

The previous statement assures that the non-negative fmctlons N, N”^, N“, 
are lower semlcontlnuous and hence B-measurable In and the following 

L-lntegrals exist (finite^ or + “); 

W(A, T) = (E^) / N(p), W"(A, T) = (Ep f N'^Cp), W(A, T) = (Ep / N"(p). 

Let us denote W, W"^, W“ as the ABSOLUTE, POSITIVE, NEGATIVE TOTAL VARIA- 
TIONS of (T, A), respectively. We have o < W''', W” < W, and we shall 
prove that W"*" + W” = W ( 12 . 8 ^ 11). We say that the plane mapping (T, A) 
Is of BOUNDED VARIATION, or BV, provided W(A, T) < + 0 °. Therefore (T, A) 
Is BV If and only If the function N(p; T, A), peE^, Is L-lntegrable In 
E^. Obviously, If (T, A) Is BV, then N(p), N'*'(p), N”(p) are 
L-lntegrable In E^ and hence finite a.e. In E^. 

As In ( 12 . 1 ) the definitions above hold for every admissible set A* C A; 
hence also W, W'*', W“ may be considered as set functions. 

NOTE 1 . We shall prove In ( 12 . 8 , 11) that V(A, T) = W(A, T), V‘*'(A, T) = 
W+(A, T), V-(A, T) = W-(A, T) for every c. plane mapping (T, A). The 

functions V and W defined above can be considered as the two dimension¬ 
al extensions of the Jordan and Banach total variations of a real fimctlon 
f(u) of one real variable u .( 2.2 and 2 . 11 ). Thus the equality V = W 
( 12 . 8 , 11) Is the two dimensional extension of Banach theorem ( 2 . 11 , 1 ). 

Let us prove here the following preliminary statement: 

(1) For every c. plane mapping (T, A) we have 

V(A, T) < W(A, T) and analogous relations hold 
for V"^, W"^, V, W". 

PROOF. Given e > o there exists a finite system 
S of non-overlapping simple pol. reg. n C A such 
that E v(it, T) > V(A, T) - € If V < + «, 

> € If V = + 00 ^ where z ranges over all 
neS. Then we have 

V(A, T) - € < £ v(n, T) = 2 (Ep f 10(p; C)| = 

= (Ep ; Z 10(p; 01 < (E^) / N(p; T, A) = W(A, T) 
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if V < + 00 , or €"’ < w if V = + CO. Thus 

V(A, T) < W(A, T) and (i) Is proved. The same proof 
holds for V^ W+, V", W. In (12.8, li) we shall 
prove that V = W, V~ = W". 

NOTE 2 . V(A > T) = V(A^ T), W(A°, T) = WCA, T) and analogous relations 
hold for W , W , V , V , N"^, N , N. The same proof of ( 9 . 1 ) holds. 

Lower Semlcontlnultv of the Functions V, W, N 

With Respect to T 

( I ) If (T, A), ^ ^ are c. plane 

mappings and --T (5.3), i-e., A^ c A, 

^ t \CVl’ d(T, T^, A^)—o as 

n -then V(A, T) < T h 

W(A, T) < W(Aj^, T^), and N(p; T? A) < 

N(pi Tj^, A^) for eveiy peE^, as n -► co. 

Analogous relations hold for V'*', V, W", N”^, N“. 

PROOF. Let p be any point peE^ and m > o any 
Integer such that m < N(p; T, A). Then there Is a 
finite system S of non-overlapping closed simple 
pol. reg. It with m < £ IO(pj C)| v;here we can 

suppose 0(p; C) 1 o and also that it c A° ( 8 . 3 , 1 ). 

Thus £ It C A° and, since A^ | A°, there Is an 
n such that ^ « C A^ for every n > n- If 

^n’ ^'^n’ 'Tn^ follows 

||Cni C|| -►o and by ( 8 . 3 , 1 ) and ( 8 . 7 , 1 ), also 

0{p; C) = 0(p; C^) for all n large enough. Hence 
m < £ |0(p; 01 = £ |0(p; 0^^)] < N(p; T^, A^^) for 
all n large enough. This proves that 

N(p; T, A) < 11m N(pj T^^, A^) as n ► co for every 

pcE^. Thus the statement for N Is proved and the 

analogous one for W follows now by Patou's ine¬ 
quality [S. Saks, I, p. 29 ]. The statement for V 
has already been proved In ( 9 . 2 ). Analogous proofs 
hold for V"^, V, N"^, N", W. 

(II) If (T, A) is any c. plane mapping (l 2 .l) and 
A^ any sequence of admissible sets with 

A^tA°, then 

V(A^, T) - -V(A, T), W(Aj^, T) 


W(A, T), 
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and N(p; A^^, T) -- N(p; A, T) for all peE^ 

as n —► 00 , 

The same proof holds as for (5*1^^ iv) and (9.3, iv). 

* 12 .^. The Equality N'*' + N~ = N 

Let (T, A) he any c- plane mapping from the admissible set A of the 
v-plane into the p-plane E^. We shall need below the exceptional 

countable set D of points peE^ introduced in ( 10 . 5 ), containin'^ all 
those points p which may be the images of points weA around which the 
topological properties of the mapping (T, A) are exceptional as we have 
described there. The set D was defined in ( 10 . 5 ) first for the case 
where A is a closed polygonal region and then for the case where A is 
any general admissible set. We recall here the definition of D for the 
latter case. Let (F^^) be any sequence of figures such that F^^ C A, 

^n ^ ^n+i' ^n \ Since, for every n, F^ is a finite sum of disjoint 

closed pol. reg. Q of orders o < u < + «, we can consider the c. plane 
mappings (T, Q) from the compact sets Q and the corresponding countable 
sets D(T, Q) defined in ( 10 . 5 , Note 2). Thus by D = D(A, T) C E' we 
shall denote the countable set D = L D(T, Q), where z ranges over all 
components Q of F and n = l, 2 , ... (see 10 . 5 , Note 2 ). 

(i) N(p) = N^(p) + N"(p) for all points peE^ with 
exception at most of the points p of the count¬ 
able set D C E^ . 

PROOF. For each point peE^ and integer n < N(p) 
there exists a finite system S of closed non- 
overlapping simple pol. regions n C A with 
n< E |0(p; C)|, where C: (T, n*) and z ranoies 
over all neS. Denote by z:"'’, e" any sura extended 
over all neS with 0(p; C) > o, or 0(p; C) < o. 

Then n < S |0(p; C)|= + z~) |0(p; C)| < N''" + N". 

Hence N < N^ + N” for every peE'. 

Let p be any point peE^ - D and n"^, n" be any 
two integers with o < n'*’ < N'''(p; T, A), 

0 < n" < N“(p; T, A). Then there exists a finite sys¬ 
tem S [S ] of closed simple non-overlapping pol. 
reg. n'*' C A [jt C A] such that n"*" < z'*’ 0''‘(p; C), 
n < z 0 (p; C), where z"^, z are extended over 
all n'eS", respectively. Obviously we can 

suppose O'** > o for all neS"^ and 0" > o for all 
TteS ; hence p is not on any of the curves C. By 
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(8.3^ i) we can suppose c A° for every 

n eS , n eS . Indeed we can replace each n = n 
not satisfying the above condition by another region 
«' C it° with lU'*, «*|| sufficiently small. Since 
p ^is not on the curves C, the polygonal lines 

(n )* have no point in common with the set 
T (p). Let us observe that while the regions 
It eS , as well as the regions n”€S“, are non¬ 
overlapping, it may happen that some region it'^eS'^ 
is partially or completely overlapping with regions 

Jt~€S . 


The closed set s n + z n is Interior to A; 
hence there is an n such that z'*' + z" n” C 

for all n > n> where is the sequence of 

figures considered above. Consequently, if n > n, 
each Tt [ n ] is interior to some region QeF . 

For each Q containing at least one or 

(in its interior), let us apply (11.3, iv) by taking 

H = (p), H = (p); hence H C A, 

H [z (n'*')* + z (n )*] = 0. Then there is a sub¬ 
division Sq of each Q into simple pol. reg. q 
and pol. reg. R of orders u >1, R = (r^, r 

(a) each fn eS ] is the finite sum 

of regions q and R; 

(b) for each region R, or q, contained in 

a region it'*', or n”, we have q*// =0, 

R*H = 0; 

(c) for any R and any boundary curve r* of R* 
the curve C:(T, r*) is completely con¬ 
tained in a circle a not containing p. 

For each region n(n = or n = it'eS*) let us 

consider now the subdivision of n mentioned in (a) and 
let us drop from it all parts r^, r„, ..., r relative 
to regions R = (r^, r^, r^) C as well as all 

further regions q, or R, contained in some 

r^, r^ as above. In such a way we have a sub¬ 
division + 3 ^^ of Jt into simple pol. reg. 

qeS^^ and simple pol. regions ^ 

by (8.6, 1 ) we have 0 (p; C) = Z' 0 (p; C*) + z*' 0 (pj C^') 
where C: (T, q*), C': (T, r*) and z*, Z** are 
extended over all qcS, and r^€S« . By (c) we have 

1 7 t O Jt 

also 0 (p; C'*) = 0 for all hence 


), such tha; 
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NOTE 1 . 

+ N" ; 

(p^ e), 

Let (T, 
r = 8 p - 
N'^(p) = : 
Thus N < 

NOTE 2 . 

NOTE 3. 
square ( 
(u, v)eQ 
as ( 9 . 6 , 
then the 


(or) 0(p; C) = z' 0(p; C*). Let us observe that 
O’*" > O", 0” > 0 , and that, if in (a) the first 
member is > 0 [< o], then the sum of those terms 
in the second member which are positive [negative] 
must be at least equal to 0 *^ lo"]. Hence, 

(p'*’) 0'^(p; C) < Z* 0'‘’(p; C) and, analogously, 

(P ) 0 (p; C) < Z' 0 (p; C*). By combining now in 
a unique system S* all systems defined above 

for each («'*', or n“), where each q belong¬ 
ing to more than one system is comted only 

once, we have a system S* of non-overlapping simple 
pol. reg. q. On the other hand, if a region q 
belongs to more than one system 3^^, hence is 
contained in more than one pol. reg. n, then q 
must belong at most to only one n'*' and only one Jt” 

(because S'*' and 3” are, separately, collections of 
non-overlapping regions). In addition, if 
C: (T, q*), then at most one of the two numbers 
0'**(p; C), 0 (p; C) is = 1 ^ o. Consequently, by 

(P*^) and (p”), we have n"*" + n” < z"*" o'''(p; C) + 

0’(p; C) < z'*' Z* 0'^(p; C) + Z" Z' 0”(p; C*) < 

Z |0(p; C)|, where the sum z is extended over all 
qeS. Therefore n"^ + n“ < N and finally N"^ + N“ < N. 

By the contrary relation N < N"^ + N” we have 
N"** + N = N for all - L, D countable. 

The following example shows that there may be some points where 
N. Let A be the closed unit circle of the w-plane Eg and 
(r, 01 ) polar coordinates of the w and p-planes, respectively. 

A) be defined as follows: r = 2 p - i, oi = e if 2 “^ < p < 1 ; 
l 6 p^, a)=-elf o<p< 2 ^. Then we have N(p) = 3 , 

N"(p) = 1 , if 0 < r < 1 ; N(p) = N'^Cp) = N’(p) =1 if r = 0 
: N*^ + N“ at the origin. 


See in ( 12 . 16 ) a further comment on statement ( 12 . 5 , 1 ). 


If f(u, v), (u, v)eQ, is any continuous function in the unit 

: then the c. plane mapping (T, Q): x = u, y = f(u, v), 

is regular ( 9 . 6 ) and hence V(Q, T) can be obtained by a limit 


11). If r is any rectangle r = [ 
curve C: (T, v*) is the sum C = C 


c < V < d] c Q, 


1 


^ ^2 " S 


-1 ^-1 


+ c 


where 
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C^: X = u, y = f(u, c), a < u < b; C^: x = b, y = f(b, v), 

c < V < d; C^: X = u, y = f(u, d), a < u < b; C^: x = a, y = f(a, v), 

c < V < d. Here C^, Cj^ are contained In the two straight lines x = a 

and X = b, and C^ and C^ are seralrectlflable ( 8 . 8 ), and hence 
|C| = 0 . It Is easy to see that 0 (p; C) = + 1 for all p = (x, y) with 
a < X < b, f(x, c) = 1 ^ f(x, d), and y In the open Interval of end points 
f(x, c), f(x, d); ®(pj C) = 0 otherwise. More precisely we have 

0 (p; C) = + 1, or - 1 according to f(x, c) < f(x, d), or f(x, c) > f(x, 

As a consequence we have 

v(r, T) = (Ep J | 0 (p; C)| dp = 

Thus V Is the well knovm Geocze function studied In [S. Saks, I, p. 171]. 

As It Is proved there the limit ( 9 - 6 , 11 ) coincides with the total varia¬ 
tion In the sense of Tonelll with respect to v (3.1 ) of the function 
f(u, v); hence V(Q, T) = [f, Q] = Vy(x) dx. Thus the mapping 

(T, Q): X = u, y = f(u, v), (u, v)eQ, Is BV If and only If the Tonelll 

variation V [f, Q] of f Is finite. 

o 

Analogous relations hold for V'*' and V”, namely V'*' (Q, T) = 

V" (Qj T) = V 7 here V^(x), V”{x) denote the total positive 

V 0 w 

and ne'^ative variations of the function f(x, v), c < v < d, considered 
as a function of v, for each o < x < i. 

If we consider no;/ the c. mapping (T, Q): x = u, y = v, z = f(u, v), 

(u, v)€Q, from Q into and v;e denote as usual, by T^, the 

projections of T on the coordinate planes, l.e., : y = v, z = f(u, v); 

Tg*. X = u, z = f(u, v); T^: x = u, y = v; then is certainly BV. 

Thus the previous result implies that f(u, v) is BVT ( 3-1 ) if Q-nd only 
if both T.| and are BV. 

12.6. Indices d, m, a of a Subdivision 3 of a 

Fl.grure F into Polygonal Regions 

Let (T, A) be any c. mapping (l2.l) and let F be any figure F C A. 

Then F is the finite sum of N (> i ) closed disjoint pol. reg. Q each 

of some order of connectivity -o, o < -o < + oo. In addition F* = z Q*^ 

F*^ = s 0 ,°, where Z ranges over all the N regions Q. 

Let S be any finite subdivision of F into non-overlapping closed pol. 
regions q (simple, or not). Let d = max T](q) max dlam T(q) for all 

qeS. 


L 


f(x, d) - f(x, c)| dx 
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Let us denote by S' the subcollection of all regions qeS which are 
simple and by £' any s\m extended over all regions qeS' which are In¬ 
terior to F; l.e., q C P°. Let B = z' q*, B' = T(B) = T(z' q*) = 

Z T(q*). Consequently the sets B C Eg, B' C E^ are both compact. Let 

m= |B'|, l.e., m is the two-dimensional Lebesgue measure of B' in 

E^; hence 0 < m < + w. 

Let us denote by S' ' the collection of all pol. reg. qeS which are not 
simple. Let us denote also by R these regions q = ReS''^ 

R = (Tq, > • • •, r^), o = •o(R) > and let a = z'' z* T)(r*) = 

Z* dlam T(r*), where Z* is extended over all boundary curves r* of 
R*, and z'' over all regions RgS''. 

The numbers d, m, a, all non-negative and finite, are said to be the 
indices with respect to T of the subdivision S of P. 

(i) Given (T, A) and F C A as above and any nmnber 
€ > 0, there are finite decompositions S of P 
into pol. regions q with indices d, m, a < g. 

PROOF. Let H C T(P) be any closed completely dis¬ 
connected set such that |T(P) - H| < g (see Note 

below) and set H = T"^(H). Then H C F is closed, 

and the components of h are contlnua gGr(T, F). 

By applying (n. 3 , ii) to each of the N pol. reg. 

Q which are the components of F, using N”^g in¬ 
stead of G, and supposing that the system S there 
named is vacuous, we obtain a finite subdivision, say 
3 = S' + S'* of P into simple pol. reg. qGS' and 
non-simple pol. reg. RgS''. Denote each region R 

by R = (r^, . . ., r^), u = ■o(R) > i (5.1 ). Then 

we have 

(a) T)(q) < G, ti(R) < G for each qcS', RgS'' 
and hence d < g; 

(b) z' z* r^ir*) < N-eN“’ = e and hence a < ej 
finally 

(c) q* H = q* R* H = R* Q» h for every 

Q, and hence B H = 0, B'H = T(B) H = 0 
B' C T(F) - H, m = |B' I < €. 


"rt' Kr T"" ° aisoomeotea 

set K C such that |Ei - K| < e. m order to prove this let 


^ open linear subset of the interval I = [0 < t < i] 
< o, everywhere dense in T. 


(U 


denote 

of measure 

and whose components are (open) Intervals 
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without end points in cornmon. Then the set of all points (x, j) 


the square Qq= with both X€[o, 1] - o), 

ye[0, 1] - CO is perfect, completely disconnected, and = 

[0, 1 ] X CO + CO X [0, 1], IQq ■ ^qI < 2a. If [Q^] denotes the sub¬ 
division of E« into squares of side-length 1 and K. C the sets 

^ - 1-2 ^ - 1-1 

analogous to with a = = 2 e we have |Q^ - K^\ <2 e, 

and lE^ - K| < e provided K = z Kj_. The set K has all required 
properties. 


of 


NOTE 2. In the statement (i) above the Ineq-uallty m< e means that 
|B'| < € where B' = Z T(q*) and Z* ranges over all qeS*, q C 
In the proof of ( 1 ) we have proved a somewhat stronger statement, namely 
that |B |1 < € where B{ = T(z q* - F*), where z ranges over all 
regions qeS'- Indeed we have B* C B* C T(F) - H. 

Let us use again the notations of (i). For each boundary curve r* of 
any region R - r^, r^)eS" let us denote by 7 a closed circle 

whose center is any point of T(r*) and whose radius is the number 
Ti(r*) = diam T(r*). Let B^ be the set of all the circles 7. Thus B^ 

is a compact subset of E^ and we have 

(ii) |Bq1 < 4 a provided a < 1. 

Indeed I7I = 7t[Ti(r*)]^ and. If r)(r*)< a< l, then also Irl < r|(r*). 

Hence |Bq| < z I7I < E" z* ^(r*) = Iki- 


12.7. Some Lemmas 


Let (T 
figures 


mapping 




n+1' 


PnC A, 


P 


n 


t A°, 


let 


Sn = 


(F^) be a sequence of 
S' 


+ S' ' 
n n 


subdivision of F into non-overlapping 


be any finite 
’ and non- 




RcS-, 


simple pol. reg. 
and suppose d^^ 


let dj^, m^, a 


n 


indices 


S (12.6), 


n 


0 as n 


00 


As in (12.6), if 2', 
and over all R = (^Qt 
B- = T(B^), 


q C P°, 


E'' denote sums extended over all qeS^^ 
r , r )€S^' respectively, and B^^ = z' q*, 

we have = [B^^l, ’I denotes a 

sti extended over all boundary curves r* of each ReSj!^'• Pinally, if 


B 


is as in (12.6), the sum of circles r each of center at a point ot 


T(r*) and radius Ti(r*), we have Provided t^n ^ 1 

C: (T q*) be the image of the (counterclockwise) oriented boundary c 


q* and thus [C] 
following 1 


BA 


for every q^S^^ 


q C f'^. Let us prove the 


iitii 
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(i) For every simple pol. reg. jt C and for every 
point pcE^ - T(jt*), there is an n(p) such that, 
for all n > n(p), either PeB^ + or 

0 (p; Cq) = Z 0 (p; C), where C^: (T, n*) and E 
is extended over all (simple) pol. regions qeS^ 
completely contained in n (see Note i below). 


PROOF. Let p be any point peE^ - T(n*) = E^ - [C^] 

and set 36 = (p; [C^]] > 0 . Since d^—^0 there 

is a n^ such that ^ ^ ^ov all n > n^ and, 

since n is a compact set, Jt C A°, and F° f A°, 

there is an n„ such that n c F? for all n > n^. 

^ ^ n 2 

Let n(p) = max [n^, n^] and let n be any integer 
n > n(p). Let us suppose that p is not in 
®n ^on' Since ( 1 ) is trivial for diain T(n) = 0, we 
can suppose diam T(jt) > 0 and n^ large enoiigh in 
order that d^ < diam T(jr) for all n > ng. Then n 
is contained in no region q, or R, if n > n. 


We shall consider the finite subdivision 


= S 


+ S._ ^ + S 


nit ""ni ■ '-'m ’ "'n3 

s, which is defined by 


of 


n 


S* 

n 


into simple pol. regions 
+ S'' as follows. First 


of all let us disregard all those regions r 
relative to regions 
completely contained in n. 


1 


Res-', 


R = (i-Q, 


"■a’ 


• • 




and 


as well as all the regions 


q and R which are in the interior of some regions 

..., r above. In such a way for each point 


1 ' ^2^ 




( 1 ) 


(a) 


( 3 ) 


e one of the following 
o 

q C jt: 


for some region 


w.eq 

this case we take s = q and we put 
(example 1 of the illustration); 
with R = (r*. r 


in 

s in 


ni 


wcr 
r 


o 
C Jt; 


o^ 




O 


thus 


and 


1 ^ • • • > 

Q ^ , in this case we take s = r 

we put s in S^^ (example 2); 
weq*^ jt^ with leSj!^, q - jt + 0; 
belongs to a component s° of q*^ 
the closure s of s° is a simple pol. reg.; 
in this case we put s in 

for some R = (r 


w 

and 


o o 
wer^ n 

w-^ th r^ 

component 

3 of 3° 


3 (example 3); 


o^ 


n 2 


• • 


- Jt + 

o 


r )€S'' 


0 ; thus w belongs to a 
S' of r^ Jt^, and the closure 
is a simple pol. reg.; in this 


case we put s in S 


n 2 


(examples 4 -7 ). in 


(4) 
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the illustration all regions scS are 

o 

thatched. Finally a point wejt may belong 
to the boundary of the regions s above. 

Thus the subdivision of Jt into simple 

regions s is obtained. 



Let 2^^^, denote sums extended over all 

seSn^^ Sn2^ IP ^ 

s* = q* C « C P°, q* C [C']C = T(Bj^) where 

C: (T, s*); hence p la not in [C]. If 

then s* n* +0, s* C q, or R, dlam T(s*) < dlam T(q), 

or dlam T(R); diam T(3*) < d^ < 6, [C] is completely 

contained in a circle 7' of center in a point of [C^] 

and radius < 6 , p is not in 7', not in [C], and 

0 (p; C) = 0. If then s = r^, 

hence [C] is contained in a circle 7 C hence 

p is not in y, p is not in [C] and 0(p; C) = 0. 

Finally p is not in [C^]. By (8.6, i) we have 

0(p; Cq) = + 2^^^)0(p; c) and finally 

(a) 0(p; Cq) = ^ 0(p; C)• 

Let us now consider all pol. reg. qeSj!^ completely 

contained in n but not in nil regions 

R = (r ^ such that r^ C n for some 

1 = Then we can form a finite number of 

% 

families f = f + f' of simple pol. reg. qef, 
qeSj!^, and of simple pol- reg. r = r^ef* relative 
to some ReS^', and each family f is a subdivision 
of a region r^ as above. If, for the sake of 
simplicity, we denote by such a region covered by 

f = f* + f', by C the image C : (T, r*), by C 
the image of each curve q*, or r*, q^fS ref , 
then we have, as above [C^] C B^^, [C] C B^^^ for 

all ref", [C] C Bj!^ for all qef, p is in no 
set [Cq], [CM, and 0 (p; C^) = 0, 0 (p: C>) = 0 
for all ref'. Therefore, if E ^ , 2 denote 




§12. BV PLAJffi MAPPINGS (12.?) 


185 


sirnis extended over all qcf', ref', by (8.6, i) we 
have 0(p; 0^) = finally 

( 3 ) 0 = E 1 0 (p; C). By adding to (a) all rela¬ 

tions like (p), we have 0(p; C^) = e' 0(p; C), 
where E' is extended over all 0.^3^ such that 
q C It. Thereby (i) is proved. 


NOTE 1. Tlie number H(p) of the statement ( 1 ) can be defined as the small 
est integer n(p) such that d^^ < diam T(n), d < 3'' (p, [c ]), n c P° 

for all n>n(p). Obviously H(p) depends also on n, and°both cases 
of statement (i) may occur. 


(ii) 


o 


For every simple pol. reg. « C and for every 

there Is an n(p) such that, for all 

n > h(p), either peB' + B , or 

^ n on^ 


point peE^, 


0(p; C ) 


< 2 | 0 (p; 0 ) 1 , where C : (T, n*) and 


2 Is extended over all (simple) pol. regions 
completely contained in 






PROOF. Indeed, if p€T(it*), i.e., pefC^], then 

0(p; Cq) = 0, and the statement Is trivial with 
n(p) =0. If peE^ - T(n*) and n(p) Is defined as 

in (i), then by (i), 0 (p; ) = e 0 (p; C) and hence 

I 0 (p; Cq)| < E | 0 (p; C)|. Thereby (ii) is proved. 


(iii) If the series 2:(m^ convergent, then 

0(p; Cq) = lim E o(p; C) for almost all 

^ where E is extend¬ 

ed over all q^S^!^, q C n. 


PROOF. 
where E 

^ % 


Let 

(o) 


B' 

n 


be the set = E^^*^ 
is extended over all m > n, 
< 4a 


(B' 
' m 


+ B ), 
om''^ 


B 


for all n 


and where 
provided 

+ 


'“on' - "n 

Because of the convergence of the series E(m^ 

I._ I < +00 fn-n an r. enough and 

^00. In aiiii-ft.-lon T ^ j for 


we have 
I 


^n < ^ 


■n 
all 


n’ 

0 as 


n 


and, if I = lim I , 


n, 

|I| = 0. For every 
n^Cp) such that p 
and hence p is not in 


In addition I 
as n — 


n 

00 


n+l 

also 


peE^ I there is an integer 
is not in I^ for any n > n 


B. 


Bon f or any 


^ > n 


If n,(p) = max [no(p), E(p)], °E(p) defined as In 
(1), then for all n > n,(p) the second alternative 
of ( 1 ) holds j hence 0 (p; c^) = 2 o(pj C) for all 
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n > n^(p). Thereby (ill) Is proved. 

NOTE 2. In the relation 0 (p; C^^) = Z 0 (p; C) of (i), as well as In the 

inequality | 0 (p; C^)] < z |o(p; 0)1 of (il); the sum z is extended over 

all closed simple pol. regions such that q C n * For those regions 

qeSjl^ with q C n but not q C we have q n* =|= 0 and 0 (p; C) = 0 
by the same reasoning utilized for all S€S^2* Therefore the relations 
above are not affected by including or excluding these regions in the sums 
above. 

NOTE 3. As a consequence of Note 2 we can enlarge the hypotheses of (i) 

and (ii) by replacing the condition Jt C A° with the following weaker one: 

JT C A and there exists an integer n such that n C for all n > n. 
Indeed for all qeS^ with q C n > n, either q n* t 0 and then 

0 (p; C) = 0, or q C hence q C j q* C [C] C 

and the reasoning for ( 1 ) and (ii) remains unchanged. This observation is 
particularly useful because, if A is a figure, we can suppose F^ = A 
for all n, and n any region n C A. 


( 1 ) 


le Functions V, W as Limits and the 
V = W, V~ = W~, V = V'*' + V 


(i) THEOREM. For any c. plane mapping (T, A) (12.1), for 


any sequence 
.0 


(F^) of figures F^ C F^ C A, 

I A^, for any finite subdivision 
of in non-overlapping simple pol. reg. 

and non-simple pol- reg. ^bose indices 






n 


0 as n 


CO, we have 


lim 


Y, v(ci, T) = V(A, T), 


n 


00 




(2) 


n 


lim Z (E') r | 0 (p; 01 = (Ep f N(p; T, A) = W(T, A), 
=0 qeS* J ^ 


n 


where C; (T, q*), q^SA- In addition, if (T, A) 
BV, also 


is 


lim (Ep J 


N(p 


; T, A) - Z | 0 (p; C) 


n 


00 


q^SA 


= 0 . 


(3) 


Analogous relations hold where V, W, 0 , N are 
placed by V*^, W^, 0 "^, N"^, or V", W, O', N . 


re- 
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( 11 ) THEOREM. For any c. plane mapping (T, A) ( 12 .l), we 
have V(A, T) = W(A, T), V^(A, T) = W'*'(A, T), 

V"(A, T) = W"(A, T), V^iA, T) + ¥"(A, T) = W(A, T), 
V'"(A, T) + V"(A, T) = V(A, T). 

PROOFS of ( 1 ) AND ( 11 ). We shall denote as above, by 
I*, 2 '' any svun extended over all 

By the definition of the function N (l2.i ), we know 
already that 

(‘^) £' lo(p; c' )|< N(p) • 


Hence In (3) the difference under sign of absolute val¬ 
ue is > 0 - Let e be any positive number. For any 
integer t > 1 and let N^(p) = t if 

N^(p) > t, N^(p) = N(p) if N(p) < t. Then N^(p), 
peE^, is a non-negative, B-integrable function taking 
only a finite set of values. By [S. Saks, p. 22, (11.6)] 


we have (E^) / N^ ^ (Ep / N = W(A, T) as t ^ 

Hence we can take t in such a way that (E^) / > W - 

if W < + «>, (E') / N^. > €"’ if W = + 00. Let 

^ U Oil 

be the set defined in ( 12 . 6 ) for the subdivision S^^ 


and let n^ 

an < € t-\ 


be the smallest Integer such that < 
ra^ < € t”^ for all n > n . Then for 



all n > n^ we have, by (12.6, ii), < ^cr^, and 

also, by (12.6), IB^l^l = |T(Bj^)| = < e t~\ where 


Bn = 5 ^ T(q*) the sum being extended over all 
such that Q. ^ 


Let p be any point peE^. By the definitions of N(p) 
(i2.l) and N^(p) above, there Is a finite collection 
Sq of non-overlapping simple pol. reg. n C A such that 



2^°^ lo(p; Cq)| > N^(p) 


where C^: (T, n*) and 2^*^^ denotes a sum extended 
over all " 63 ^. By (8.3, i) we can suppose n C A° 
for all neSn and also 0(p; 0^) + 0; hence p is 
not on the set M = [ 0 ^] = T(it*). if 

C; (T, q*) is the c\irve image of any qeSjl^, then. 
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by ( 12 . 7 , i) there exists an n(pj which we can 
suppose > , such that, for every n > n(p), 

either peBj\ + or 0(p; C^) = £ 0(p; C) for 

any and. where £ is extended over all 

q C Jt- Consequently also |0(p; C^)] < £ |0(p; C)| 
and, by adding all these relations and by ( 5 )^ finally 
(a) N^(p) < 10(p; Cj^)| < 2 ^°^ £ |0(p; C)| < 

£’ |0(p; C)| , where £' is extended over all 
Finally for all n > n(p) we have either P^B^ + B^^^, 
or N^(p) < Z' lo(p; C)| < N(p). 

We know that the sets B^, B^^ are B-meas\irable and 
that the functions 0(p; C) are also B-meas\irable. 
Therefore the fianctions 9^(p)^ defined by 9j^(p) = t 
if peBj!^ + B^^, 9n(P) = | 0 (P^ C)| if 

peE' - (B' + B ), is B-measurable, and takes 

^ 11 ^11 11 

only finitely many values in E^- Since 9j^(p) > 
for all n > n(p) and peE^, we have 
lim q>j^(p) > P* ( 12 . 10 )], 

also (Ep / 9n(p) > / ^t^P^ n —CO. On 

the other hand, because ^ ^ ^ ^ 

< he t~\ also 

(Ep / s' 10(p; C)| > (Ep / (Pn(p) - |Bj!^ + B^^lt > 

> (Ep / 9n(p) * 5€ • 

Finally, 

W > HH (E^) / s' |0(p; C)| > 

> im (Ep / s' |0(p; C)| > W - 6 e , 

[or > - 5 €], vrhere lim and lim are both 

taken as n-► Since e is any positive number 

and v(q, T) - (Ep / |0(p; C)| for every qeS^, we 

have 

( 6 ) lim s' v(q, T) = W • 

n—►«> 

By the definition of V we have also (i2.1 ), 

V > s' v(q, T) for any n and hence V > W. Since 
V<W ( 12 . 3 , i) we have V = W and, by (6), relation 
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(1 ) is proved. On the other hand, we have W = (E^) / N 
and hence also (2) Is proved. Relation (3) is an ob¬ 
vious consequence of (2) and (h) 

The reasoning above can be repeated with trivial modi¬ 
fications if we replace v, V, |0h W, N by v'*', V*", 

0’*', N"^, or v", V", o~^ V", N". Thus (i) is 

proved and also V = W, V'*' = W'*', V” = W”. By (12.5) 
and L-integration we have then W"*" + W” = V, and 
finally V'^ + V = V. Thus (11) is proved. 


NOTE 1. If we denote by C the subcollection of all (simple) pol. 

regions qeS^!^ with q C F°, then, as we have noticed in the proof, the 

sum ^ for n > n(p) is extended to regions qeS', all in F^, 

/ ”* n n"^ 

hence, by (a), we have also N^(p) < Z |o(p; C)| where z is extended 
over all qeS^^, instead of all qeS^l^. This implies, as before. 


lim 

n-> 00 





11m 

n- > 00 





= W(A, T) . 


NOTE 2. The proof of statement (i) given above proves also the stronger 
result that, under the same conditions, all limits (1), (2), (3) hold where 

the limit as n > « is replaced by the multiple limit as F° T A^, 

d^ - > 0, m^ - > 0, > 0. 

note 3. Under the conditions of (i), if A' denotes any admissible set 

A' C A, if we consider all those (closed) regions qeS^!^ completely con¬ 
tained in A', then we have 

llm X v(q, T) = V(A', T) . 
n-> 00 q€S^ 

qCA' 

The proof Is just the same as for (1). 


12.9* The Function U(A, T) 

Let (T, A) be any c. plane mapping (l8.i) and suppose that (T, A) is 

BV. Let q denote any simple closed pol. reg. qCA and let C: (T, q*) 
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be the image of the counterclockwise oriented boundary q* of q. Then 
| 0 (p; C)| < N(p; T, A) for all peE^ where N is L-integrable in E^; 
hence, by ( 8 . 4 , ii), 0 (p; C) is L-integrable in E^ and O’*", 0 " have the 
same property. If u(q, T) denotes the following L-integral 


u(q, T) = (E^) I 0 (p; C), 


then u - 0 , 0 < |u 


< + 00, and 


|u(q, T )1 = l(E^) / 0 (p; C)| < (E^) / | 0 (p; C)| = v(q, T), 

- v'(q,T) = - (E^) / 0 ‘(p;C) < u(q,T) = (Ep / 0 (p;C) < (E^) / 0 '^(p;C) = v'^(q,l 
Let S denote any finite system of non-overlapping simple pol. reg. q C A ' 


and let 


U(A, T) = Sup 


Z 


|u(q, T)| = Sup 


z 


S qeS 


S qeS 


(E^) J 0{p; C)| . 




Obviously 0 < U(A, T) < V(A, T) = W(A, T) (12.8) for every BV plane mapping 
(T, A). By using the same notations as in (12.6) and (12.7) we can now state 
the following theorems whose proofs are given below. 

(i) THEOREM. For every BV plane mapping (T, A) ( 12 . 1 ) and 


for every sequence (F^) of figures 


and 


any finite subdivision S = S^!^ + S^!^' of F^ into simple 


qeSj!!^ and non-simple pol. reg 
^ . m . a -> 0 as n • 


pol. reg. non-s 

indices (12.6) d^^, m^, 0^ 


Res-' 


whose 
we have 


lim 


Z |u(q, T)| = U(A, T). 


qeS- 


(ii) THEOREM. Under the conditions of (i) and for every n 
there is a decomposition Sj!^ = 

collection 5 ^ into two disjoint families S^, S^^ of 
simple pol. regions q^S^!^ such that 


lim Z . u(q,T) 

—► 00 qeS„ 


= V^(A,T), 


lim Z u(q,T) 

-4"00 q€S" 


= - V"(A,T), 


hence 


lim 


Z u(q, T) = V^(A, T) - V'(A, T) 


00 qeSj!^ 


(iii) THEOREM. For every BV plane mapping (T, A) 

(12.1) we have U(A, T) = V(A, T) = W(A, T). 
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NOTE- (111) gives a remarkable property of BV plane mappings- Let U3 
observe indeed that for any qcA we may have |u(q, T)| < v(q, T); for 
instance in the case where the curve C: (T, q*) is as in the illustration, 

the plane E' is divided into three regions 



V = |aj + la^ I, |u| < V . 


Nevertheless, the numbers Sup Z iu(q, T)|, 

Sup z v(q, T) coincide. This can be roughly stated by saying that the 
parts on which 0(p; C) have signs different from a given one, are on the 
whole, negligible, for systems of non-overlapping simple pol. regions 
such that Z |u(q, T)| is close enoiogh to U. The statement (li) is more 
precise in this sense and states that for systems of non-overlapping pol. 
reg. q refined enough the regions can be divided into two categories and 
0(p; C) is mainly positive for the regions q of one category and mainly 
negative for the others. Finally (i) states that U, as V in (12.8), 
is a limit. The statements (1), (il), (iii) have various implications. 

For the sake of brevity we prove first (i) and (iii) and then (ii). 


PROOF OF (i) AND (iii). We know already (12.8) that 
V = W = (E^) / N(p), where N is L-lntegrable in E^. 
Given e > o, there is a a > 0 such that for any 
L-measurable set k C E^, |k| < a, we have 

(k) / N(p) < €. By (12.8, 1) we know that there ex¬ 
ists a finite system of N non-overlapping simple 

pol. reg. Jt C A*^ such that 

v(«, T) = (Ep / I 0 (p; C)| > V - e 


and such that, if 

T(it*) = T{Z 
Here denotes any 


H = 2 


H is the bounded closed set 
(o) ... - ^ ^ 


Jt*), we have 


iteS 


o 

We can suppose also that no curve C: (T, it*), neS^, 

is reduced to a single point, and hence 

diam T(jt) > dlam T(jt*) = dlam [C] > 0 and, if 

for all also > o. 

Let H . Ti > 0, be the ti- neighborhood of H, l.e., 

with {p, H] < T), and let us 


&Q = min 
the set of all peEi 


observe that, since H is compact, we have H 


H 


as T) 
determine 


0 +. 


Consequently |H 


T) in such a way that |H I 


|H| . Let us 
< |H| + a < 2a. 


Let Q be a closed square of such that the closed 

bounded set Z ° T(n) is contained in Q°. If 

C; (T, n*), TteS^, then the functions 0(p; C) are 
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zero outside Q. For any peQ'^ let 7 j^(p) denote a 
closed circle of center p and radius h > 0 . The 
fmctions 0(p; C), |0(p; C)|, peQ°, are all 
L-integrahle; hence for almost all peQ^ we have 

0(p; C) = lim h"^*( 7 ^(p)) / o(^; C) d| , 

|0(p; C)1 = lim h"^-( 7 j^(p)) / |o(|; C)| d| 

as h- >0 [S. Saks, p. n 8 , ( 6 . 3 )]. Therefore, 

almost all points peQ^ have the following property: 

(P) there exists a number h(p) > 0 such that, for 
all 0 < h < h(p), we have 7^(p) C and also 

|0(p; C) - n"’ h'^.(7jj(p)) / 0 ( 1 ; c) dll < e N“^ IQI"’, 

|| 0 (pj 01 - h’^-(7^(p)) / | 0 (|; 01 dll < 6 N”^ IQT 

Let Q' be the subset of all points peQ° having 
property (P). Hence |Q'| = |Q|. By Vitali's cover¬ 
ing theorem [S- Saks, p. 109 ], there exists a finite 
system M of distinct points peQ', and a finite system 
of the.same number of non-overlapping closed circles 
7j^(p) whose centers are the points peM, 

[h < h(p), ^ such that the corresponding 

relations (?) hold, and in addition, 

> IQ'I - cj = IQI - a, where L* is extend¬ 
ed over all peM. Consequently, if J = x* ^h^P^ 
have J C Q°, IQ - J| < a. By (7) we have also, for 
every peM and each of the N regions J^eS^, 

l7h(p)l I0(P^ c:)| < £ N"^ IQI"’ l7h(p)l + 

l7h(p)l I0(PJ ' 

- e N”' IQI"’ l7h(p)l • 

By adding all these relations and using the definition of 
J we have 

|7h(P)l |0(PJ C)| < £ + |(7h(P)) ! ' 
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1:^°^ 2 * l 7 jj(p)| | 0 (p; C)| > (J) / 10(5; C)| d| - e . 

As a consequence, by using the definition of and 

the relations above, we have 

V - 6 < v(«, T) = Z^°'> (Ep / 10(5; 01 d| = 

= (Q) / |0(|; 01 d 5 = 

= (J) / 10(1; c)i di + z^°'> (Q - J) ; 10(1; 01 d^ < 

< z^°^ z* |(7jj(p)) / 0 (^; C) d|| + 2€ + (Q - J) / N(|) d| . 


(9) 


Let h^ = min h(p) for all peM; hence h^ > 0 and, 
for every p, o < p < b^, let denote the set 

K = T.*y. (p). Therefore K C , K -> as 

p h-p ^ p p 

p -» 0 +. We can determine p, o < p < h^. In such 

a way that | I = 1 J - I < cj. By using ( 8 ) we 

have 

V - € < Z^°'> Z* l(7h-p^P)^ ^ 

+ E* |[ 7 i^(p) - rh_p(p)^ / 0 (|; C) dtl + 

+ (Q - J) / N(|) + 2e < 

< E^°^ E* l( 7 j^_p(p)) ; 0(5; C) dll + 

+ [(Q - J) + (J - Kp)] / N(|) d| + 2£ . 


since |Q-J|<a, lJ-Kp|<a, we have 

V - € < E^°^ E* l(7h_p(p)) / 0 ( 1 ; C)| + 4e . 

As In (12.7), let (Fj^) be any sequence of figures 
Invading A° and ^ ^n' decomposition 

of each In non-overlapping simple pol. reg. 

qeSj!j^ and non-slmple pol. reg. 

R = (r^, r^, r^), and suppose that d^, m^, a 

where d^, m^, are the Indices (12.6) of S^. 
Let n be the smallest Integer such that 

^ < ^o' 3 d^ < T). "Vi < '^n < °n < 

2 jt C po for all n > n- 


> 0, 
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For every n > n, let B^!^, B^^^ be the sets defined 

in ( 12 . 6 ), ( 12 . 7 ) relatively to ' • Hence 

'®nl " ™n < “^n < l^on^ '^‘^n ^ 

(12.6). If denotes the set = H^ ®A ®on’ 

iHt^l < 2a, iLj^l < 2 a + a + 4 a = 7 a. Let C: (T, q*) for 

any and, for each ^ denote any sum 

extended over all q.eSj!^, q C n. 

If i denotes now any point |eQ - 1^, then 5 is not 

+ Bqj^, i is not In H^, and, for every «eS^, 
also " C P° and {|, [C]) > ( 5 , H) > n > sd^^. By 
(i2.7> 1) and (i2.7> Note 2 ), where only the second 
alternative holds In the present case, we have 

( 10 ) 0(lj C) = 2^^ ^ 0(4; C ), 5 6Q - n>n. 


s = qeSj!^ 


In addition ve observe that if for a certain ieK^ and 

we have 0(|; C ) 4 0, then i belongs to a 
circle (8-6, ii) also 56T(q). 

Hence r^_p(p)T(q) 4 o, and, because of diam T(q) < < P/ 

the whole set T(q) is contained in 


0 (i; C ) = 0 for all 
we have now 


7^(p) • Consequently 
i outside 7^(p). By ( 9 ) and (lO) 


V - 56 < (Q - L^) / 0 ( 1 ; C) d 4 + 

+ (rh_p(p) I 0 ( 4 ; C) d 4 l = 

= L* ^ 7 j^_p(p)) (Q - I^) ; 0 ( 4 ; C) d 4 + 

+ ( 7 h_p(p) Lj^) / 0 ( 4 ; C) d 4 l . 

If we have 0 (^; C) 4 0 for some ^^7j^_p(p)> then 
0(^; C) = 0 outside of 7]^(p) and therefore each pol. 
reg. ^ non-zero contribution in the last 

member of (n ) at most relatively to one circle 7j^(p)/ 
peM. Relation (ii) therefore implies the simpler inequality 

V - 56 < 2 ^°^ |2 ( 7 h_p(p)) (Q - Lj^) / 0 ( 4 ; C')l + 

+ 2^°^ 2* (7j^_p(p) L^) ; 10 ( 4 ; C)l d 4 , 

where z denotes a sum extended over all regions 
q C n, such that 0 ( 5 ; C) 4 0 for some point ^^ 7 ^_p(p)^ 
and p is then the only point peM for which this occiars. 
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On the other hand, since 0(^; C) = 0 outside 

we have ) J* ^^ (^2 ^ ^ 

q€Sj!^, and, therefore, 

V - 5e < |s [rj^(p) / 0(1; C*) - 

- (’'h^P) - ^ ’'h-p^P) ^n) ^ ‘^^]|'^ 

+ z* (rij_p(p) L^) ; 10(1; 01 d| < 

< 2 ^°^ z; |u(q, T)l + (J - Kp + L^) / N(p) + (L^) / N(p). 


Since IJ - K^l < cr, |Lj^| < lo, we have 

V - 5 e < £' lu(q, T)| + 8e + Te for all n > n, i.e., 

I* |u(q, T)| > V “ 20e for all n > n, where the sum 
S' is extended over all qeS^^. On the other hand, 

S' |u(q, T)| < s' v(q, T) < V and hence 

V > S' |u(q, T)| > V - 20 € for all n > n- Finally 

lim S' |u(q, T)| = V as n-*-0°. By the definition 

of U we deduce U > V and since U < V, it follows 

U=V. By (12.8) we have finally 

lim s' |u(q, T)|=V=U = W as n-► «>. Both ( 1 ) 

and (ill) are proved. 

PROOF OF (il). This proof is essentially a modification 
of the proof of ( 1 ). First let us determine the finite 
system S^ of simple pol. reg. n in such a way that, 
besides the other conditions listed above, we have 

v(jt, T) > V - e, V - a , 

( 13 ) v‘^(n, T) > V'^CA, T) - e , 

v'(rt, T) > V"(A, T) - € , 


which is certainly possible because of (12.8, 1 ). Let us 
observe that the functions 0 (p; C) are finite every¬ 
where ( 8 . 4 , ii) and that 0 < s^°^ l 0 (p; C )1 < N(p; T, A), 
where N is L-lntegrable and hence N < + « almost 
everywhere. Let P denote the set of all points p 
where s^°^ l 0 (p; C)| < N. Hence all points where 
N = + 00 are in P and N - z 101 > 1 in P and = 0 


in E^ 
(E') / 


- P. Consequently |P| < (P) / [N - z | 0 |] = 
[N-Z 10 |] =W-Zv=V-Zv< a, i.e., |P 


< a. 
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As in the previous proof let us consider the N func¬ 
tions 0 (|; C), |€E^, where C: (T, n*), jtgS^, and 

we use the letter | instead of p. Each fmction 
0(^; C) is everywhere finite and measurable; hence, by 
[ 3 . Saks, I, p. 132, (10.6)], each function o(|; C) is 
approximately continuous at almost all points peE^; 
i.e., there exists a measurable set e = e(p), having 
density l at p, containing p, and 

lim o(l; C) = o(p; C) as | -^ p, ^Ge(p). Since 

each function 0 (|; C) takes only integer values, 

0 (l; C) is constant on that part of e(p) contained 
in a sufficiently small neighborhood of p. We still 
denote this part by e(p). 

In addition, since the intersection of a finite number 

of sets all dense at the same point p is dense at 

p, then for almost all point peQ^ we can determine 

a unique set e(p) dense at p such that 0 (^, C) = 0 (p; C) 

for all ^6e(p) and for all Consequently we 

can determine h(p) in such a way that, for any 

0 < h < h(p) all requirements of the previous proof 

hold and also there is a set e(p) C dense at 

p and containing p such that 0(5; C) = 0 (p; C) for 

all and |Ge(p), and also that 

|e{p)l > l 7 ]^(p)l (i - 0 Let us now determine 

n as in the previous proof and observe that for every 

|eQ - Lv, and n > n, (5) holds and also 
" (^ \ - (^ ) 

10 (l; c)| < | 0 (|; C')|, where ^ is extended 

over all parts Q C it, and C: (T, n*), 

C: (T, q*). For |gQ - P - we have also 

N(i) = lo(e; C)| < ^ |0(^; C )l < N(5) < + «>, 

and, as a consequence, the equality signs hold and also 

1 0(1; C) I = ^ I 0(e; C' ) I for all |eQ - P - L^^ and 

qeS^. Therefore, 

(10) 0(1; C) = 2 ^’^ 0(5; C') , 

(lit) I 0(1; c)| = ^ lo(i; c' )l » 

for all |gQ - P “ Lj^ implies that, 

in Q - p - all functions 0(4; C), 

q C tt, are zero if 0(5; C) = 0 , are > 0 if 
0(5; C) > 0 , are <0 if o(i;C)<0. 
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Lst us consider now, as in the previous proof, the 
collection of all q^S^!^, which are completely contain¬ 
ed in some region n and let us recall that, if n > n, 
and 0(u C) + 0 for at least one point | of a 
circle 7 h_p(p); then the whole set T(q) is contained 
in 7}^(p); hence o(p; C') is zero outside of r]^(p)> 
where C: (T, q*). Let 3 ^^, S^^, be those sub¬ 
collections of 3 ^ suras of all 0 .^^^ such that 

(a) 0(|; C ) 0 for at least one point 

|€7h_p(p) and a point peM; 

(b) q C n for a 

(c) 0(p; C) > 0 [< 0], where C; (T, it*), 

C: (T, q*)- Let S^^^ " ^n “ ^nl “ ^n2^ 
be the remaining part of the collection 
S^. Let denote any sum 

extended over all q^S^^l ^ ^n3^ 

respectively, and let us mention here that 
2 ^^^, L* denote respectively sums 
extended over all ^eS^; all q^S^!^ such 
that q C n (n one of the regions 
all peM. By the first lines of (12.9)^ we 
have at once 



^nl 

T) 

< 2:^1 

T) 

<v^ 

(T, 

A) 

(15 ) 










T) 

< 5:^2 

T) 

< V 

(T, 

A) 


and also 


(16) 


E... Iu(q, T)1 + 2^2 T)| <2* v(q, T) . 


hi 


h3 


On the other hand, for each q^S^I f the function 
0 (i; C*) is 4 0 only in points of one and only one 
circle 7 h(p); hence 


u(q, T) = (Ep / 0(|; C) d| = 

= £n1 ^ C' ) d| = 

= ^nl (’'h-p e - Ln - ^ 0(ej C-) d| + 

^ [’'h - (’'h-p e - - P)] / 0(4; C) d| = Xj + x' 


197 


We have 
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^nl [(’'h - ^h-p) + (’'h-p®) + P)] C')l d5 < 

^’'h "Vp^ + (’'h-p-®^ + ^Vp®) ^ ^ 

^P^ ^ ^Vp-®) ^ ^n ^ P ^ N(p) 

and, because of |J - K^l < a, IL^^I < Ter, |P| < a, 

U* (Vp"®^! < 1^* ^’'h"®^l < l^'hl < "® 

deduce |Xj'| < lOe, and also X] ' > - lO e. 

We know already that, If for a pair peM and JteS^, 

we have 0(p; C) > o, then all with q C n 

and 0(|; C) =f 0 for some 

(and therefore are counted in ), while for all 
other qeS^, q C n, we have 0(|; C) = 0 in 
>'h_p(p)- By adding in X| all terms relative to these 
q C It (and whose contribution is zero), we have 

X] = E (7^_pe - - P) / 0(5; C) d| = 

= 2;(^h-P e - - P) / ) 0(?; C ) d| , 

where s is extended over all pairs peM 

such that 0(p; C) > 0. By (io) we have also 

X] = z (rj^_p e - - P) / 0(1; C) d^. 

If the pair peM, is such that 0(p; C) > 0, 

then Oil; C) = o(pj C) = o'^( 5 ; C) = o'^Cp; C) > 0 
for all l®^h-p®^ ^ pair peM, iteS^ we have 

0(pj C) < 0, then oil; C) = o(p; C) < 0, 
o'^ii; c) = o'^(p; c) = 0 for all ^e/^-p®' 

sequently 

X] = 2;(7j^_pe - - P) / o^ii; :) d| = 

= Z^°^ ^*(’'h-p® '■■ ^n " C) d| = 

= z(°)(Q) ; O^i; C) d5 - (Q - Z* 7h_pe + V PW oVi; c) 

X| - Z^°^ v+(«, T) > - (Q - z* rji-pS + + P) / N(P) dp = 

= - |^(Q - J) + Kp + Lj^ + P + Z*(7jj - e)j ; N(p) dp, 

where |Q-J| < IK^I < o, IL^^I < Ter, |P| < o, 

I z* (y-^ - e)| < a. Therefore 
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X] - 2;^°^ T) > - 11 € and finally, using also 

( 13 ), 


( 17 ) 


u(q, T) > 2;^°^ v'^(n, T) - 10e - 10e > V'^ - 22e . 


Analogously we can prove that 


(18) 


- 2^2 T) > 2 ; 


(o) 


V(n, T)- 1 l€- 10 €>V -22€. 


From here it follows also 2;^^^ |u(q, T)| > V'^ - 22e, 


’n 2 


u(q, T)| > V” - 22e, and finally 


l^ns ^(' 1 ’ T)| < |u(q, T) 


= (£' - - 2;_„) |u(q, T)| < 


hi 


h2 


< 21' v(q, T) - 2;^^ |u(q, T)| - 2:^^ |u(q, T)| < 


< V - (V"^ - 226 ) - (V - 22e) = 446 . 


If we denote by S^, the disjoint collections 




nl • “n 3 

S;!: S” = 0, 

n n * 


and 


we have finally S + S = S’, 

n n n' 


> 1 u(q, T) > V"^ - 666 , 
qeS,"' 


n 


V > Z _ U(q, T) > V 

< 16 S„ 


- 226 , 


for all n > n. This proves (ii). 


NOTE 1 . 


As in (12.8, Note 1 ), if we denote by C 3 ^!^ the subcollection 


of all simple pol. reg. qeSj!^ with q C P°, then we have 

lim Z |u(q, T)| = U(A, T) . 
n —► 00 q6S^ 


The)Proof is the same as above if we only observe that in (9) the 
^ t* is extended over all q of a subcollection of 3 

no* 


sura 



2 00 
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NOTE 2. As in (12.8, Note 2) the limit as n—►oo in statement ( 1 ) can 


be replaced by the stronger multiple limit as F° | A^, d^ 


^ 0 , 


m 


n 


0 , 


a 


n 


0 . 


12.10. The Relative Variation ^(A, T) of a 

BV Plane Mapping (T, A) 

For any BV plane mapping (T, A), both numbers V^(A, T), V”(A, T) are 
finite and V"^ + V" = V, 0 < V"", V“ < V. Let r(A, T) = V^(A, T) - V"(A, T). 
We call (A, T) the RELATIVE VARIATION of the BV plane mapping (T, A). 
Obviously |^(A, T )1 < V(A, T). 

For every point P^E^ we have o < N^(p), N (p) < N(p) < + and for 

almost all peE^ also N'*'(p) + N (p) = N(p) < + oo. Set 

n(p; T, A) = N'*'(p; T, A) - N"(p; T, A) whenever N(p) < + oo (hence N"^, 

N“ are both finite); n(p; T, A) = o if N = + We call the fimction 
n(p; T, A) the RELATIVE MULTIPLICITY of the BV c. plane mapping (T, A). 
Obviously ln(p; T, A )1 < N(p; T, A) for all peE^, n is an L-integrable 
function,and ^(A, T) = (Ep / n(p; T, A). Also V(A, T) can be consider¬ 
ed as a set function defined for all admissible sets A' C A. 


12 . 11 . The Functions N(p), n(p) as Limits 

We have already proved in [( 12 . 8 ) (relation ( 3 )]> that the functions 
N, N"^, N" are limits (in measure) of convenient sums of indices 
| 0 |, 0 ^, O". The same statement holds of coiirse for the function 

n(p; A, T): 

(i) With the notations of (l 2 . 8 ), if (T, A) is 


BV, then 




lim (E') 

[* |n(p; A, 

T) 

- Z 0 (p; C)| = 0 

2 1 

n —^ 


qeS- 

PROOF. Because 

n = N'^ - 

N", 

o 

o 

11 

o 

+ 

1 

o 

1 

we have In - SOI 

= 1 (N^ - 

N”) 

- S (0 - 0 )| < 


- LO'^l + IN" - S 0 "|. Hence (i) is a consequence 
of (12.8), formula ( 3 ). for the functions N"^, N . 

Let us now discuss the point-wise convergence. We have already proved in 
( 12 . 6 , ii) that the indices d^, of the subdivisions 3 ^^ of th^ 

figures F , F^ f A^ can be taken as small as we want, and in ( 12.8 as 

well as in (i) above we have supposed simply that d^^, as 

n_^oo. If we suppose now that d^, m^, ^ 0 and that m^^, 
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approach zero rapidly enough, then we can assure that N, N"*", N“ are the 

limits a.e. in of the corresponding sums of indices | 0 |, 

0 ”, 0 . 

(ii) THEOREM. With the notations of ( 12 . 8 ), if d^, m^, 

^ 0 as n —00, and the series 

< + 00^ then for almost all points 

we have 


(i 9 a) 


lim 

Z 

| 0 (p; 

C)| 

= N(p; 

T, 

A) , 

n —► 00 

qcSA 





lim 

z 

0 '^(p; 

C) = 

= N^(p; 

T, 

A), 

n —► 00 

q^SA 





lim 

z 

0 '(p; 

C) = 

= N"(p; 

T, 

A) . 

n-► 00 

q^SA 






(i 9 b) 


In addition, if (T, A) is BV, then we have also. 


a.e. in E^, 


lira 

n-00 


Z 




0 (p; C) = n(p; T, A) . 


PROOF. In [( 12 . 8 , first part of the proof of ( 1 )] we 
have pointed out that, for every peE' and 

t^ < N(p), there exists an index n^(p) such that, 
for all n > n,(p), either 




or 


dcs. 

N . 0 ^ 


z |0 (p; C)| > t^, where z is extended over all 

n analogous statement holds for the functions 

and N", 0 " provided n > n2(p), n > n^(p), 

where n^ (p)^ depend upon p and also 

upon t^ < N, ^2 - ^ ^ ^3 ^ * Let us observe 

that in any case we have z| 0 | < N(p), 

ZO <N, zO <N. Consequently, if peE^ and 
we take t^ < N(p) < + co, t^ < N'^(p) < + co, 

then for all 

n > max [n^ (p), n2(p), n^(p)] we have either 

T' I Q I T' r\^ 4- T-» w j 


^3 < N (p) < + 00, t^, tg, < + 00, 


> t,, 


E 0 




Z 0 


^ S' 


or teBi + B 

n on 


Let 


Pn = (BA " B„^) . 

Pn DP 


(BA.i 


« • 


n +1 ^ 


PrI < (% + kc^) + ) 


hence 

+ . . . < + 


oo 


enough, |P 


n 


0 as n 


00 . 
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Therefore, if P = 11m P^ as n —► also 

1P| = 0. Let p be any point peE^ - P. Then there 
is an integer ni^(p) such that for all n > n^^Cp), p 
is not in Bj!^ + B^^. Finally for all peE^ - P and 
n > n(p) = max [n^, n^, n^, n^], we have z [O] > t^, 
z o'*' > tg, z 0” > t^. Thereby relations (l9a) are 
proved. If (T, A) is BV, then n = N"*" - N , 

N'*’ < + 00 , N" < + oo a.e. in E^, and (l9b) follows 
from second and third relations (l9a) by difference. 
Thereby (ii) is proved- 


mappings' (T, A), (T 


ci(T, T , 


n 

as n 


► 00 


n= 1, 2, with T„--T, 

functions N(p; T^^, A^) 

N"*", N‘, n. 


r+ 


n' 

l.e., C A, A^ C Vl’ t A , 
then the question arises whether the 
n annroach the functions N(p: T, A) 


, N', N , n approach the 
The following statement provides an answer. 


(iii) THEOREM. If (T, A), (T^^, A^), n= 1, 2, are 

BV plane mappings and T^^- «-T, ^(A^, T^) ►WCA, T) 

as n-^ 00 , then N(p; T^^, A^) approach in measure 

N(p; T, A) in E^, i.e., 

( 20 ) lim (Ep / |N(p; T^^, A^) - N(p; T, A)| = o 

n —^ 00 

and analogous relations hold for N'*', N , n. 


NOTE. As a consequence of (iii) we can conclude that \inder the same con 

A^) satisfy Vitaliis necessary and 

sufficient condition for complete integrability; i.e., given e > o there 
is a B > 0 such that for all measurable sets h C E^, Ihl < 6, and every 


ditions the functions N(p; T^^, 


n = 1, 2, 3f • 
holds for N"^, 


• • f 

N“ 


we have 

n. 


(h) / N(pj T , A^) 


< e 


and the same statement 


PROOF. Let = W(Tj^, A^), W = W(A, T), 

N^(p) = N(p; Tj^, P^), N(p) = N(p; T, A) and an- 

alogously for ¥+, W", N'', N", n. We know that N(p) 

takes only integral values 0, 1, 2, ..., hence 

if M C E' is the subset of E^ where N(p) > 1 , 

then we have N(p) = 0 for all peE^ - M. In ad- 

dltlon, since W = (E^) / N(p), also 
0 < 1M| < W < + “. For every Integer n > o let 

be the subset of E^ where 0 < < N; hence 
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N(p) >1, 0 < N^(p) < N(p) - 1 for all peH^ and 

also C M- Let ^ ^ + ^+1 + ^+2 ^ hence 

^ ^ ^ ^ ^+1 ^ ^^ H as n-> oo, where H 

is a subset of E^. In addition, since the functions 
N(p), Nj^(p) are all B-measurable, all sets M, 

Hj!^, H are B-measurable and |Hj!^| > |Hj!^| - > |H|. 

By (12.4, i) we have N(p) < lim Nj^(p) for all 

peE^ as n-> hence for every peE^ there is an 

n(p) such that N^(p) > N(p) - 2~\ and also, as a 
consequence, N^(p) > N(p), for all n > n(p), since 
both N^, N are integers. This implies that p does 
not belong to for any n > n(p) and also that p 

is not in H. Since p is any point of E^, the set 

H is vacuous and |H| = o. Finally -> o, 

|H^I - > 0 and, since N(p) is L-integrable in M, 

also (Hj^) / N-> 0 as n->■ oo. 


Now for every point peE^ - M we have IN^^ - N| = 

^^n^ ^ ^n ^n " ^ since N = o, > O; for every 
point peM - we have N^ > N, hence for every 
peE^ - we have |Nj^ - N| = N^ - N; for every 
peH^ we have |N^ - N| = N - N^^ < N < (N^ - N) + 2 N. 
Consequently (E^) / IN^^ - N 1 = [ (E^ - M) + (M - H^) + 

V / IN^ - N| < (E^) / (N^ - N) + 2 (Hj^) / N = 

(Wj^ - V) + 2 (H^) f N. Since - W —=> 0, (H^) / N » 0 

as n ^00, we have (Ep / |N^ - N| -> 0. 


The same reasoning holds for 
(E>) / 


n". 


< - N 


N 


N, 


0, (E|) f - N| 


n^ 

0 . 


because of |n^ - n| = | (N^ - N") - (N'^ - N") | < 
|Nn - N| + |Nj^ - N| a.e. In E^, we have also 
^ ^ Thereby (ill) is proved. 


hence 
Finally, 


12 . 12 . Further Properties of the Functions 

N And n 

(i) If (T, A) is any BV plane mapping from a simple 

closed Jordan region A of the w-plane E^, w = (u, v). 
into the p-plane E^, p = (x, y), if C: (T, A*) 

is the image of the (counter-clockwise) oriented boundary 
curve A*, then n(p; T, A) = o(p; C) a.e. in 
E^ - [C]. 
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PROOF. Suppose first that 
A = n. Let ^ 
divisions of 
simple pol. reg 


Sn = 

Jt 


S’ + S’ ’ 
n n 


a 


n 


0 


A is a simple pol. reg. 
he a sequence of sub- 
into simple pol- reg. Q-nd not 

as in (12-7), whose indices 

as n-> 00 . Let us suppose also 

2 ( 01 ^^ + cij^) is convergent. If 

V n eS 

n 


R.SM 


that the series 
C: (T, q*) for every denotes any 

sum extended over all then, by (12.7> iii) and 

( 1 2 . 1 1 , ii), we have 0(p; C ) = lim S’ 0(p; C ' ), 

n(p; T, A) = lira Z' 0(p; C) as n - >00 for almost 

all peE' - [C]. Thus 


0 = n a.e. in E^ - [C]. 


o ^ aO 

«n t A , 

IlCn, 


It c A, 


Suppose now that A is any Jordan region, 
be a sequence of simple pol. reg. 

- > 0 as n — 

C|| -^ 0 as n -> 00 , where 

0(p; C) as n 


Let 


It 


n 


«n C "n+l' 


n*, A* 


■> 00 , 


also 


o(p; Cj^) 


In consequence 

^n' 

-> 00 everyif^here in 


E' - [C]. 


Since both |0(p; C^)h l0(p; C)| are 
< the L-integrable function N(p; T, A), we have 
(E^ - [C]) / |o(p; c^) - 0(p; C)1 -> O as n 


> 00 


On the other hand, 

W(A, T) < T) 


(T, « ) 


as n 


W(it ,T) < W(A, T). Consequently W(jtj^, T) 


(T, A) and hence 
->- 00 , while 

- >W(A, T) 


as n 


(E^ - [C]) / 


n 


00 


♦ 00 and, by (1 2 . 1 1 ,■ iii) also 

I -» 0 as 

Finally n(p; T, « ) = 0(p; C ) a-e. in 


n(p; T, It ) - n(p; T, A) 


E- - [C^], 


where C 


n 


(T, 4), 


n = 1, 2 , 


we have also peEI - [C ] 


Since 

for 


for each hclvc ‘’n 

all n large enou^, we have n(p; T, it^) - 0(p; C^^) 

-> cx) for all peEg — [C]. Hence 

(E^ - [C]) / ln(p; T, - 0(p; C^^)! -» O as 

n-» ■», as before. Finally 


0 


(E^ - [C]) / |n(p; T, A) - 0(p; C)| < 

< (E^ - [C]) / [|n(pj T, A) - n(p; T, n^)\ + 

+ |n(p; T, - 0(p; Cj^)| + |0(p; C^) - 0(p; C)|] , 

where the second member approaches zero as n ► “• 

Thus the first integral is zero and n(p; T, A) = 0(p; C) 
a.e. in E^ - [C]. Thereby (i) is proved. 

(ii) If (T, A) is any BV c. plane mapping from any 
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admissible set A ( 5-0 of the w-plane E^, w = (u, v), 
into the p-plane E^, p = (x, y), if H C T(A) is 
any given set open in T(A) and H = T (H), then 
H is open in A, H is an admissible set (5-i), 

N(pj T, h) = N(p; T, A) a.e- in H, and 
N(pj T, H) = 0 for all peE^ - H- 

« 

PROOF. Since H = T( H ) we have N(p; T, H ) = o for 

all peE^ - H and since H d k, also 

N(p; < N(p; T, A) for all peE^. Hence 

N(p; T, H) = N(p; T, A) whenever N(p; T, A) = 0 . Let 

(Fn) t>e a sequence of figures F^ C F^+r ^n ^ 

F° t ^ 3^ = S^ + Sj!^' be any subdivision of F^ 

into simple pol. reg. q^S^!^ non-simple pol. regions 

ReSj!^' ( 12 . 7 ), whose indices 

n —>00 and the series z:(m^ convergent. 

If C: (T, q*) for all qeS^ and z' denotes any 
sum extended over all then, by ( 12 . 11 , ii), we 

have lim z' |0(p; C)1 = N(p; T, A) < + as n -> cx) 

a.e. in E^. Let H' be the subset of all points 
peH where the equality above holds. Thus |H*| = |H| . 

For every peH' there is an integer n(p) such that 
z' 0(p; C) = N(p; T, A) < + «> for all n > n{p) and we 
consider only those terms of Z' for which 0(p; C) + 0 . This 

implies that in each corresponding q there is at least 
one point weq° with T(w) = p and also that the same 
holds for all points of a neighborhood of p ( 8 . 6 , ii) 

(8.4, i). Hence wen*^ C A^, pe[T(A)]°, and, since H 

is open in T(A), also peH^, 2a = (p, H*) > 0 . Since 

dj^- > 0 , we can suppose n(p) large enou^ in order 

that d^ < a for all n > n(p). Hence, if n > n(p) 
and qeSj!^ is such that o(p; C) + 0 , the whole set 
T(q) belongs to a circle 7 of radius < dj^ < cr and 
pey. Hence 7 C H and finally q C H. This implies 
N(p; T, A) = Z» lo(p; C)| < N(p; T, h) < N(p; T, A); 
that is, N(p; T, A) = N(pj T, h) for all peH*, l.e., 
for almost all peH. Thereby (11) is proved. 

12.13- The Index 

(i) If (T, A) is any BV plane mapping from any ad¬ 
missible set A of the w-plane Eg into the p-plane 
E^, if 3 is any finite system of non-overlapping 
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closed simple pol. reg. k C A, if n is the nmber 
^l = U(A, T) - E |u(it, T)|, o<|i< + oc!, where s is 
extended over all neS, then there exists a B-measurable 
set H C E^ such that 
(1 ) |H| < |i, 

( 2 ) for every peE^ - H we have 
N(pj T, A) = z |0(pj C)| < + 00 , 

N"^ = E 0'*‘(p; C), N' = E 0"(p; C), 
n = s 0(p; C), where C: (T, jt*), 

TteS; 

( 3 ) for every simple pol. reg. n* C A 
non-overlapping any neS and for every 
point peE^ - H we have 0(p; C*) = 0 , 
where C: (T, it'*). 

PROOF. By ( 12 . 9 , lil) we have U = V = V and, by 
(l 2 .l), N(p) > 2 10(p; C)| for all peE^. Let 
be the set of all points peE^ where 
N(p; T, A) > 2 |0(p; C);. By (8.4, 11; 12 . 2 , 1) both 
functions N(p) and 2 |0(p; C)| are B-measurable; 
hence H* is B-measurable. By (8.4, 11) o(p; C) Is 
always finite; hence 2 |o(p; C)| < + co and, as a con¬ 
sequence, all points peE^ where N(p) = + 00 are In 
H*. Finally, for every peE^ - H* we have N(p) < + co, 

N(p) - 2 |0(p; C)| = 0; for every peH* we have 
N(p) - 2 |0(p; C)| >1. Finally 

|H,I = (H^) ; (1) < (E*) / [N(p) - 2 |0(p; C)|] = 

= W(A, T) - 2 v(n, T) < U(A, T) - 2 |u(jt, T) | = • 

By ( 12 . 5 ) we have N = + N" for all peE^ - D 

where D is a countable set- Hence, if H = + D, 

also H is B-raeasurable and |H| = IH^^I < ^* On the 
other hand, for all peE^, we have N'*'(p) > 2 0 , 

N'(p) > 2 0”; hence 0 < [N^ -20^]+[N -20]= 

N - 2 10| = 0 for all peE^ - H. Thus N**" = 2 0 , 

N" = L 0” for all peE^ - H. Consequently, also, 
n = - N" = 2 0"^ - 2 0" = 2 0 for all peE^ - H . 

Let It' be any region as above. Then, for all 
peE^ - H, we have N(p) < ^ |0(p; C)| + |0(p; C')| < 

< N(p) < + 00 ; hence 0(p; C*) = 0 . Thereby (!) is 

proved. 
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Let (T, A) be any BV plane mapping from any admissible set A of the 
v-plane Eg into the p-plane E^j let S=[jt], S' = [rt'] be any two 
finite systems of simple pol. reg. n, C A. Suppose that the regions 
rt€S are not overlapping and also that the regions it'eS* are not over¬ 
lapping, and let B = T(z n*), B’ = T(e' n**), where 2 , 2 » are sums 
extended over all jtcS and jt'eS^. Let C: (T, it*), C*: (T, it'*), 
iieS, it'eS*; hence B = 2 [C], B* = 2 ' [C'J. Let H, H' be the sets de¬ 
fined In (1) relative to the systems S and S'; let 3 p = max dlam T(it*), 

it'eS', and B^ be the set of all points p at a distance < p from B. 

For any iteS let S' denote the subcollection of all it'eS' such that 
0 ^ 

It' C It , let Sj be the subcollection of all it'eS' such that it' n* 4 o 
for some iteS, and let S^ be the (remaining) subcollection of all it'eS' 
such that It '(2 It) = 0. Then the subcollections S*(it) for each iteS, 

S], S^ are disjoint and 2 S(ir) + S| + S^ = S'. Let J be the set 

J= Bp+B'+H+H' . Let 2 ^^^ and 2 '' denote any sum extended over 

all It'eS (it) and it'eS' + S^. 

(11) Under the conditions above we have 


( 1 ) 

0(p; 

c) 

% 

" 4 


) 

0 (p; 

c ) 

for every 


IteS 

and for 

almost 

all 

peE^ - J; 

(2) 

0 (p; 

c 

) = 

0 

for every 

«eS' + 


and 

for 

almost 

all 

peE^ 

- J; 

(3) 

N(pj 

T, 

A) 


2 

l 0 (p; 

c)l 

= E' lo(pj 


for 

almost 

all 

V.E< 

- J 

y 

(4) 

n(p; 

T, 

A) 


2 

o(p; 

C) = 

s' 0 (p; C) 


for 

almost 

all 

P€E- 

- J 

• 


PROOF. For every it'eSj, we have it' it* 4 0 ; hence 
T(it')B 4 0 and T(it') Is contained in a circle y 
of center a point of B and radius p. Thus 0(p; C) = 0 
for every peE^ - J because p Is not In 7 . For every 
it'eS^ and peE^ - J the equality 0(p; C) = 0 follows 
from (1). Thus ( 2 ) Is proved. 


The set B' 


is closed and bounded, hence, if n Is 

the T]-neighborhood of B' 


any positive number and B^ 


we have B * 

71 


^ B 


B* - B 

71 


♦ 0 as 


0 +. Let 


(Fj^) be any sequence of figures F^ C A, ^ ^n+l^ 
F^ t pP, and let ^ ^n ^n' subdivision 

of F^ into simple pol. regions qcS' and non-simple 


pol. reg. 
n-► ® and 




whose indices 


■n(”n 


+ < 


n 


0 as 


+ 00 . 


VTe can also suppose 


that there exists an n such that 


IT 


it'eP^ for all 


IteS, It'eS*, n > n. By (12.?, Ill), if c? (T, q*) 
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(21 ) 


for each we have 

0(p; C) = lim "Z 0(p; c), 

n-^ CO q c 7t 

0(p; C) = lim X 0(p; c), 

n -> 00 q c n ' 


( 22 ) 


for almost all - [c], and P^E^ - [c'J 

respectively and for each neS, it'eS*. Consequent¬ 
ly both relations (21) hold a.e. in E^ - [B + B'] 
and thus there exists an n = n(p), P^E^ - [B + B']^ 
such that, for all n > n(p), jteS, n'eS', 


0(p; C) 
0(p; C) 


X 0(p; c) , 
q C Jt 

= X 0(p; c) > 
q C Jt' 


and also 


( 23 ) o(p; c) = Z 0(p; c) • 

q C Jt ’ 

If we suppose peE^ - [B + B'], then the two sums 
given in ( 22 ) and ( 23 ) for 0(p; C) and 0(p; C) 

differ only for the terms o(p; c) relative to all 
q C It such that q n'* t 0 for some n'eS'(jt). If 
we suppose n(p) large enou^ in order that ^ 
for all n > n(p), then all these terms are zero in 
B'. Hence o(p; C) = 0(p; C) a.e. in 

- (B + B' ). Since B' > B' as -> 0 +, (l ) 

is proved a.e. in - (B^ + B' )• Finally for every 
peE^ - (B + B' + H + H'), by (1) and (i), we have 
n(p) = Z 0(p; C) = Z Z^"^ 0(p; C), 

N(p) = Z |0(p; C)| < Z Z^"^ |0(p; C')| < N(p) < + « 
and, by ( 2 ), also n(p) = e 0(p; C) 

N(p) = 2 |0(p; C')|. Thereby (ii) is proved. 

(iii) Under the same conditions of (ii), let u(jt, T) = 

u(jt', T) + 6(jt) for each JteS and 

S'* v(jt*, T) = &. Then, we have 
Z | 5 (,t)| < 2 (J) ; N(p; T, A), 0 < 6- < (J) ; N(p; T, A) . 


§12. BV PLANE MAPPINGS ( 12 . 15 ) 


209 


PROOF. For every neS we have, by (11), 
u(«, T) = (Ep ; 0(p; C) = [(E* - J) + J] / o(p; C) = 

= (j) ; o(p; c) + (E^ - J) ; o(p; C) = 

= (J) / 0(p; c) + (E^) ; o(p; c) - 

- (J) ; o(p; c) . 

Consequently 

E |6(«)1 < Z(J) / |0(p; 01 + 

+ (J) / |0(p; C)l < 

< (J) / N(p; T, A) + (J) / N(p; T, A) = 

= 2(J) / N(p) . 

Analogously we have 

0 < B' < £" v(it', T) = Z" [(E^ - J) + J] / |0(p; C )| = 

= (J) ; 2'' 10(p; C)l < (J) ; N(p) . 

Thereby (ill) is proved. 


12.14. Some Properties of Additivity for V, , V 

We have already noticed in ( 12 . 1 ) that V"*", V", V can be considered as set 
fmctions defined for all admissible sets A* C A. The same for W and U, 
but we know that V = W = U (l 2 . 8 ). The additivity properties for 
V, V , V” are the same as for the function V (9*3) and for the sake of 
simplicity we have omitted listing them. Analogous properties hold, for 
every p, for the functions N(p; T, A) as well as for N*^, N“. In par¬ 
ticular if jIq Is any pol. reg. C A and S any finite subdivision 
of into pol. regions rr we have V(itQ, T) > 2 : V(jt, T), 

W(jto, T) > 2 : W(;t, T), N(p; T, > z N(p; T, n) for all peE'. 


* 12 . 15 . The Functions V*, W*, U* 


Let (T, A) be any plane mapping from any admissible 


set A of the w-plane 
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Eg into the p-plane and 1 

pol. reg. RCA of some order 
the image of the boundary curve 
counter-clockwise oriented and 

have T(R*) = [C^] + ... + [C ] 

^ ■ T(R*); 

Let cp ^ be the functions ■ 


E - J ' p 

0 < -0 < + 00 ( 5 . 1 ). 


; denote any 
Let C.: ^T. Ti 




i = 0 , K 


9 * 

where 


(T, r.) be 


^5 


13 


are clockwise oriented. ¥e 
For any point peE^ let (p(p; R, T) = 

<p(p; R, T) = 0 if peT(R*) (see 9 . 16 ). 


j-eu (V , oe me runctions cp’ = 2 ’(Icpl + tp), tp” = 2 "' (|<p| _ q,)^ 
peE^. Then we have 0 < (p+, 9 " < | 9 |, 9 + + 9 " = |(p|, 9 + _ 9 - = q,^ and, 

by (8.4, il), the functions 9 , 9 "^, 9 are B-measurable. Therefore the 
L-lntegral v*(R, T) = (Ep f |9(p)|, exists (finite, or + co), and the 

same holds for the functions v^ , v; expressed in terms of 9 "^, 9 ". 

Let S denote any finite collection of non-overlapping regions RCA and 
let V*(A, T) = Sup z v*(R, T) where z ranges over all regions ReS, 
and Sup is taken with respect to all S. Let us define vt, Vl 

analogously. Finally, for each peE^, let us put N*(p; T, A) = Sup z|(p(R, 


-1 


peE^. Then we have 0 < 9 < |cp| 


( I<pI + cp), 

(p"*" + 9 " = 


= 2 


-1 


Let 


and N 




be defined analogously. Obviously 0 < vt, v; < and 


yr ' TT -- ^ ^ -V * 

0 < Nt. n; < N for all peE^. The functions N*, n; are lower semi- 

continuous in E^ and the proof is as in (l 2 .i^). Thus we may consider 
the L-integral ¥*(A, T) = ) / N(p; T, A) and the analogous Integrals 

wt(A, T), W*(A, T). Obviously we have 0 < ¥“ < ¥„, and, as in 


(l2.3> 1)^ also 0 < < ¥^, 0 < < ¥^, 0 < < ¥*. If we suppose 


V(A, T) < + 00 then all functions 9(p; R, T) are L-integrable in E' 
and hence we may consider the nimibers u^(R, T) = (E^) / 9 (p; R, T) and 
U*(A, T) = Sup Z |u(R, T)|. Thus 0 < |u^| < v^, 0 < < V^, and 

0 < lu^ I < Uw. 


*' - 

( 1 ) 


( 11 ) 


If Q C A Is any pol. reg., and S any finite 
subdivision of Q into pol. regions R, then 
^P(p; Q, T) = Z 9 (p; R, T) for all peE^ - T(z R»), 
where z ranges over all ReS. 

If peE^ - T(R*) then 9 (p; R, T) = 0 . Thus 
9 (p; R, T) + 0 , peE^ - T(R*) Implies peT(R'^). 

PROOF. (1) Is a consequence of ( 8 . 6 , 1); (11) is 
another form of ( 8 . 6 , ill). 


(ill) N*(p; T, A) = Nt(p; T, A) + n;(p; T, A) for all 

peE*. 

PROOF. The proof that Is the same as 

in ( 12 . 5 )- The proof that + N” < is analogo 


in (12.5}- The proof that N* + N* < is analogous 
to the one In ( 12 . 5 ) where (11-3, ill) Is used Instead 
of (11.3> iv). Thus the reasoning holds for all 
peE^. The simple modifications of the proof can be 
left to the reader. 
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(iv) For all but countably many points we have 

N^,(p; T, A) » N(p; T; A), N^ = N"", N; = N”. 

PROOF. Obviously we have 0 <N<N#, 0<N‘'’< Nt> 

0 < N" < N^ for all peE^. Let us consider now any 
sequence [F^] of figures F^^ with C 

C A, P° t A^. For any n, F^^ is a finite 
collection of disjoint closed pol. reg. Q C A of 
orders o with o < u < + w. For any n and for 
any Q^F^^ let us consider the continuous mapping 
(T, Q) from the compact subset Q of A. Let 
D(Q, T) C T(Q) be the countable subset of T(Q) de¬ 
fined at the end of (10.5) and let D = z D(Q, T) be 
the countable set which is the sum of all sets D(Q, T) 
for all and n = 1, a, ... 

Let peE^ - D and m be any integer with 
0 < m < N^(p; T; A). Then there is a system S of 
closed non-overlapping pol. reg. RCA, non necessarily 
simple, such that m < z | 9 (p; R; T)l, and we can 
suppose that the regions R are interior to A and 
that 9 (p; R; T) + 0 for each ReS. Consequently p 
is not on T(R*). The closed set z R is interior 
to A; hence, there is an n such that ^ ^ ^ 
for all n > n. Hence each R is interior to a 
region QeP^. For any Q containing at least one R 
(in its interior) let us apply (11.3, Iv) by taicing 
H = p, H = T"^ (p); hence HD = 0, H Q(z R*) = 0. 

Then there is a subdivision 3 ^ of each Q into 
simple pol, regions q and pol, regions R* of 
orders o> 1 , R* = (r^, r^, ..., r^), such that 

(a) each ReS is a finite sum of regions q 
and R*; 

(b) for each region q and R* contained in 

a region R, we have q*H= 0, R**h« O; 

(c) for any R* and any boundary curve r* of 
R* the curve C*>: (T, r*) is completely 
contained in a circle a not containing p. 

For each ReS let us consider the subdivision S* of 
R mentioned in (a) and let S* = S^ + Sg, where S 
contains all simple regions q and Sg all non-simple 
regions R*. Now p is not in T(R*), T(q*), T(R»*) 

for any ReS, qeS, RUSg. Hence, by ( 1 ), we have 
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cp(p; R, T)^- <p(pj q, T) + 2(2) 


where 
R'eS 


^ f 2' are extended over all qeS , 

2 ’ q c R, R' C R. On the other hand 
0(pj C") = 0 for all reR'. R'eS.: hence 


, R'eSg, 

and 


t ^ |0(p; C) 


®(p; R', T) = 0 for all R'eSg 

vCp, R, T) = 2 ;^ ^ <p(p; q, T). If we denote by C 
the Image of q*, C: (T, q*), we have 

^(p; q, T) = Ojp- C) and hence 

<P(p; R, T) = o(p; C). Finally we have 

m<^z |cp(p; R, T)| = z 0(p; C')| < 

where the last siams are extend¬ 
ed over all simple pol. regions qeS^ and ReS, 

Consequently m < N(p; T, A) and since m Is any 
integer ra < W*(p), we have N*(p; T, A) < N(p; T, A). 

Thus N* < N, N < N^, and finally N = N, for all 
peE^ - D, where D is a countable set. 


The proofs of the equalities N* = N#, N" = N" for 
all peE^ - D are quite the same. These last in¬ 
equalities can also be deduced by the result above 
concerning by (ill), and by the inequalities 
N < N*^ N < n; already observed. Indeed for 
each - D, we have 


0 < (Nt - N-") + (n; - N") = N, - N = 0 , 
hence n! = N'*', Nl = N". 


NOTE. It may actually happen that N < N, at some point peE^ as the 

following example shows. Let (T, A) be defined as in ( 12 . 5 , Note l)- 

Then we have N*(p) = 3 , N^Cp) = 2 , N;(p) =1 at any point p = (r, co 

with 0 < r < 1 . Therefore at the origin we have N = 1 , N^^ = 3 , N'*’ = 
N^ = 2 , N" = n; = 1 . 

(v) For any plane mapping (T, A) we have 

V = W = V, = = wt, 

V = W = and if V < + « also 

U = = V = w. 

PROOF. By (iv) we have W = W“ = W^. 

On the other hand by the definitions above and by 
(12.8, ii) we have V < V* < = W = V; hence 
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V - = W* = W. Analogously we have 

V -V^=W^=W, V = V, = W^='W'. Finally by 

V = V, and by (12.9, ill) we have also 

U < < V* = V = U; hence U = = V.. 


Let (T, A) 


any plane mapping 


n 


any 


figures F^CP^^,, p^ C A, P° f A°, 

' subdivision of into non-overlapping 
pol. regions R (sjonple or non-simple). We shall 
denote by d^^, two indices analogous to the first 

two indices d, m defined in (12.6), namely, 

\ = t(Zq r*) c e^, 


d = max diam T(R) 


for all ReS^, % = 

and Eq denotes any sura ranging 

over all ReS^^ with R C po that is interior to P . 

n 


We shall suppose that d^^, m^ 


0 as n 


(vi) For every plane mapping (T, A) we have 

n-- 00 ReS 

n 


n 


lira Y, (Ep r |9(p; R, T)| = 

® ReS ^ 

n 


= (E ^)J N^(p; T, A) = W,(A, T) , 


00 . 


if* (T, A) is BV, also 


n 


lim 


n 


00 


(E^) J |N*(p; T, A) - X l 9 (p; R, T) 

ReSn 


= 0 . 


Analogous relations hold for V'^. W'*' cd"^ 

and for V*, W», 9", Nl. 


PROOF. This statement is the analogue of the combined 
statements of (12.8) and (12.9). The proof is quite 
the same where (11.3, Hi) is used instead of (11.3, i^). 
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etc. . We have listed above some of the new statements together with the 
proofs of the comparison theorems (iv) and (v). The proofs are the same as 
for the analogous properties of the functions 0^ N> V, N, etc. . 


*12.16. Bibliographical Notes And Some Further Remarks 

The functions N, V, W for plane mappings have been studied by L. Cesarl 
17 , 9 , 10, n, 12, 14 , 15], the functions N+, N", V+, V-, have been re¬ 
cently proposed by [P. V. Relchelderfer, 6]. The definition of the func¬ 
tion n (12.10) [P. V. Relchelderfer, 6] supplants a previous one of L. 
Cesarl [12]. The method used throughout this section Is the same used by 
L. Cesarl (loc. clt.) In the papers quoted above; the results are mostly 
reinforcements of statements given in the same papers for the functions 
N, V, W, In particular the equality V = W = U for plane mappings 
(12.8, 11 , and 12,9, 111 ). The limit theorems (12.8, 1 ), (12.9, 1 ) are new 
and published here for the first time; theorem (12.9, 11) Is also new. The 
limit theorems supplant previous theorems of approximations. 


The BV concept for plane mappings (12.3) [L. Cesarl, 9] is equivalent to 

the concept of eBV of T. Rado [20]. For the equivalence see [T. Radc 5 , 
32] and [J. Cecconi, 1, 2]. 


The function N(p; T, A) is not only lower semlcontlnuous with respect to 
p (12.2) and with respect to T (12. 4 ) separately, but has the same prop¬ 
erty with respect to p and T together as T. Rado has pointed out [33]. 

For the general use of the topological index in the basic definitions con¬ 
cerning surface area see also ( 9 - 12 ). For other definitions of plane 
mappings of bounded variation and related concepts see W. H. Young [ 4 , 6], 
S. Banach [2], G- Andreoli and P. Nalll [1], R. Caccloppoli [6]. The so- 
called (crude) multiplicity function 


Nb(p; T, A) 

and the corresponding total variation 

Wg(A, T) = (Ep ; N3 (p; T, A) 

(Banach's total variation) could be obtained by replacing the function 
C(p; C)| in (12, 1-3) by the characteristic function of the set T(itO). 


Thus 


Ng(p; T, A) 

denotes the number (zero, or a positive Integer, or + <») of the solutions 
of the equation p = p(w), weA^. An analogous of the statement V = W 
(12.8, 11 ) holds (Banach theorem). 

Both theorems (12.15, ill, and vl) relative to the fmctions N*, V*, W*, 
etc. are somewhat stronger than the corresponding statements (12.5, 1, and 
12 . 8 , 1 ). These are some of the advantages of a consistent use of general 
polygonal regions R and of the function 9 (p; R; 1 ) instead of simple 
pol. regions it and the function 0 (p; C), but these advantages do not 
compensate the disadvantages which would appear in Chapters V and VII. On 
the other hand, the greater simplicity in concepts and exposition which is 
achieved on the whole by the use of simple pol. regions seemed especially 
desirable in this book. 

We shall mention finally an application of the function 0 (p; C) defined 
in ( 9 «T), i-e., 0 (p; C) = sgm 0 (p; C) = + 1, - 1 , 0 according 0 (p; C) > 0, 

< 0, = 0. By replacing 0 (p; C) by 0 (p; C) in all definitions 
I12, 1-3) we may have functions i^(p; T, A) = N(p; T, A), V(A, T), 

W(A, T) and analogously 

V’*', V“, W'*', W" . 

It Is Immediate that the functions ^Ir, V, W, ..., W , have the same P^OP" 
erties of lower semicontinuity (12.2) gnd (i 2 .t). Obviously 0 < i|f < N. 

L.Cesarl [9, 10, ii] has proved that V = V, V = W for all plane mappings* 

See also ( 9 * 13 , and 9 * 15 ). 
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§ 13 - AC PLANE MAPPINGS 


13.1 


Definition 


(T, A) 


of a Plane Mapping 


admissible set A of the w-plane E^, 


A c. plane mapping 

A A ^ • r -- - - - - — ^ ^ A •« ^^3 

w = (u, v), into the p-plane E^, P = (x, y), is said to be absolutely 
continuous, or AC, provided the following conditions are both satisfied: 
(a) Given e > 0 there exists a = CT(e) > 0 such that for 
every finite system S of simple non-overlapping pol.reg. 

It C A with Z 1 It I < o we have Z v (it, T) < e, where z 
is extended over all iteS; 
for every closed simple pol. reg. 
subdivision S of it^ in simple pol. reg. n, 

V(itQ, T) = z V(it, T) where z is extended over all neS. 


(b) 


It C A and each finite 


we have 


(i) A c. plane mapping (T, A) satisfies (a) if and only 
if (a) is satisfied by the function V(it. T). 


PROOF. Suppose that Z | it | < a implies z V(it, T) < e, 

then, because of 0 < v < V, we have also z v(it, T) < e. 

Suppose that z | n | < a implies z v(it, T) < e and 
let us consider in each it a finite system S' of 
non-overlapping simple pol. reg. q C it. If S' is 

of all regions q we have 
z'qCZit, S'|q|<z|it|<CT, v^here z* is extend¬ 
ed over all qeS'. .Hence z' v(q, T) < e. Since in 
each It the regions qGS'(it) can be chosen in such a 
way that the sum of the corresponding v(q, T) is as 

close as we want to V(it, T) we have also z V(it, T) < e. 

Thereby (1) is proved. 


the system z S' 


(ii) If (T, A) is any plane mapping, if (T, A) is 
AC and |A| < + 00, then (T, A) is also BV. 


PROOF. Let S denote any finite system of non-overlapping 
simple pol. reg. n C A. Let m = |A|, 0 <m<+oo^ a 
be the number defined in (a)' for e = 1 and M be any 
Integer such that M > 2m a"’, M > 2. Then let us con¬ 
sider any finite subdivision S' of the regions «eS 
into simple pol. regions q C n 

Then we can associate all qeS' 
each f covering an area in A 
and cr. We will have less than m a 

families f. Let Z, S', z'“', e* denote 
any sura extended over all «eS, qeS', qgf, fegt 


with |q| < M ’ CT. 
into subfamilies f. 


betv;-een 

-1 


a - M 


-1 


2 m ci“^ < M 


(1 - M ’ < 

(o) 
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respectively. Then by v < V, by (b) and (i), we have 
Z v(jt, T) < Z V(jt, T) = Z* V(q, T) = Z* Z^°^ V(q, T) < 
z* (1 ) < M; that is z v(it, T) < M for every system 
S of regions iteA. Hence V(A, T) < M and, by 
(12.8, ii), also W(A, T) < M, i-e-, (T, A) is BV. 

(iii) The conditions (a) and (b) are independent. 

This statement is proved by the following Examples A and B. 


(A) Example Of A Plane Mapping Satisfying (a) And Not (b) 


Let A=[o<u<l, 0<v<l] be the unit square of the w-plane E^, 

w = (u, v), and B the rectangle B = io < x < U/7, 0 < y < i] of the 

p-plane E^, p = (x, y). Let C:x = (p(t), y = t(t), 0<t<l, be 
a simple arc of end points (o, 0), (o, 1 ) covering a set of measure 

m > 0 of the rhombus r of vertices (0, 0), (0, 1), (l/ 7 , 1/2) 

(" 1 /T^ 1/2). Consequently we have [C] C r, 0 < m < |r| = l/ 7 * (For 
curves having these properties cf. W. F. Osgood [1]). Let us consider 
now the twin curves r^: u = 2/7 + 9(t), v = ijfCt), 0 < t < l; 
r^: u = 5/7 + 9(t), V = t(t), 0 <t^ < C A. The cvirves 

'divide A into three non-overlapping 
'* Jordan regions r^, r^, where 

I ^ \ I I ^ is between the strai^t line u = 0 


2 * 


u = 5/7 + 9 (t), 


Pg C A. 


The curves 


?!, Pg 



^ 2 ' ^3^ 


where 


0 


* 1 
and 


^3 ^ ^ 

u = 1. Let us observe that the seg¬ 
ment 3 = [u = 1/2, 0 < V < 1 ] be¬ 
longs to Tg* 


between P 


between P. and 


Po; 


and the straight line 


Let us now define a function F(u, v), (u, v)e r^, with the following prop¬ 
erties: (a) 0 < F < 1 ; F(u, . 0 ) = 0, P(u, l) = 1 for all 
2/7 < u< 5/7; F(l/ 2 , v) = V for all 0 <v< 1 ; F[ 2/7 + q>(t), lif(t)] 
P[5/7 + (p(t), i^(t)] = t, 0 < t < 1 ; (p) The equation F(u, v) = t, 

(u, v)er , defines one and only one continuous simple arc of joining 

the poinL [2/7 + 9(t), t(t)], [5/7 + <p(t), t(t)] and passing through 

(1/2, t). Here a procedure for the definition of F. Let us observe first 
that s divides into two Jordan regions and that we can 

define a homeomorphisra H between ^22 ^ ^2^ where 

R^, Rg are the aiixillary rectangles R^ = [2/7 < ^ < 0 < v < l], 

R = [1/2 < u < 5/7, 0 < V < 1 ]. We have only to map the points 
[2/7 + q>(t), ilr(t)] [5/7 + 9(t), ( 1 / 2 , t) into the points 

(2/7, t), ( 5 / 7 , t), ( 1 / 2 , t), 0 < t < 1 , and the points (u, 0 ), 

(u, 1), 2/7 < u < 5/7 into the same points (u, 0 ), (u, l). By ( 6 . 1 , 1 
then H can be extended as a lonlque homeomorphlsm H between + ^22 
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and + Rgj coinciding with the homeomorphlsra H already defined between 

^21 ^22 ^2- function Pq(u, v) = v, (u, v)eR^ + R^ 

Is transformed by H into a function F(u, v), (u, v)tv^ = r^, + 
having all the required properties (a) and (p). 

Let us now define the c. mapping (T, A) as follows: Let T: x = u, 
y = V, if (u, v)er,; x = u - 3/7, y = v if (u, v)er3; x = 2/7 + (p(t), 
y = i(t) if P(u, v) = t, (u, v)er2, 0 < t < 1. Thus T Is single¬ 
valued and continuous In A and maps A onto B. Each point (x, y)eB 
is the image either of one and only one point of A, or of a proper con¬ 
tinuum (and of only one proper continuum) of A, according to 
(x, y)eB - [Cq], or (x, y)€[C|^], where is the continuous curve 

^o‘ ^ y = +(t), 0 < t < 1, [Cq] C B. It is easy to show 

that for every simple pol. reg. n C A we have lv(n, T)| < Ul, hence 

T satisfies (a). On the other hand, if (q^, q^) is the decomposition 
of A into the two non-overlapping rectangles q^ =[0 < u < 1/2, 

°<v< 1 ]j q2=[l/2<u<l, 0 <v<l], \ie have V(q^ ) + VCqg) = 4/7 - m, 
V(A) = 4/7; hence V(q,) + V(q2) < V{A) and T does not satisfy (b). 

(B) Example of a Plane Mapping (T, A) Satisfying (b) and not (a) 

Let (p(t), 0 < t < 1, be a continuous, singular, strictly increasing func¬ 
tion of the real variable t, with cp(0) = 0, q,(i) = 1 [for an example 

of these functions see, e.g., S. Saks, I. p. 101]. Hence q)(t) is a BV, 
not AC function of t. Let (T, A) be the c. plane mapping from the 
unit square A of the w-plane, w = (u, v), into the p-plane, p = (x, j), 
defined as follows: T: x = <p(u), y = v, (u, v)eA. Then for every Inter-' 

val I = [a, b; c, d], I C A, we have v(I) = V(I) = (cp(b) - q)(a)] (d - c). 

Since for any integer n there are families of intervals a. < t < b. 
with Z(b^ - aj_) < n-\ S lcp(b^) - cp(a^)| > cr where a is^ome positive 
fixed number, then (T, A) does not satisfy (a). On the other hand the 

formula V(I) = (d - c) [<p(b) - 9(a)] shows that V is additive as a 

function of interval. It is easy to show that V is additive also as a 
function of simple pol. region n C A. Thus (T, A) satisfies (b). 


NOTE. Let us consider the example 


oxi« «Acunpxe A aoove and let P denote the sum 
of the two rectangles (0 < u < 1 /2 + 1/n, 0 < v < 1], [1/2 + 2/n < u < 1 

0 < V < 1], n > 14 . Then we have L(Pj^, T) = |r°| + |r?| = 4/7 - m 

(9.5, i). Therefore we have L(P , T) _> 4/7 - tn, 

L(A, T) = 4/7 and P 


P 

2 

as n 


A, P 




^ -n ' we have not P° t A°. This 

shows that in the statements (5.10, i), (9.3, 1), (5.,^^ iv),''(9.3, iv) we 


= ^/1 - m 
■> while 

This 


-- J./, iv; 

cannot replace the convergence F° T A° by the weaker one P° 

n 


-> A 


o 
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Since the mappings (T, P^) can be approached by means of q.l. mappings, 
it follows that also in the definition of Lebesgue area (5-8) we cannot 
replace the convergence t A*^ by F^ -Note). 


*13.2. Some Particular Cases 

If f (u, v), (u, v)€Q, is any real-valued continuous function in the unit 

square Q and we consider the c. plane mapping (T, Q): x = u, 
y = f(u, v), (u, v)€Q, then (T, Q) is regular (9*6; 12 . 5 , Note 3 ), and 
T is BV if and only if the Tonelli total variation with respect to v, 
say 

V^[f; Q] 


is finite. The Image under T of any segment s C Q is semlrectiflable 
(8.8) and hence, by a theorem we shall prove in ( 21 . 4 ), condition (b) is 
necessarily satisfied. By (9*6, li) the number V(rt, T), relative to any 
simple pol. reg. C Q, can be obtained as a limit of sums z v(r; T) ^ 
relative to finite systems of rectangles r = [a<u<b, c<v<d] Cit • 
Hence condition (b) is satisfied in the class of all simple pol. reg. 

IT C Q if and only if the same condition is satisfied in the class of all 
rectangles r C Q._ By [S. Saks, I, p. 176 ] the latter condition is satisfied 
if and only if f(u, v) is AC in 0 < v < 1 as a function of v for 
almost all u 6 [o, ij. Thus (T, Q) is AC if and only if the various re¬ 
quirements for BVT and ACT definitions ( 3-1 ) are satisfied with respect 

to V. 

If we consider as in (12.5, Note) the c. mapping (T, Q): x = u, y = v, 
z = f(u, v), (u, v)eQ, from Q into Eo, then we conclude that f is 

BVT and ACT if and only if T^ and Tg are BV and AC. 

Another particular case of some interest is the plane mapping (T, Q): 

X = f(u), y = g(v), (u, v)eQ, from the unit square Q, where f, and g 

are continuous real-valued functions in [o, 1]. Then (T, Q) is regular 
(cf. 9-6, Note 3 ) and for each r = [a<u<b, c<v<d] CQ the curve 

C: (T, r*) is the sum 

C = Cl + Cg + 


of four cui’ves each contained in one of the straight lines x = f(a), 

X = f(b), y = g(c), y = g(d). Hence |C| = o. In addition Op; C)= + l 

for all points p of the open rectangle R = [f(a), f(b); f c , ndjJ 

and 0 (p; C) = o otherwise. Therefore v(r, T) = |f(b) - f(a)l 
and the limit ( 9 - 6 , ii) is then equal to V(Q, T) = V[f] • 

V[f], V[g] denote the total variations of f and g in 1 °/ U/ 4.^ con 
where the product in the right-hand member is zero whenever one of the lac- 
tors is zero (even if the other factor is ■»). We conclude that (T, w; 
is BV if and only if either both f and g are BV in I o, 1 J, or 
V[f] Vfg] = 0 , [i-e., in the latter case, either f is constant ^d g 

is any continuous function, or g is constant and f is “ly, 

function]. If both f and g are monotone non-decreasl^ then we have 

V(Q, T) = [f(l) - f( 0 )] [g(l) - g( 0 )] and N(p; Q, T) = N+(p, Q' ^ ' 

n(p; Q, T) = + 1 , N-(p; Q, T) = 0, for all points p Interior to the 

?e?tangle [f(o); f(li g(o), g(l)], while the same functions are 

otherwise zero. 

If the mapping (T, Q) above is BV, then in any case the ^^ge mder 

of anv sesraent s C Q is a semirectlfiable curve C ( 8 . 8 ) and 

icl^^o “21 4 , 1 ) condition (b) is satisfied. Obviously condition 

(a) is satisfied if and only if either both f and g are in 

fo i 1 or V[f] * V[2] = 0 . Therefore we conclude that, li neitner 

nor g are constant in [0, 1] then (T, Q): x = ^ ^ 

(u, v)eQ, is BV if and only if both f and g are BV, is AU xi 

and only if both f and g are AC in L 0, l J. 
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* 13»3 ■ Bibliographical Notes 

The concept of AC plane mapping given in (13.1 ) was introduced by [L. 
Cesarl, 12] together with the examples A, B proving the independence of 
the conditions (a) and (b) [L. Cesarl, 16]. A necessary and sufficient 
condition in order that a mapping is AC is given in (15.2) of this book 
and due to T. Rad6 [33] and J. Cecconi [2]. Such a condition gives one of 
the fonns proposed by T. Rado of the definition of the AC concept for 
continuous plane mappings. For other equivalent forms of the same concept 
see T. Rad6 [20, 32] (essential absolute continuity). 

J. Cecconi [3] has extended to BV and AC plane mappings the integral 
property given by [S. Saks, 6] for real functions of one real variable. 

The Banach definition of absolute continuity (ACg) [S. Banach, 2] is not 

equivalent to the AC definition and could be obtained by the same changes 
already indicated for the BVg concept (i2.l6). The corresponding con¬ 
dition, say (b)g, of (b) is a consequence of condition (a)g. 

*§ 14 . LOCAL PROPERTIES OF PLANE MAPPINGS 

* 14.1. The Collection r for a Mapping (T, A) From any Admissible Set A 

Let A be any admissible set of the w-plane E^, w = (u, v). 

Then ( 5-1 ) A is either an open set, or a closed Jordan region 

A = J (of finite order x> > 0)^ or a finite sura A = K = L J. 

of disjoint closed Jordan regions J^^, or any set A C K, 
open in a set K. Let (T, A): p = p(w), weA, be any con¬ 
tinuous mapping from A into the p-plane E^, p = (x, y). 

Let H = T(A). For any peH let T"Vp) be the subset of 
all weA with T(w) = p and let us consider the components 
g of T’^(p). Let r = r(T, A) be the collection of all 
components g of the set T" (p), peH. Then r is the 

collection of all maximal connected subsets of r on which 

T is constant. In (10.I1) ve have already considered the 
collection r in the case where A is compact and then all 
ger are compact, hence continua g C A. In the present 
situation the sets g are not necessarily compact. Let us 
recall here that a set g is said to be "locally compact" 
if for every point weg there exists an open set c such that 
wee and the set gc is compact. Any locally compact connected 

set is said to be a "generalized continuum" [G. T. Whyburn, 
p. 16]. 

(1) Every element ger is a generalized continuum. 

PROOF* If A is compact then g is also compact 
and hence a continuum. If A is open, let c be 
an open circle of center w such that c C A. Then 
by the continuity of T, T is constant not only on 
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g, and g c, but also on g c hence all points 
veg c" belong to g since g is maximal; finally 
g c" = g o' and g c" is closed and bounded, and hence 
compact. Suppose finally that A C K and A is 
open with respect to the compact subset K of the 
w-plane E2■ Let c be any open circle of center 
w such that c" K C A. Then because of g C A C K 
we have also g c" = g(cK:). As above, T is constant 
not only on g, and g(cK), but also on g(cK); 
hence all points weg(cK) belong to g since g is 
maximal. Finally gCcK) = g(cK) and g(cK) is closed 
and bounded; hence g c = g(Ac) = g(^) is compact. 

The statement is proved. 


*iU.2 . The Collections and r^, r ]) ')r^ 

Let Tq denote the collection of all ger which are compact. 
Hence all elements ger^ are contlnua. Let ‘r^ denote the 
collection of all ger^ which have the following property: 
There exists an open set U. such that g C U C A. Hence 
each element ger^ Is Interior to A; l.e., g C A . Let 
Aq, A^ be the subsets of A covered by the contlnua g of 
Tq and . Hence A ]) A^ 3 A^ . 

( 1 ) The set A^ Is open In A. 


PROOF- If A Is compact, then all g are compact 
and Aq = A. If A Is open, then for any ger^ we 
have g C U = A; hence , A^ = A^ [we shall 

discuss the measurability of A^ In ( 11 )]• Finally 
suppose that A C K Is open In a compact set 
K C Eg. Let Wq be any point w^eA^, then 

Wo€go, So^^o' So compact. For every weg^ we 
have weA, and A Is open In K; hence there ex¬ 
ists an open circle c of center w such that 
cK C A. By the Borel covering theorem there Is a 


finite collection [c) of open circles c covering 
g^j hence. If H = E c, H Is open and bounded, 

C H, g C K, go C HK and HK Is open In K. 

In addition HK Is compact and HK C EK C A. bet 
F = Sl(K - HK), thus F Is the boundary of HK In 
K [G. T. V/hybum, p- 16], P Is closed, P C K, 

F Is compact. Let us prove that F gQ = 0. In¬ 
deed suppose F gQ + 0, and let w be any point 
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veP gQ, then w is interior to a circle cetc); 
hence there is another open circle c* of center w, 
radius p > 0 and c* C c. All points of c* belong 
to H, hence c*K C HK, and all points of K - KH 
are at a distance > p from w. In consequence 
c*F = 0, w is not on P, a contradiction. This 

proves that p = o; hence P] > o. Let us 

consider now the compact set HK C A, on which T 
is defined, hence (T, HK) is a c. mapping. In add¬ 
ition, since ISC is obtained by finitely many sums 
and intersections of closed Jordan regions, HK is 
locally connected. Since {g^, P) > o we have also 
( 10 . 7 , Vi) (g^, P}rp > 0. If 2d = {g^, F}^ and V 
is the open set of all weRK^ such that {w, g^jrp < d, 
the set V is open in HK (10.7, iv), YF = 0, 

V ') g^, and V is a sum of maximal continua of 
constancy 7 of T on HK. Obviously /F = 0 for 
every 7 of V. In addition, because of VP = 0, V 
is also open in K. Each continuum 7 is contained 

in an element geP; i.e., 7 C g, and g is a gen¬ 

eralized continuum (l4.l, i). Also gCIK) is 
compact, HK is open in K and 7 C g(HK); i.e., 
g(HK)=(= 0. Therefore [G. T. Whyburn, p. l6, (10,1)] 
either gOC) = g and hence g(Inc) = g = 7; or 
g(HK:) + g and every component g* of gCHEC) 
intersects P. Since one of these components g* 
contains 7, 7Cg*, g'P+0, and T is constant 

on 7 as well as on g', we have 7 = g', hence 
7P + 0, a contradiction. This proves that the 
second alternative above is false; hence g = 7 for 
all 7 of V, V is a set open in K contained in 
Aq and finally v^eV, V C A^. Thus we have proved 
that Aq Is open in K and hence in A. 

(i) The set A^ is open. 

PROOF. Let w be any point w^eA, . Then w eg . 

w 01 o ®o^ 

Sq is compact and there exists an open set 
gQ C U C A. Then for every point weg there 
exists an open circle c of center w such that 
ecu. There exists then a finite collection (c) 
of these open circles covering g; hence if H = zc, 

H is open and bounded, H is compact and 
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Sq ^HCHcUCA. Lst P = thus P Is 

closed and boundec], and, as In the previOTis proof, 

^ tg^ F) > 0. Then H is connected 

and locally connected and we can consider the c. 

mapping (T, H). Then {g, P}^ = 2d > 0 and. If 
V is the set of all points w such that 
iS> P)ip < then V is open, g C V C H, 

VH* = 0, and V is a sum of contlnua of con¬ 
stancy 7 for T on H. As above each y is 
contained in an element ger, r C g, and we shall 
consider that component g* of ^ which contains 
7 • Then since H is open, gH is compact, 

7 C g C H, and gH + o. By [G. T. Whybiim, p. l6, 

10.1] we have either gJI = g and ^ = g = 7; or 

gH + g and g*P + o, g* = r- In the second case we 
have 7H* + 0, a contradiction. Hence g = 7, for 
every 7 of V, V is open, V C A^, and w^eV; 
l.e., A^ is open. 

The Collection 

We denote by Pg the collection of all ger^ which have the following 
property: for any open set U, g C U C A, there exists a simple pol. reg. 
n such that g C n C U, 0 (p; C) + 0, where p = T(g) and C: (T, it 

Let Tg, Tg be the subcollections of Pg (not necessarily disjoint) of 
all g which have the above property with 0 (p; C) > 0, or 0 (p; C) < 0. 

Thus ^2 ^2 ^ ^2' ^2^ ^2^ ^2 sets of points weA covered 

by the collections Pg, Pg, p”. As it follows from the definitions we 
have P D Tq :» p^ :) and A j A^ :> A^ 5 Ag . 

( 1 ) The sets Ag, Ag, Ag are B-measurable. 

PROOP. Let us denote by Pg^ the subcollection of 

all g€P„ which have the following property: In the 

^ — 1 

open set U = U(g, n ) of all points wcA such 
that (w, g) < n~^ there Is a simple pol. reg. n 
such that g C Tt°, it C U C A, o(p; C) + 0 where 
C: (T, It*). Then, because of (8.3, 1 ), the set 

Agn covered by is open and J^2n ^ ^ 2 ,n+V 

On the other hand, Ag = 11 m \,n+^ ^2,n+2 

as n -» 00. Therefore Ag Is B-measurable and an 

analogous proof holds for Ag and Ag. Thereby ( 1 ) 
is proved. 
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Let F^ be any sequence of closed figures F^ C A, F^ C F^^^, F° t A°. 
Then, for each c. mapping (T, F^), where F^ is compact, we have already 
defined a countable set = D(T, F^) of points peE^ (10.5). Let 
D = D(T, A) = D(T, F^ ) + D(T, ^3 ^ ‘ ’ Then the set D(T, A) C E^ 

is countable. 


NOTE. The set D does not depend upon the particular sequence F used 
for the definition of D, (10.5). 


(li) For each point - D and each simple pol. reg 

n C A such that 0 (p; C) =(= 0 (> 0, < oJ, where 
C: (T, Jt*), there exists at least one element 


g C r 


2' 


g C 


with T(g) = p. 


PROOF. By (8.3, 1 ) we can replace n by a new 

simple pol. reg. contained in hence in A*^. 

Let us denote it still by n, and let n be any 

o 


integer such that n C for all n > n. Let 
H = T"^ (p), H = (p), 


IT with €, = 2 


n 

and apply (11.3^ iv) to the 

-1 


If S = S‘ + s 


o' 


pol. reg. 

the subdivision of n 
qeS* 

n we have T](q)<2”\ ti(R )<2 

h(z q* + z R*) = It* h = 0, where 
0 (p; C) + 0 and p is not on [c]. 
we know that the set T(r*) [for every 


f f 


is 


into simple pol. regions 
and non-simple pol. reg. R = (r_, r 
then we have T](q)<2”\ ti(R)'““^ 


1 


» • 


rJeS", 


n*H = 


0 since 
By (11.3, iv) 


r = Tq, 


» • 


■0 


of R, ReS*'] is contained 


in a circle c not containing p. Let us drop from 
S all parts completely contained in regions Tq^R, 
R€S»* 


S = S> + SM 


( 11 - 3 , iv). 

of 


qcS- 
r = 


(S^ C S' ) 


r cS' ' 
0 0 


(ro€R, 


Then we obtain a subdivision 
n into simple pol. regions 
and in simple pol. regions 
ReS"). If c': (T, q*), 


C**: (T, r*) for every qeS^ 


and , 


then each C" is contained in a circle c non- 
containing p and 0 (p; C") = 0. On the other 
hand, Jt* H = 0, (z* q* + z" r*) H = 0, and, by 

(8-6, i), o(p; C) = z* o(p; C) + z" o(p; C'), 

where z', z'' are extended over all qeS*^ 

Finally 0 + o(p; C) = z' o(p; C), and there must 
be, therefore, at least one region q^eS* such that 
0 (p; ) + 0, : (T, q^ ), and q^ C n, ti (q, ) < 2"^ 


res- 


1 
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By repeating this procedure for the region q, and 

“2 ' 
e = 2 , we obtain another simple pol. reg. with 

q.2 C q^, 0 (p; ) = 1 = 0 where G^: (T, q*) and 

TiCq^) < 2 By indefinite repetition of the same 

procedure we obtain a sequence [q^] of simple pol. 

regions q^^ C n, q^^^ C q^, Ti(qj^) < 

0 (p; ^ 0, where C^: (T, q^). Then the sequence 

[q^] has a limit continuum g and g C it, g C g^^ 

for all n. On the other hand W +0 for all 

n where all sets q^, H are compact and 

^n+l ^ ^n’ hence gM + 0. By < 2 "^ we oh- 

tain Ti(g) = 0 ; l.e., T is constant on g and 

therefore, T(g) = p and g is contained in a 

* 

component g^ of H. Since g^ q^ = 0, 
gn C q^, and p is not in T(q^), we have also 
g^ C g. Therefore g = Eq; 1 -e., g is a component 
of H , g is compact, ger, g^r^ and, since 

g C q°, also ger,. If U is any open set such 

^ — 0 
that g C U C A, there is an n such that g C q^^, 

C U, 0(p; C^) 4 0 for all n > n. Hence gefg. 

This proof holds also for and . Thereby 

(11) is proved. 


* 14 . 4 . Further Properties of the Elements gePg 

( 1 ) For every element g^^2^ the open set - g is 
connected- 

PROOF. Let U be any open set such that g C U C A; 
then there exists, by definition of r^, a simple 
pol. reg. Jt such that g C n C U. Suppose that 

Eg - g is not connected. Then Eg - g is the sum of 
more than one component. One of those components, say 
7 q, must contain entirely Eg - « as well as all 
points of n*; another component, say niust be, 

therefore. Inside it. Thus 7 is bounded and 
separated from by g in Eg. Let c be any 

closed circle, c C hence, also the set 

V = U - c is open and g C V. By definition of fg 
there must be another simple pol. reg. it* such that 
g C it**^. It* C V. Since c is not in V, c must 
be exterior to it * while g is interior to it' - 
Hence there exists a simple arc 1 , not crossing g, 
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exterior to joining c with some points ex¬ 

terior to Jt, hence in y^, a contradiction, since 
c C 7 • Thus E, - g is connected and ( 1 ) is proved. 

(il) The elements ger^ which satisfy both conditions: 

(a) p = T(g)€E^ - D; 

(b) there exists an open set U, 

g C U C A, such that g'U = 0 for 
all g'^Tg. g' + g, T(g') = T(g) = p; 
have the following further properties: 

(c) for every simple pol. reg. « such 

that g C C U, = 0, 

where M = T“^ (p) we have 0 (p; ) + o 

where : (T, ); 

(d) the value of 0(p; ) does not depend 

upon the choice of as in (c). 

PROOF. By the definition of there is another 

simple pol. reg. such that g C ^2 ^ 

0 (p; C^) + 0 where C2: (T, n*). Then p is not 

in [Cg] and hence 3 t*M = 0. Since g C 

g C the set + ^2 connected. We can 

suppose (8.3, i) that both and are in 

pP; hence C There exists then a figure 

F, jt, + It C F*^, P C A, where for F we can take 
one of the figures F^ of (l 4 . 3 ). Then it^ ^2 
is contained in a unique polygonal region Q of 
F, g C + itg C Q°. By ( 11 . 3 , iv) with H = (p), 

H = M = T”Vp), there is a subdivision 3 = 3 ' + 3 '' 
of Q into simple pol. reg. qeS' and not simple 

pol. regions ReS'', R = (r^, r^, ..., r^), such 

that both It and n' are sums of regions qeS' 
and ReS''. Let us observe that (n^ + n2)M = 0 , 
where M = T"^(p) and that, by (11.3, iv) 

(z'q* + j:''R*)M = 0, where the sums are extended 
over all qeS', ReS'', q, R C it^ + n^, respective¬ 
ly. Again by (11.3, iv) each curve C': (T, r*) 

(where r is any of the regions r = r^, r^, ..., r^ 
relative to ReS'') is contained in a circle c not 
containing p; hence 0 (p; C') = 0. Let us consider 
It2 Q-nd let us drop from S all parts which are in¬ 
terior to regions r^^ relative to some ReS'' and 
which are in We obtain a subdivision 
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2 into simple pol. regions qeS* 


) and simple pol. reg. 


r = '' 


(S^ c s 

ReS''). By (8.6, 1) we have 0 4 ^ 

0(p; C ) = E' o(p; C) + E'' o(p; C"), where 


2^, E^' are extend- 

0 + 0(p; Cg) = E^ 0(p; 


C: (T, q*), C": (T, r*) and 

ed over all qeS^, reS^'. Thus 
and we have 0(p; C ) 4 0 for at least one of the 
pol. regions qeS^. Because of (li*.3, 11) and (b) 
this Is possible only for one of the regions qeS.^, 
say 


q = qo 


0 4 0(p; Cg) = 0(p; C ) 


the one which contains g. Finally 

* 


where C 


o’ 


(T, q^) 


C) 


Let us consider now and let us drop from S all 

parts which are interior to regions r^ relative to 
some ReS** and which are in We obtain a sub¬ 

division = S| + SJ * of Jt.j into simple pol- reg. 
qeSj (S* C S*) and simple pol. reg. r = r^eS** 

(r^eR, ReS**). Let us prove that cannot be 

inside of some region reSj ^■ Suppose the contrary 
is true. Then there exists a region r^ relative to 
some ReS* * and a subdivision S^ = S^ + S^* of 
r^ - r^ into simple pol. regions qcS^ (S^ C S*) 
and simple pol. regions ^^^S^^* all relative to some 
ReS**, while q^^ is a region q = By 

(8.6, 1 ) we have O = 0 (p; C) = 0 (p; C*) + 0 (p; C**) 

where C: (T, r^ ), and where the sums are extended 
over all q^S^^ respectively. In conse¬ 

quence 0=2:^ 0(p; C) where the term 
0 (p; C*) = 0 (p; Cq) Is + 0. Necessarily another 
term at least In the sum £* must be + 0 and this, 
because of (b) and ii) is impossible. This 

proves that q^ is not Inside of any region reSj * 
and hence q^ is one of the regions q^eS*. By 
(8.6, i) we have again 0 (p; C^ ) = x* 0 (p; C* ) + 

Z** 0(p; C^), where S*, 2** are now extended 

over all qeS*, C^ ) = Z* 0 (p; C*). 

No term 0 (p; C|) besides 0 (p; C^) can be differ¬ 
ent from zero (because of (b) and ( 14 . 3 ^ li)); there¬ 
fore 0(p; C^) = 0(p; Cq) and finally 
0 (p; cp = 0 (p; Cg) + 0 - Thus (c) and (d) are proved. 

Thereby (li) is proved. 


(ill) Each point pcE^ - D where N(p; T, A) < + 

has the following properties: 


00 
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(a) the collection (g}p = (g-,) ggj •••' 
of all gePg such that T(g) = p has 
k elements 0 < k < N(p; T, A) and 
k = 0 if and only If N(p; T, A) = 0 ; 
(h) there exists a system of k non-over- 
lapping simple pol. reg* 

1 = 1 , 2 , k, such that gj_ C 

C A; 

(c) for every simple pol. reg. q. such 

that g^ C q C q^M = 0 

where M = T ^ (p)> we have 

0(p; C) = + 0 , where C; (T, q*) 

and -0^ does not depend upon q C 

i= 1 , 2 f • * • j kj 

(d) + 1^21 + 

= N'*‘(p)^ = N"(p), where 


and 

z are extended over all 

VI, < 0 , respectively; 

V)^ > 0 

for 

every simple pol. 

reg. Jt C 

A such 

that 

g. (A - Tt°) + 0 , 

1 = 1 . 2 , 

..., k, 

we have 0 (p; C) = 0 

where C: 

(T, «♦). 



PROOF. Not knowing yet whether the collection {g}p 
is a finite (not even comtable) set o < k < + 0°. 

Let M be any (finite) integer, 0 < M < k. Let 

% tie any subcollection of M distinct 
continua of ts)p* Hence they are disjoint and also 
Sj_ C A°, g^A* = 0 , 1 - 1, 2, . . M. Let 35 
be the minimal mutual distance of the closed disjoint 


sets g.| , • ■ * ^ 
compact); hence 6 > o 


A* (all but at most the last one 


w€E« such that 


Let be the set of all 

thus U 


i = 1 , 2 , . . 
gi C C A. 


(W, gj^] < 6^ uiiuo 

M, are open disjoint sets and 
iv the definition of r„, for every 


ft ft 


M, there exists a simple closed pol. 

o 

i 

Hence the regions are also dis¬ 

joint. In addition, if = 0 (p; c^), 
z 10^1 < N(p; T, A) < + 00 where 
every i. In consequence M < N(p) < oo 


1 = 1 . 2 , 

reg. g^ C C U, 0 (p; C^) + o, where 

'^i* regions 

also 
1 for 
where M 


x>^\ > 


is any integer o < M < k. This implies that 
0 < k < N(p) < + 00, [g}^ l 3 finite and the first 

part of (a) is proved. 
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uuw suppose tnat in the previous reasoning we 
have M = k and then also (h) Is proved, and since In 

each 1 = 1, 2, k, there Is one and only one 

element ger^ with T(g) = p, by ( 11 ) we have (c). 

By the definition of N(p) and because of N(p) < + oo, 
there Is a finite collection (Q) of non-overlapping 
simple polygonal regions Q C A such that 

(a) N(p) = | 0 (p; C)|, where C: (T, Q*) and E* 

Is extended over all Qe(Q). We can suppose 

0 (p; IT) + 0 for all Q€{Q), hence Q*H = 0 where 

for all Q,€{Q}. By ( 14 . 3 , 11 ) there must 
be at least one aefel. Inside of each Q and, on 


H = T Vp) 


g6(g)p 

(oe), 


no one gefg) 


Let 

reg 


7(1 , 


i> 1 - 1 , 

such that 


P 

2 , 


can be out- 
k, be 


♦ • 


Si 


C n'°, 


C Jtj^, n|'c Q° where Q Is that region QeCQ) 


= 0 . 


Then, by 


the other hand, by 
side the regions Q. 
k simple closed pol 

Q' 

containing g^, and suppose 
( 14 . 4 , ii), 0 (p; Cj^) = o vhere Cj^: (T, 

By ( 11 . 3 , iv) there is a finite subdivision 
3 = S' + S'' of each Q into simple pol. reg. 
q'€S* and not simple pol. reg. R = (r^, r^, ..., 
where all regions are regions q', satisfying 

the other conditions stated in (11.3, iv). By the 
same reasoning often used above we have 

N(p) = z* |0(p; C)| = 10(0: C 


r ) eS 


■1 I0(p; C^)| = 

the last sum is extended over all 


•0 


where 


reasoning 


N 


+ 


• •, 


1 

= 1, 

2, 

. . . , 

k. 

second part 

Of ( 

a). 

and 

N". 




)0l . 

reg. 

JT 

C A 


. ., 

k. 

If 


+ 0 

C: 

(T, n 

*) 

and 


1 

= 1, 

2, 

. . ., 

k. 

k. 

Let 

«1, 




Let jt be now any simple closed j 
with g^(A - 0, 1=1,2,. 

for some 1 , then pefC] where 
hence 0 (p; C) = 0. If + 0, 

then g^ C A - JT, 1=1,2, 

1 = 1, 2, . . ., k, be k simple non-overlapping pol 
reg. such that gj_ C jrH = 0, 

i = 1, 2, k, hence |0(p; Cj_)| = + 0, 

where C^: (T, ITj) and z | 0 (p; C^)\ = N(p), while 
^\ 0 (p; Cj_)| + | 0 (pj C)| < N(p). Then 0 (p; C) = 0 
and (e) is proved. Thereby (ill) is proved. 


C A - Jt, 


t r 
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*14.5. The Collections and 

Let us denote by the collection of all elements ger^ which 

are single points. Analogous definitions hold for hy 

requiring ger^^ ger” to be simple points. Let us denote by 
the subcollection of all elements geF^ which have the 
following property: there exists an open set U, g C U C A, 
such that g'U = 0 for all g'eFp, g' + g^ T(g') = T(g). 
Analogous definitions hold for Fj^^, Fj^. Let us denote by 
Ay Ay A~y A^, A^^, A^ the sets of points covered by the 

elements geF^j •••> Fj^. Since all elements geF^j Fj^^ 

are single points there is no practical difference between 
F^ and A^, ..., Fjj^ and Aj^; only for the sake of analogy 
with the previous paragraphs we conserve the distinction. 

( 1 ) The sets A^, A^, A" are B-meas\irable. 

PROOF. Let us denote by A^^^ the set of all points 
W€A which have the following property: the open 
circle U = U(w, n"^ ) of center w and radius n” 
contains a simple pol. reg* such that 
n C U C A, 0(p; C) 0 where C: (T, it*). Ob¬ 
viously is open and since A^ = lim 

as n-the set A^ is measurable. The same 

proof holds for ky A“. 

( 11 ) The sets A|^, Aj^, Aj^ are B-measurable. 


PROOF. For every integer n let us consider the 
collection (q)^ of all closed sqiiares q C A, 


q = [a^ < u < , 

a^ = 1 2"^ + 3”^; 


where 


aj < V < a.^^] 

bj = j 2-^ + 3-^ 

Let us observe first that 

-n» . .-n» 


* • 


i> j = 0 ^ + 1 ^ + 2, ^ 

the equality i 2"^ + 3"^ = 1 ^ 2“^ + 3”^ implies 

1 = iS n = n*. This is obvious if n = n*. If 
n 4 nS say n < n', then the equality above im- 
plies (i' - a’^i) = ( 3 ^ - 1 ) 2 ’^, where h = n' - n 

and the prime factor 3 would be contained at least 
n + h times in the integer at the left and less than 
h times in the integer at the right, a contradiction. 
Thus the equality above implies n = n*, i = i'. As 
a consequence the numbers a^ (for equal as well as 
for unequal integers n) are all different, and the 
same happens for the numbers b.. As a further 

J 
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consequence, for every point weA*^ and n, w may 
belong to more than one (adjacent) square q€{q) 
for at most one value of n^ hence for every wcA^ 
there exists an index n^ such that w is interior 
to one (and only one) square ^ ^ 

For every square qeCq}^ let us consider the mapping 
(T, q) and the corresponding function y(p; T, q), 
peE^, defined in (12.3, Note 3 )- The function y 
is B-raeasurable in E^; hence the set L = L(q, n) 
of all points peE^ where ii^(p; T, q) = i is 
B-measurable and, therefore, also the set 

L = L (q^ n) = q° T ^ (L), L c q^, is B-measurable 
(see 16.2). Hence also the set A^^^^ = z z(q, n) 
where z is extended over all is B-measurable, 

and finally A* = lim as n -> «> is B-measiarable. 

Suppose w be a point weA^. Then we have 

ilf(p; T, q^) = 1 for all n large enough where 
is the only qelq}^^ with weq^ and p = T(w); 
hence weA* and A|^ C A*. 

Suppose w be a point weA*. Then, for all n 

large enougli, weq°, we l(qn^ 

each neighborhood U of w there exists a square 

qj^, ^ ‘^n is a simple pol. reg. 

It such that 0 (p; C) + 0, C; (T, n*), p = T(w), 
where we can suppose « C q°. In consequence of 
0 (p; C) + 0 we have Tt*M = 0 where M = T"^(p), 
hence w is not on n*. Let us prove that wen*^. 
Suppose indeed w outside Jt. Then there woxild be 
a neighborhood V of w (disjoint with n), weV, 

V C q°, Vit = 0 . Then there would also be a square 
q^, m > n, such that weq^, C V, 
in q^ a simple pol. reg. n * such that 0 (p; C*) + 0 
where C*: (T, «**). Now both it, it* are disjoint 
and contained in q°, and hence i^(p; T, q^) > 2 , a 
contradiction. This implies that weit^. Thus we 
have proved that in each neighborhood U of w there 
is a simple pol. reg. it such that wejt°, it C U, 

0 (p; C) ^ 0, where C: (T, it*). On the other hand, 
if we take ^ some n large enough, there 

cannot be in q^^ other elements g^ePg, g* 4 = g, 

T(g*) = T(g) by just repeating the reasoning above. 

This proves that wgTj^ and hence A* C Aj^, while 
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Aj^ C A*. We have proved that A* = A|^ and that 
A|^ is B-meas\irable. 


The Local Index .i(w) 

For every point weA|^, by the definition of = A|^, there 
is a neighborhood U C A such that w = g C U and such that 
g*U = 0 for all gUFg with g* + g, T(g') = T(g). Let 
p = T(v) and M = T“^(p). Let D = D(T, A) be the countable 
set, D C E^, defined in (10.5^ Note 2) and used in 12.5, 
proof of (i), and i 4 . 3 * The following statement holds: 

(i) For every weA^^ such that p = T(v)eE^ - D and 
for any simple pol. reg. it such that w€jt^, 

Tt C U, Jt*M = 0, we have 0 (p; C) + 0 , C: (T, it*), 
and the value of 0 (p; C) does not depend upon 
the choice of n. 

This statement is an immediate consequence of (i 4 . 4 , ii). 

For every weA^ such that p = T(w)€E^ - D, let j(w) = 0 (p; C) 
where 0 (p; C) is defined as in (i) above. For every 
W€(A - A|^) + T”^(D) let j(w) = 0 . Then the function j(w), 
weA, (local index), is defined everywhere in A and is every¬ 
where finite j ^ 0 . 

(ii) The function j(w) is B-measurable in A. 


PROOF. Obviously j(w) + 0 in - A 


A = T ^(D), 


A 

hence 


where 
where 
and 

is B-measurable as well as A and Ai. 


j(w) = 0 in (A - A^) + A , 

— 1 

is a countable sum of sets T” (p), peD, 


(14.5, ii). Let '^q(w) be the characteristic 
function of A . We will make use now of the nota¬ 
tions of the proof of ii). For every square 

q€(q)^ set -i)(w; q, n) = N(p; T, q) if 
we L (q, n), p = T(w); o(w; q, n) = 0 if 
weA - L (q, n). Each of the maximal subsets 
of L(q, n) where N = m is constant, is 
B-measurable and, therefore, also T”^(K^)L(q, n) 
is B-measurable and there has the constant 


value m. Therefore all functions ® are 
B-measurable. Set j*(w) = [l - ilfQ(w)] lim z ®(w, q, 
for all weA where z is extended over all q€{q)j^ 
and lim is taken with respect to n — —> 00 • As in 
(14.5, ii, proof) it is immediately proved that 


n) 
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j * (v) = j(w), weA. Hence j(v) is B-measurable. 


The Function o(p; T, A) 


Let A* C A be any subset of A. For every point peE* 


let 


us consider the set 


T ^p) 


and let u(p; T, A') = Z |j(w)| 

of the set 

A* T"'(p) (may be a non-countable set). In addition let 
T, A*) = j(w), x> (p; T, A* ) = L~ j(w)^ where 


where z is extended over all points w 

-1 




-1 


(p) where j(w) > o, 


z are extended over all weA* T 
j (w) < 0. Therefore O<'o^o <u<+oo for every peE^ 
and, as it is immediate, also 0 <\><N, 0 <o''’< N'*', 

0 < u" < N'. 

(i) For every set A* C A we have o(p; T, A*) = 

T, AM + (v; T, A*) for all p; for 

any two disjoint sets A^, A^ C A we have 
V)(p; T, A^ + Ag) = v)(p; T, A^ ) + T, A^) 

and analogous identities hold for and u”. 

This statement is an immediate consequence of the definitions. 


NOTE 1 . If 3t is a simple pol. reg. Jt C A and 
[n^, 1 = 1, 2, ..., n] is any finite subdivision of n 
into simple pol. reg. then u(p; T, n^) > Z^ u(p; T, 

u“. Indeed if K is the set 
then the sign = holds for all 
the sign > for all peK. 


and analogously for 
K = Z T(nj) = T(Z n*), 
peE* - K, 


+ 




(ii) If (T, A) is BV and M, 

is a sequence of sets such that 

-►M as n-►«>, then 

o(p; T, M^) -*-X)(p; T, M) a.e. 


n = 1, 2, 
M, C A, 


in E^. 


• > 


PROOF. Let H 


where 


be the set of all P^E^ 

N(p; T, A) = + oo; and let D = D(T, A) be the 
countable set used in (1^.3)* Then |H + D| = 0. 

the set I of all 

is finite 

(i 4 .U, ill; 1U.5). Hence also the set IM is finite 


For every point peE' - (H + D), 
points weA such that weT (p), weA|^, 


and 

dex 


IM 


n 


♦-IM. There exists, therefore, an in- 


n^ such that 


IMj^ = IM for all n > n^ 


Hence u(p; T, M^) = o(p; T, M) for all 

This proves that o(p; T, 




u(p; T, M) 
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for all peE^ - (H + D), where |H + D| = 0. There¬ 
by ( 11 ) Is proved. 

(Ill) The functions u(p; T, A), o'*'(p; T, A), 

u”(p; T, A) are B-measurable In E^. 

PROOF. Let ^q(v) the characteristic function 
of the countable set D = D(T, A), hence ts 

B-measurable. Let us use the notations of (l 4 . 5 ^ 11 ) 
and (1 4 . 6 , 11 ). For each n and for each square 
q€(q)j^ let ’f(p; q, n) be the characteristic func¬ 
tion of the set L(q, n) and set 

v>'(p) = [1 - ^^^(p)] 1 ^ 2 '?(p; q, n) N(p; T, q); 

where Z Is extended over all qG(q]j^^ q C A, and 

11 m Is taken as n - >co. By (l 4 . 5 , 11 ) the sets 

L(q, n) are B-measurable; hence all functions 
^(p; q, n) are B-raeasurable and finally the same 
holds for u'(p). As In (i 4 . 5 , 11 ) and (l 4 . 6 , 11 ) 

It Is Immediate that ^^(p) = 'o(p) for all P^E^. 
Thus \d(p) Is B-raeasurable and (111) Is proved. 


NOTE 2. The statement ( 111 ) holds also for any admissible sub¬ 
set A’ C A; In particular for every open set A’ C A, or 
any open or closed pol. reg. n C A. 


(Iv) If (T, A) is BV, then for every B-raeasurable 
set MCA the functions \ 3 (p; T, M), 
v)'^(p; T, M), (p; T, M) are B-measurable and 

L-lntegrable. 

PROOF. Because of 0 < < N and the analogous re¬ 

lations for -0^; x> it Is enou^ to prove that 
x>'^, x)~~ are B-measurable. This measurability Is 
already proved for closed and open squares (ill and 
Note 2). By ( 1 ) and ( 11 ) this measurability is 
proved for all B-raeasurable sets MCA. 

* 14 . 8 . The Function 9(M) 

Suppose (T, A) is BV In A and let MCA be any B- 
measurable subset of A. Then the functions T, M), 

\)'^(p; T, M), t>"(p; T, M) are L-integrable in E* 

Cd 
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(i 4 , 7 , iv) and hence the functions (p(M) = (E*) / iD(p: T, M), 
tp (M) = (E^ ) / "0 , cp (M) = (E^) / x> are non-negative and 
finite. By ( 14 . 7 ) we have cp = 9"^ + 9" and 9 is additive 
(in the class of all B-measurable sets MCA). If for any 
simple pol. region n C A we consider 9(31*^) as a fimctlon 
of It, then > 9(1^*^) + + ... + 9 (ir°) for 

every finite subdivision [it^, ..., it^] of it into simple 
pol. reg. itj^. The same holds for the functions 9'*’, 9“. 


* 14.9. Implications of The Condition (b) of (13.1) 

Let (T, A) be any c. plane mapping from an admissible set A 
of the w-plane E^, w = (u, v), into the p-plane 
p = (x, y). The mapping (T, A) is said to satisfy condition 
(b*) provided for every closed pol. reg. Qq C A and each finite 
subdivision S of into pol. regions Q we have 

V(Q^, T) = i: V(Q, T), where L is extended over all Q^S. 

Obviously condition (b*) implies condition (b) of ( 13 - 1 )• 

( 1 ) Conditions (b) and (b*) are equivalent. 

PROOF. We have only to prove that (b) Implies (b*). 

First let S be any finite subdivision of into 

simple pol. regions Q and suppose, if possible, that 

V(Qq, T) > Z V(Q, T). Let M = L V(Q, T), V = V(Qq, T), 

and hence o<M<+oo, M<V< + », and let A > 0 

be any finite number such that M + A < V. Let L 

be the finite system of open and closed simple pol- 

lines 1 performing the subdivision S of Q Into 

the simple pol. regions Q. Let S be an auxiliary 

system of simple closed pol. regions it C such that 

— 1 ^ 

Zq v(Tt, T) > M + 2 A, where z^ is extended over 
all We can suppose to be a subdivision 

of Qq. Let us observe now that L divides each 
into a finite number of parts which are still simple 
pol- regions it'. Let 3 * be the system of all 
regions n'. Then by (b) applied to each region it, 
we have 

0 = Z V(n, T) - Z V(«', T) 

neS I- «'C« 

= Z V(rt, T) - Z V(«', T) > 

iteS It' eS* 

> M + 2“"' A - Z Z V(k*, T) = M - + 2'^^ 

Q€S it’CQ L J 
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a contradiction. Thus (b"**-) is proved for every sub¬ 
division of Qq into simple pol. regions n and for 
every C A. Now, if S is any subdivision of 
into pol. regions Q of any order, let S^ be an¬ 
other subdivision of into simple pol. regions n 

which can be thought of as a further subdivision of 
S. Then we have 

V(Qo, T) = Z V(«, T) = 

= Z Z V(«, T) = 

QeS nCQ 

= Z V(Q, T) . 

Q€S 

Thus (b) implies (b*) and thereby ( 1 ) is proved. 

(il) If (T, A) is BV and satisfies condition (b) 

of ( 13 *l) then, for every sequence [F^] of flg- 

\ares F^^ C A, ^ ^n+l' ^n ^ every 

subdivision S^ of F^ into simple pol. regions 

q whose indices d^ >0 as n > oo (i2.6), 

we have (E* ) / |N(p; T, A) - z N(p; T, q)| dp ->0 

as n ->00, where z is extended over all qeS . 

n 

PROOF. The function N(p; T, A) is L-integrable in 

E^. By 11 ) we know that T) - >M(A, T) 

as n —>00 and by ( 1 ) above, V(Pj^, T) = z V(q, T); 
also V(P^, T) = W(P^, T), V(q, T) = W(q, T) (12.8, 11 ). 

Therefore Z ¥(q, T) - »W(A, T) as n -><», i.e., 

(Ep / z N(p; T, q) -> (E^) ; N(p; T, A) as n -^co, 

or (E|) ; [N(p; T, A) - z N(p; T, q)] -> 0 as 

n- >“>• Since the expression In brackets Is non- 

negative this result implies (ii). 


* 14 . 10 . Bibliographical Notes 

The concepts Introduced In this section are due to T. Rado [20] 
Most of the proofs are new and based on the methods of §§12 and 12 
The proofs of (14.5, 11), (14.7, 111) are very close to Rado's 
arguments. For the properties (i 4 . 4 ) see [L. Cesarl, 9], 

where the same properties were obtained In another form and 

theorem. We shall use them In 
this book (§18) for the same purpose. 
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CHAPTER IV. BV AND AC PLANE MAPPINGS 
*§15 • A CHARACTERIZATION OP AC PLANE MAPPINGS 


15 • 1 • Some Lemmas 


We shall give a characterization of AC plane mappings In 
(15-2) as a consequence of the following lemmas 1 - v. Let 
(T, A) be any c. mapping from an admissible set A of the 
w-plane Eg, w = (u, v). Into the p-plane E|, p = (x, y), 
and let H C E^ be the set of all peE^ where N(p; T, A) = 
( 1 ) For every c. plane mapping (T, A) we have 

T(A3 - Aj^) C H hence, If (T, A) Is BV, we 
have IT (A3 - A,^) | = |H| = 0. 


+ 00 . 


PROQw. Let Wq be any point WQeA3 - A,^ (1U.5). 

Then WQ6A3 and there Is an open set U such that 

'^o ” So ^ ^ ^ P V(p), denote 

any circle of center w^ and radius p . If p Is 

any number such that V(Pq) C U let V(p) be any 
other circle with p < Pq- Since - A^, in 

each circle V(p) there Is at least one point w€g', 
g'sTg, T(g') = T(gQ) = p^. Let 8(p) > 0 denote 
the Sup of the diameters of all g'eP^, such that 
T(g')=p, g'V(p)+0. Obviously 6(p) > B(p') 

for all p' < p <Pq; hence 8(p) >3 6^ > 0 as 

P ^ 0 +, where 8^ Is, therefore, well deter¬ 
mined. Let us prove that 8^ = 0. Suppose Indeed 
8 q > 0. Then there would be a sequence [w^] of 
points Wj^ and a sequence continue 

Sn^^2 such that w^eg^, w^ -» w^, gj^V*(8^) + 0, 

T(gn^ = Pq- Thence there Is a component contlnuimi 
g^ of gnV(8^) such that gj\V*(8^) + 0, 

SA '^n^Sn- addition, if 1 = 11m Inf 

L = lim sup gj!^, we have w^el, 1+0, 1 C L where 

L Is a continuum (10.2, i), w^eL and. If Wj!^ Is 
any point of g^!^ V*(8^) and w' any point of 
accumulation of (Wj!^], then w'eL. Because T Is 
constant on L, we have Leg, ger, w^'eg; 

hence g = gQ and g^ + w^, a contradiction. This 
proves that In consequence there must be at 

least one continuum g^er^, g^ + g, T(g,) = T(g^) = p^, 
g^ C V°(Pq) and because of gQ =0 we have 
^P■^ = (gQ, g,) > 0; hence V(p, ) g^ = 0. By re- 
peating this procedure any finite number ra of times, 
we determine a finite sequence Pq ^ *^1 ^ ^2 ^ ^ 


> 0 
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and m contlnua = Pq^ 1 = 1 , 2 , m, 

such that C ) - V(pj^) = 1 = l, 2 , m- 1 , 

Sm ^ 1 ..*,111, 

are contained in m disjoint open sets Wj_ C A. By 
definition of r^, for each i, there is a simple 
pol. reg. JTj_ such that gj_ C n^, C 
0 (po; C^) + 0 where C^: (T, up and the simple pol. 
regions C A, i = 1, . .., m, are disjoint. 

Therefore NCp^; T, A) > L | 0 (Po; C^)| > m, where 
E ranges over all i= 1 , 2 , m- Since m is 

any finite integer we have NCp^; T, A) = + oo, 
p^eH, and this proves that T(A^ - A^) C H. Thereby 
(i) is proved. 

(ii) For every BV c. plane mapping (T, A) satisfy¬ 
ing condition (b) of (13-1 ) we have ITCAg " A^) | = o 
and N(p; T, A) = ^(p; T, A) a.e. in Ep 


PROOF. Let [F^] be any sequence of figures C A, 
Fn C F^_j_^, F° t A*^, and [S^] be any sequence of 
subdivisions S^ of into simple pol. regions q 

such that the indices d^ > o as n-> oo. By 

(1 4 . 9 , il) we have (E^ ) / A^(p) -> 0 as n -> 

where A^(p) denotes the difference 
N(p; T, A) - E N(p; T, q), and where E denotes 
any sum extended over all L^t H be the 

set of all points p where N(p; T, A) = + <x>, and 
let D = D(T, A) be the countable set used in 
( 14 . 3 ), D C E^. Then IH + D| = 0 . For every 
peE^ - (H + D), by (l 4 . 4 , lii), the set T~^ (p) 
contains a finite number k < N < + oo of continua 

that T(gj_) = p and such 

that, if 0^ are the numbers defined in (l 4 . 4 , iii) 
we have also | I + ... + | = N(p). If 

g^, g^, are the only g^^ which are single 

points, and **•> the remaining ones, if 

a = min diam + 8 ]^^^ then for all n such 

<0, no one of the continua •**> g^ 

can be inside some of the squares qe(q)^ 0 4 - 5 , li); 
hence E N(p; T, q) < 1 + ... + |u^iI = T, A). 

This implies that 

lim X N(p; T, q) < u(p; T) < N(p; T, A) 
n -> 00 qe(q}^ 


that d^ 
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a.e. In E^. In consequence we have 

llm > N(p) - uCp) 

and, by Patou's lemma [S. Saks, I, p. 29], 


(E^) ; [N(p) - u(p)] < (Ep ; 1 ^ A^(p) < 2 ^ (Ep / Aj^(p) 


Therefore, If K is the set where N(p) > •o(p). 


we have |K| = 0. Now for every point weAg - A , 
w belongs to a continue ger^ which is not a 
single point, hence, if p = T(w), then either 


P€H + D, or peK. Hence TCAg - A ) C H + D + K, 
ITCAg - A^)] =0. 


(iii) If the c. plane mapping (T, A) is BV and 

satisfies conditions (a) and (b) of (13.1), 
then for every set I C A such that |A;^I| = 0 
we have |T(Ai^I) | = 0. 


PROOF. Since A^ C A°, also Aj^I C A°. Let € 
be any positive number and t) > 0 the number de¬ 
fined by condition (a) in (13-1 )• Let G be any 
set, open in A, such that Aj^I C G, and |G| < t) . 
Let [P ] be any sequence of figures P_ c G, 

^ observe that, since 

A|^I C A^, we may suppose Aj^I C and 

^n every n let 3 ^^ be a sub¬ 
division of index d^^ of into simple pol. 

regions q and suppose d^ -» o. By (1 4 .9, 11 ) 

we have z(E*) / N(p; T, q) -> (E^) f N(p; T, G) 

as n -> 00, where z is extended over all 

qeSj^. On the other hand |G| < ti; hence 
S|q|<Ti, i;v(q)<€ and also (13.1, 1) 

Z V(q) < €, z W(q) < €, l.e., 

2 :(E^) / N(p; T, q) < e. In consequence 
(E^) / N(p; T, G) < €. Denote by B the set of 
all peE^ where N(p; T, G) > 1 . Then N = 0 
for all peE^ - B and |B| < g. Let w be any 
point wcAi^I; then wgAi^, weA°, wgG*^, and in 
any circle c of center w, c C G^, there is a 
simple pol. reg. n such that 0 (p; C) + 0 where 
p = T(w), C: (T, Jt*). In consequence 
N(p; T, G) > 1 and peB. This proves that 


239 


§15. A CHARACTERIZATION OP AC PLANE MAPPINGS (15-1) 

T(Ai^I) C B; hence |T(Ai^I)| < |B| < €, where e 
is any arbitrary positive number. Thus 
|T(Ai^I)l = 0 and (ill) Is proved. 

(Iv) If the c. plane mapping (T, A) is BV and 
for every set I C A with ^ 

have also |T(A 2 l)| = 0, then (T, A) 
satisfies condition (b) of (l3*0* 


PROOF. Let H be the set of all points p where 
N(p; T, A) = + cx), and let D = D(T, A) C be 
the countable set used in ( 1 ^. 3 ); hence 
|H + D1 = 0. Let be any simple pol. region 
It C A and (it^, n^) be any subdivision of it 
into two simple pol. regions by means of 

a simple pol. line 1 C n. Then we have (12 . 1 4 ) 

(a) N(p; T, n) > N(p; T, ) + N(p; T, for 

all Let B be the set of all p where 

the sign > holds in (a). For every peE^ - (H + D) 
we denote by [g]p "the finite set of continua g 
defined in (i4.4, lii) and by u = •o(g); ge[g]p, the 
corresponding integers o(g) + 0; hence 
N(p; T, n) = L |v>l, where L ranges over all 
ge[g]p such that g C Analogously for 

N(p; T, it^), i = 2 . In consequence a point 

peB - (H + D) if and only if for some gefgj^, 
g C 7t*^/ we have gl + 0. Since T is constant 
on each g, all points peB - (H + D) are images 


of points W€l which belong to at least one 
That is B - (H + D) C T(A 2 l). Since |1| = 


ge[g]p- 
0 we 


have lAgll = 0, |T(A 2 l)| = 0 , |B - (H + D)| = 0, 


IBl = 0; that is, the equality sign in (a) holds a.e. 


in E^. By L-integration in E^ we have 
W(j(, T) = W(n^, T) + T) and also ( 12 . 8 , ii) 

V(n, T) = V(jr^, T) + V(n 2 > T). Thus the same 
equality can be proved for decompositions of n 


into any finite number of simple pol. regions and 
therefore condition (b) holds. Thereby (iv) is 
proved. 


(v) If the c. plane mapping (T, A) is BV and 

for every set I C A with lAgH = 0 we have 

ITCAgDI = 0 then (T, A) satisfies condition 
(a) of (13 -1 )• 
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PROOF. Suppose that the statement is not true; then 

there exists a number e > o and a sequence S of 

finite systems 3 ^ of non-overlapping simple pol. 

regions qeS^^ such that Z |q| < 2"^, Z v(q, T) > e, 

where z ranges over all qeS^. The function 

N(p; T, A) is L-integrable, hence if H is the set 

of all points peE^ with N(p; T, A) = + co we have 

|H| = 0. Let D = D(T, A) be the countable set 

used in (1 4 .3 ). Let ct > 0 be a number such 

that (h) f N(p; T, A) < e for every measurable set 

h C E^, |h| < o. Finally let Q be a square 

Q C E^ large enough in order that (E^ - Q) / N(p) < 2"^a. 

If B C E^ is the set of all points p where N(p) = 1 ^ 0 

[hence N(p) > i] we have 

IB - Q| < (B - Q) / N(p) < 


< (E* - Q) / N(p) < 2 -''a . 


For every n let be the set of all p where 

^ | 0 (p; C)| = 1 = 0, where C: (T, q*) and q^S^. Ob¬ 
viously C B and we want to prove that |M^| > cr. 
Indeed, suppose |M^I < tr then e < z v(q, T) = 

(E^) / z | 0 (p; C)| < (Mj^) / N(p) < G, a contra¬ 
diction. This proves that |M^| > cr and hence 

< l%l < |B|, IM^QI = (E^ - Q)| > 

a - 2 ^cr = 2 ^a. The sets n = 1, 2, 

are all contained in the compact set Q (of 
finite measure) and IM^^QI > 2“'^a > 0. If 


M = 11 m by [H. Hahn and A. Rosenthal, I, p. 22, 

(3 • 5 ^ 11)] we have 

-1 


|M| = Him M^l > Him M^QI > 

In consequence M is non-vacuous 

the collection [gJ^ 


lim IMj^QI >2 a. 

For each point peM - (H + D) 

all elements ger^, T(g) = p, is finite and, if 

is the number of its elements, we have k < N(p). On 

the other hand, For infinitely many n; hence 

at least one of the elements g€[g] must belong to 

o P 


01 


a region q , qeS 


n 


Since 


[cr] 

loJp 


is a finite 


collection, there must be at least one g€[g] 


o 


which belongs to some q 
many n. If we set I = lim G 


q€S^, 


for infinitely 


n 


On = 


z q^. 


then 


each point peM - (H + D) is the image of at least 
one element g C I, g^lg]^- This proves that 
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M - (H + D) C TCAgI) and, as a first consequence, 
lAg is non-vacuous. On the other hand, 

IGnI ^ 2“^ IGj^ + + ...| < 

HI = 11 ml + G^^, + ...| = 0, IIA^I = 0. 

Thus we have defined a set I C A such that 

[lAgl = 0 and such that ITdA^)! > |M - (H + D)| = 

|M| > 2"^ a >0, a contradiction. Thus the con¬ 
dition (a) holds and (v) is proved. 


* 1^.2. A Characterization of AC Plane Mappings 
We conclude with the following 

THEOREM. A necessary and sufficient condition in 
order that the BV plane mapping (T, A) be AC 
is that for every set I C A with |lA^ | = o we 
have IT(lA^)I = o. 

This is a consequence of the statements (i), ..., (v) of (l 5 -l)* 


NOTE. The condition that (T, A) is BV is essential. 

This is proved by the following example. Let cp(u) = u sin (u“^ ) 
if 0 <u<i, 9(0) = 0, and let T: x = cp(u), y = v, 

(u, v)eA = [ 0 < u < 1 , 0 < V < 1 ]. As it is immediately seen 
T is not BV, not AC, but T has the property that 
lIA^l = 0 implies |T(IA2)1 = 0. 


Bibliographical Notes 

The theorem in (i5*2) is the two dimensional extension of a 
well known property of AC real functions of one real vari¬ 
able [S. Saks, I, p. 227 , 6.7]. The theorem in (15.2) is due 
to T. Rad 6 [33] and J. Cecconi [2]. For (BV)b and (AOg 
plane mappings (i.e., BV and AC in the sense of Banach 
(12.16 and 13*3) the theorem in (15*2) has the following 
simple formulation: If (T, A) is (BV)b, then, for every 
subset H of A, |H| = 0 implies |T(H)| = 0 if and only 
if (T, A) is (AC)b [S. Banach, 2]. 
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§l6. AH ANALYTICAL PROPERTY OP CONTINUOUS MAPPINGS 


An analytical property of c. mappings shall be given In (l6.io, 1). The 
articles (l6, 1-9) below contain a series of preliminary considerations 
and lemmas. 


* 16.1. B-Measurable Real Functions 

Given a metric space X, the collection of the B-measurable subsets of 
X Is the smallest a-fleld containing all open and closed subsets of X 
[See 10.2. See also H. Hahn and A. Rosenthal, I, p. 3 and p. 82; S. Saks, 
I, p. 12 and p. ]. 

A single-valued real function F(x), xeX, Is said to be B-measurable If 
for every real a the set of all xeX where f(x) > a Is B-measurable. 
We shall consider a function f(x) as a mapping y = f(x) from X Into 
the y-space E. of all real numbers y. If B Is any set of numbers y, 
by A = f (B) we shall mean the set of all numbers xgX with f(x)eB. 

( 1 ) The single-valued real function y = f(x), xeX, 

Is B-measurable If and only If for every B-measurable 
set B C E^ also the set A = f”^(B), A C X, Is 
B-measurable. 

PROOF. Suppose that the condition holds. Then for 
every real a the set B = [a<y< + oo] IsB- 
measurable and, therefore, also the set A = f”^(B) 

Is B-measurable, l.e., for every a, the set A 
of all xgX where f(x) > a Is B-measurable. 

Thence f(x) Is B-measiirable. 

Suppose that f(x) Is B-measurable, and denote by 
P the collection of all sets B C E^ such that 
A = f”^(B) Is B-mea3\irable. Then P Is additive 
and also a cr-fleld (10.2). By definition of 
B-measurablllty all sets of the form 
B= [a<y<+oo] belong to P. Hence also all 
sets of the form B* = [a < y < b] belong to P 
and, since each open set Is a countable siun of 
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sets B', P contains all open sets in E,• Thus 
P contains the smallest a-field containing all 
open sets and hence the condition in (i) holds. 
Therehy (i) is proved. 


*1 6 . 2 . B-Measurable Mappings 


Let X, Y be metric spaces and (T, X): y = T(x) any single-valued 
mapping from X into Y (not necessarily one-one). For every set B C Y 
we shall denote by A = T”’(B) the set of all points xcX with T(x)€B. 
The following statements are immediate consequences of the definitions: 



If B, B,, B^, • 
A = T”’ (B), A^ 



B = B, + Bg, B = B 
B = Z B., B = n Bj_ 


imply respectively 


A = A .| A^ j A C A , 
A = lim Aj_ as i - 


are given sets in Y and 
(B^), i = 1 , 2, .. ., then 
^ - B^, B - B^ B^. B C 

, B = lim B^ as i -►<», 

A = A .| + A^ f A = A .| - A^ f 
A = Z A^, A = n A^, 

-» CO . 


(ii) If A, A^, A^, •••, are given sets in X and 
B = T(A), Bj. = T(A^), i = 1, 2, then 

A = A^ + A^, A = A^ A^, A C A^, A = lim A^ 
as i —» « Imply respectively B = B^ + B^, 

B C B^ Bg, B C B^, B C 13 jn B^ as i -^oo. 

The mapping (T, X) is said to be a "B-measurable mapping" from X into 
Y if for every B-measurable set B C Y the inverse set A = T ^ (B) is 
B-measurable. The statement (i) of (l6,i) assures that this definition 
of B-measurability is coherent with the definition of B-measurability of 
real fmctions (Y = E^). 

(iii) If (T, X) is B-measurable, if f(y), yeY, 

is any B-measurable function in Y and F(x), 
xeX, is defined by P(x) = f[T(x)], then 
P(x) is B-measurable in X. 


PROOP. Por every real a let B^^ be the set of 

all points ycY where f(y) > a and let 

A^ = f”^(B_). Then B„ is B-measurable, A_ is 

cl cl cx a 

B-measurable and A^ is the set of all X€X where 

cl 

P(x) > a. Thus P(x) is B-measurable in X. 


(iv) If X, Y, Z are metric spaces, if T^: y = T^(x) 
is a B-measurable mapping from X into Y, and 
T^: Z T(y) is a B-measurable mapping from Y 
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into 


z, then T = T^: z = [T^(x)] 

a B-measurable mapping from X into Z. 


is 


PROOF. Indeed for every B-measurable set C C Z 
the set B = T_^('0^ is B-measurable in Y and 

[T"^C)] = T"\c) is 

B-measurable in A. This proves the B-measurability 

m _ m m 


the set 


B = T"’ (C) 

A = t:’(B) = T~’ 


1 


T = T T 
±2 1 


(v) 




If T: p = T(x) = [f,(x), r^(x), 

xeX, is any mapping from a metric space X in 
the real Euclidean p-space p = (y^ > J > • 

then T is B-measurable if and only if all the 
single-valued real functions y = f^(x), 
y = fj^(x) are B-measurable. 




PROOF. Necessity . Let B be any B-measurable set 
of the real axis - co < < + oo, and denote by 

B* C the set of all points peE^ with y^eB. 
Then B* is a B-measurable set in E^ and hence 
A = T (B) is B-measurable in X. Since A is 
the set of all xgX such that f^(x)eB, the func¬ 
tion f^(x) is B-measurable. Sufficiency . Suppose 


that the n real single-valued functions y - fj_(x), 
xeX, are B-meas\irable, and let P be the collection 
of all sets BCE 


n 

B-raeasurable in X. 
and also a 0-fleld. 

Bf = [a^ < < h. ] 


such that A = T“^(B) is 
Then P is an additive class 
Let B^ denote every interval 


B = B 


p = (y 


1 


♦ • 


and 

7n)^ 


1 


B 


Bj. C the set of all 
such that y^ eB^^. Then 


• ■ 


is an analogous interval of 
and, since T"’(B£) = f£’(Bj_), i = 1 , 2, n, 

are all B-measurable sets in E^ and 

T"’(B) 


T"’(B) = f"’(B ) 


• • 


f:^ (B^), 


n 


B-measurable. 


B = < y < bj_, 


, also T '(B) is 
Therefore P contains all intervals 
i = 1 , ..., n]; hence P con¬ 
tains all open sets of E^^ and finally all 
B-measiirable sets of E^, i.e.. 

Thereby (v) is proved. 


T is B-measurable. 


NOTE. Let (T, A) be any continuous mapping from an a dmi ssible set A 
of the w-plane E^ ( 5*1 ) into any Euclidean p-space (ii-.i ). By 

(iv) (T, A) is obviously a B-measurable mapping, in the sense that for 
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each B-measurable set K C E^j the set H = T"’(K) C A is B-measurable as 
a subset of the metric space A. Here A C E2 is an admissible set; hence, 
by (5.1), A is certainly either compact, or open, or open in a compact 
set, and in consequence A is an P-set, or a G-set (10.2) or an P^-set 
(as the limit of an increasing sequence of compact subsets of A). In any 
case A is a B-measurable subset of E^■ As a consequence (T, A) is a 
B-measurable mapping also in the sense that for each B-measurable set 
K C Ejj the set H = T"^ (K) C A is a B-measurable subset of E^. 


As a particular case we may observe that for every set K C E^j, open, or 
closed, or an P -set, the set H = T“^(K) is an P„-set (or an P-set, or 

’Q O 

a G-set). Indeed in any case K is the limit of an increasing sequence 


of compact sets 
of sets 

P^-set; also H 


and then H is the limit of the increasing sequence 
(K^). Since each is closed in A and hence an 

is an P^-set (or an P-set, or a G-set). 


Statement (iii) implies that if f(p), P^E^, is B-measurable in Ej^ and 

P(w) = f [T(w)], weA, then F(w) is B-measurable in E^ • 


Let us observe that compact sets H C A are mapped by T into compact 
sets, that closed, open and P^-sets H are mapped into F^-sets. Indeed, 
for each closed, open, and P^-sets H C A there is a sequence of 

compact sets with C H, ^ ^+1' ^ ^ ^ ^ ^ 

have C K = T(H), C ^ hence K is a F^-set (or an 

P-set, or a G-set). General B-measurable sets H C A are mapped into 
sets K = T(H) which are not known to be necessarily B-measurable but only 
analytic sets [N- Lusin, I] and hence L-measurable. (We shall not need 
this last statements. ) 


* 16.3. Semlcontlnuous Functions 

A real single-valued fmction f(x) defined on a metric space X is said 
to be lower [upper] serai continuous at the point provided 

same function f(x) is said to be lower [upper] semlcontlnuous in X if 
f(x) is lower [upper] semlcontlnuous at every point of X [S. Saks, I, 
p- 42 ; H. Hahn and A. Rosenthal, I, p. l 44 ]. 

(i) If f(x) is lower [upper] semlcontlnuous in the 
metric space X, then for each real a the sub¬ 
set of all xeX where f(x) < a [f(x) > a] is closed 
[S. Saks, I, p. 43]. 

( 11 ) Every function f(x) lower, or upper, semlcontlnuous 
in the metric space X is B-measurable in X [S. 

Saks, I, p. 43]. 
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(ill) 


Every function f(x) lower [upper] semlcon- 
tinuous in the compact metric space X has ab¬ 
solute minimum m [maximum m] in X and the 
set of all points xeX where f(x) = m is 
closed. 


PROOF. Suppose f(x) is lower semicontinuous in the 
compact metric space X, let m = Inf f(x) for all 
xeX and let [x^] be any sequence of points 
with ^ Since X is compact there is at 

least one point x^eX and a subsequence such 

that X -> Xq and since f(x) is lower semicon- 

tinuous at the point x^ we have m > fCx^). Be¬ 
cause of m = Inf f(x) < f(xQ) we have m = P(Xq) 
and f(x) has absolute minimum m in X. Hence 
the set C where f(x) = m is also the set where 
f(x) < m and; by ( 1 ); C is closed. An analogous 
proof holds for the case of upper semicontinuous 
functions. 


* 16.4. Semi continuous Functions in A Product Space X x Y 

Given any two metric spaces X; Y of which Y is compact, and a real 
single-valued function f(x; y), xeX, yeY, let us suppose that f(X; 
is upper semicontinuous in the product space X x Y. Then, for every 
xcX; f(x, y) is an upper semicontinuous function of y only in the 
compact space Y and hence has a maximum M(x) in Y. The equality 
f(x; y) = M(x) holds in a maximal closed set C = C(x) C Y. 

(i) M(x) is an upper semicontinuous fvinctlon in X. 


and 


PROOF. Suppose, if possible, that M(x) is not upper 
semicontinuous in X. Then there is a number e > 0, 
a point Xq€X and a sequence [x^^] of points, 

x^eX such that x^ -> x, M(x^) > M(Xq) + e, 

for each n, at least one point such that 

Since Y is compact 

and Yj^eY there is at least one point Yq^Y and 
a subsequence such that 


m 


00. 


Since 




X 




o 


o 
and 


f is 


upper semicontinuous at Yq 

have f(Xo, Yq) > ^ 


) in X X Y, we 


as 


m 


00. 


Finally M(x ) > fCx^, 7^) > M(Xq) + e. 
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a contradiction. Thus it is proved that M(x) is upper 
seraicontinuous in X. 


The Function t(x) 

Suppose that the real function f(x, y), xeX, yel, is upper semicontinu- 
ous in the product space X x I, where X is any metric space and I C 
is the closed interval I=[o<y<i] of real numbers y. Then for every 
xeX, the set C(x) defined in (16. 4 ) is a closed set of real numbers 
o < y < 1 , and, therefore, has a minimum t=t(x), o<'r(x)<l. Let us 

also observe that, for every xeX and o < y < i, the function f(x, z), 
xeX, o < z < y, is upper semicontinuous in the closed interval o < z < y; 
hence has a maximum g(x, y) and f(x, y) < g(x, y) < M(x) for every 
xeX, yel. 

(i) g(x, y) is an upper semicontinuous function in X x I. 


PROOF. Suppose (i) be not true. Then there is a 
number e > 0, a point (x^, y^), x^eX, y^el, 
and a sequence (x^, y^), n = 1, 2, 


• • • 


such that X 


x^eX, yj^€l, suun onaL x^ -> x^, y^ ->y^, 

^^^n^ ^n^ - S^^o^ ^o^ every n 

there is also a number z_€l, 0 < z < y 

n ' - n - *' 

(i 6 . 4 , i) such that (a) 

^o'> 13 any 


° < 


n 


o 


of accumulation of the sequence 
0 < Zq < 1, then there is a subsequence 




with z 


y 


% 


yo^ 


> z^ as m —> 00. Prom 0 < 


o 


it follows that 


0 < z^ < y , 
o - *^0^ 


X - X’ 

and, from 


(a) and the upper semicontinuity of f, also that 

^^^o' ^o^ - ®^^o^ ^o^ Finally we have 

8(V ^0^ ^ > g(xQ, y„) + €, 

a contradiction. Thus it is proved that g is 

upper semicontinuous in X x I. 


(ii) 'r(x) is B-measvirable in X. 


PROOF. Consider first the set E C X x I of all 
points (x, y) such that the function 
*(x, y) = M(x) - g(x, y) = o. Since M and g 
are upper semicontinuous, they are both 
B-measurablej hence $ is a B-measurable function 
and E is a B-measurable set. Now for any xeX 
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v;e have 4> > o for every o<y<T(x), <t' = o 

for every t(x) < y < 1 . Therefore E is the set 
of all points (x, y)€X x I with tCx) < y < 1 . 

For any xeX the B-raeasure i - t(x) = a(x) of 
the set of these numbers x is a B-measurable func¬ 
tion of X, as it follows by a well known particu¬ 
lar case of Pubinl*s theorem in abstract spaces 
[ 3 . Saks, I, p. 85]* (Note: The f\u?ther con¬ 
ditions stated in loc. cit. are not used in the 
proof of the part of the statement needed here.) 
Therefore also t(x) = 1 - q:(x) is a B-measurable 
function in X. 


(iii) If X, Y are metric spaces and Y is compact, 

if f(x, y), xeX, yeY, is an upper semi- 
continuous function in X x Y, then there is 
a B-measurable mapping T: y = T(x), xeX, 
yeY, from X into Y such that 
f [x, T(x)] = M(x). 

PROOF. Since Y is compact, Y is the continuous 
image of a closed subset C of the unit interval 
I = [o < t < 1 ] (G. T. Whyburn, I, p. 34 ). Let us 

denote this c. mapping by y = 9(t), teC, C C I. 
Then the function F(x, t) = f [x, (p(t)] is upper 
semicontinuous in X x I and we have 

M(x) = max F(x, t) = max f(x, y) • 

tcC yeY 


By (ii) the B-measurable function t ^ t(x), xeX, 
has the property F [x, tCr)] = M(x) for every x. 
Finally, since t Is B-measurable and 9 is con¬ 
tinuous, also y(x) = 9 t^Cx)] is B-measurable. 

(16.2, iii). 


(iv) 


If X is any metric space, Y any compact sub¬ 
set of the Euclidean p-space E^^^ 
p = (yi. 

semicontinuous function in X x Y, then there 
are n B-measurable real single-valued functions 
y = f^(x), xeX, 1 = 2, ..., n, such that 

the B-measurable mapping 
y = T(x) = [f^Cx), f2(x)^ 
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maps X into Y and f [x, T(x)] = M(x) for 
every xeX. 

This statement is a consequence of (iii) above and (16.2, v). 

* 16.6. The Index ^(x, y) 

Given any continuous mapping T: y = T(x), xeX, from any compact metric 
space X into a metric space Y, let ^{x, y), xeX, yeY, be the func¬ 
tion defined in X x Y as follows: i(x, y) = l if yeT(x); ijr(x, y) = 0 
if y + T(x). 

(i) y) is an upper semlcontinuous function in XxY. 

PROOF. If iif(x, y) = 0, then T(x) ^ y, 
ly - T(x)l = 35 > 0 and there is o > 0 such 
that |T{x) - T(x') I < 5 for all x'eX, 

|x' - xl < a. Hence for all x'eX, y'eY, 

|x-x'|<t^> |y“y'l^<cr^ have 

ly* - T(x' )| > |y - T(x)| - |y - y' I - 
- |T(x) - T(x' )| > 35 - & - & > 0 ; hence 
t(x', y* ) = 0. This proves that ^(x, j) = 0 in 
an open subset of XxY; hence ^{x, j) ^ ^ in 
the complementary set which is closed in XxY. 

Thus \tf(x, y) is upper semlcontinuous in XxY 
and (i) is proved. 

Let us suppose now that T is a c. mapping from X onto Y; l.e., 

T(X) = Y^ where both X, Y are metric spaces and X is compact. Thus 
Y is compact also. 

(ii) There exists a B-measurable mapping x = x(y) 

from Y into X such that T [x(y)] = y for 
every yeY. 

PROOF. Let us consider the upper semlcontinuous 
function ^{x, j), xeX, yeY, defined above and 
observe that for every yeY we have max \|f(x, y) = i, 
where max is taken with respect of all xeX. More 
precisely \|f = l for all x€T“^(y). By (16.5, ill) 
there is a B-measurable mapping x = x(y) from Y 
into X such that ^ [x{j), y] = 1; i.e., 

x(y)eT“^(y), or y = T [x(y)] for every yeY. 
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4 


NOTE 1. The B-raeasurable mapping x = x(y) Is a partial inversion of the 
c. mapping y = T(x), in the sense that for each yeY the point x(y) 
belongs to the set T"^(y) C X. 


xeX, 


NOTE 2. If the c. mapping y = T(x); 

X of an Euclidean x-space, x = (x^, x^; 

the mapping x = x(y) = [f^ (y), f2(y)^ given by n real 

single-valued B-measurable functions x^ = fj_(y); yeY, i = 1 , n 


is defined in a compact set 
x^), then, by (16.5, Iv), 


16.7* The Index C(tl) 


Let (T, Q): p = T(w), weQ, 
of the Euclidean w-plane E^, 


be any c. mapping from the compact set Q 
w = (u, v), into the Euclidean p-space 


E 


= (x, 


3, P 

z = z(u, v), 


y, z); hence explicitly 
(u, v)eQ. 


(T, Q): X = x(u, v), y = y(u, v). 


Let 


(T^, 


Q), r=l,2, 3, be the associated plane c. mappings (S-**) 


from Q into the coordinate yz, zx, xy-planes Eg,, 
explicit notations for the plane mappings T 
z = z(u, v); 

(u, v)£Q. 


^22’ ®23 


Thus 


Tg: z = z(u, v), X = x(u, v); 


^ are T,: y = y(u, v), 

T^: X = x(u, v), y = y(u, v), 


Let K = T(Q), K|, = T^(Q), the compact sets which are the images of Q undeij 
the mappings T, r = 1, 2, 3; hence K C E^, C Eg^,, r = 1, 2, 3- 

Let r = r(T, Q) be the collection of all maximal disjoint contlnua of 
constancy g of T in Q (lo.t). Analogously let = r(Tj,, Q) 

be the collection of all maximal disjoint contlnua of constancy g' of 
Tp in Q, (r = 1 , 2 , 3 ). Let us observe that each ger is a maximal 

continuiam of constancy for all three fmctions x, y, z, while g'er 
is a maximal continuum of constancy for only two of the same functions. 

Hence, for each r, each ger is contained in one continuum g'er , 
but each g'er^^^ may be the s\mi of more than one (hence a non-countable 

sum) of contlnua ger [G. T- Whyburn, I, p. l 6 , (10.3)]- 

For the sake of simplicity let us consider T^: x = x(u, v), y = y(u, v), 

(u, v)eQ, and observe that each continuum g'er is either a continuum 

ger, or a non-countable sum of contlnua ger, according to whether the 

function z(u, v) is constant on g' or is not. Let Zg = Zg(g'), 
z = z (g') be the max and min of z(u, v) on g' and set 

u,(gi) 1 z _ z,. Hence a>(g') is the oscillation of z(u, v) on g'- 

For every point q = (x, y)6K3, C Eg^, let us consider the set 

T'^q) C 0 , and observe that T"’(q) is a sum (not necessarily countabl 

of disjoint contlnua gUr^^). C (q) = Sup a,(g') for all g'€r , 

g' C T’’ (q). 
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( 1 ) t (q) = Max a)(g* ) for all g' er 


( 3 ) 


i MAPPINGS (1 
g' c T"’(q). 


( 3 ) 


V 


there are two points w^, 

z(w ^) = = max z(w), 


PROOF. For each g*€r 
such that z(w^ ) = z^ = min z(w), 
where min and max are taken for all weg*. By 
deflation of ^ (q) there is a sequence of continua 
^ » gjI^eT^^Cq) such that (a) a,(g^ 
sequently (p ) (u(g^) = z(w^^) - z(w^^) for some 


C(q)- Con- 


^2n^ ^ln 




n = 1, 2, 


and, since w 


in 




and Q is compact, we can define, by two successive 


extractions, a subsequence 
such that (y ) n 


[nj^] 


of integers n 


as k 


00 


k 

where 


00 


W 


in 


"^1^ ^2n 


k 
w 


w 


w 


} wn^x^ ^ 1 ^ ”2 

of accumulations of the sequences 
Set 1 = lim inf g^ , L = lim sup g^ 

(10.2). Then w^, w^el, 1 + o, 

(l0.2, i), L is a continuum. Since 


k ■ ^^^k 

are two convenient points 




as 


00 


k 

1 C L, and, by 

is 


upper semicontinuous (l0.2; 10.4, v) we have L C e , 

( •? ) 

g^er and since T^(g^) = q for all n, also 

*^3(80^ = q^ i.e., g^ C T^ (q). By (or), (p), and (7) 


we have also z(w^) - z(w. ) = ^(q), hence 


^(Sq^ ^ ^(q) therefore, a>(g^) = ?(g); 

5(q) is a maximum and (i) is proved. 


i.e., 
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(ii) ?(q) is an upper semicontinuous function in 



PROOF. Let q^ be any (non-isolated) point of 

and put m = im ^(q) as q -> q^, qeK^, C 

We have to prove that m < Uq^)* If m = o the 
statement is trivial. Suppose, therefore, m > o, and 
consider a sequence [q^] of points q^^eK^ such 
that (u) q^^ ^ Because of 

(i) above, there is also a sequence [g*] of con- 
tinua g;!^€r^ 3 )^ SA '^3’^'In^ such that (7) 

5 (tin) = “(SA) = with w,^, 

n - 1, 2, ... . Since w^^, ^ compact 

we can define, by two successive extractions, a sub¬ 
sequence [n^] of integers nj^ such that (6) 

- >w,, Wg^^ -^Wg as k ->a>, 

where w,, w^cQ. Set 1 = lim inf g^ , 

L = lim sup gj!^ as k —> (10.2). Then 

Ic 

W^, W2€l, 1 + 0, 1 C L, and L is a continuum 
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f o ) 

contained in a continuum Because of (or) 

and of T2(gj!^) = we have = q^; 

hence C T“VqQ)- By (p), (7), and (8) we have 
now z{m^) - z(w^ ) = m; hence ai(g^) > 

^(q^) > m. Thereby ( 11 ) is proved. 

* 16.8. The Index 9 

As in (16.7) let (T, Q): p = T(w), weQ, be any c. mapping from the 
compact set Q, of the Euclidean w-plane E^^ w = (u^ v), into the 
Euclidean p-space E^, p = (x, y, z). By using the same notations as 
in (16.7) let iif(w, q), weQ, qeK^ = T^(Q) C E^^, be the index, defined 
as in (l6.6), by t(w, q) = 1 if q = T^(w), q) = o if q f ^^(w). 

Then (16.6) q_) is an upper semicontlnuous function in the product 

space Q X K^. Finally, for every pair w, v* of points of Q, set 
cp(v, w’) = 1 if V, w* belong to the same continuum gUr^^^, 
q)(w, w’ ) = 0 otherwise. Then <p(w, w*) is a fimction defined in Q x Q. 

(i) cp(w, w') is an upper semicontlnuous function in Q x Q. 

PROOF. Let Wq, w^ be any two points w^, w^^eQ and 

set ra = lim cp(w, w* ) as w —> w^, w' -> w^, 

w, w^eQ. We have to prove that m < tpCw^, w^^). Since 
cp has only two possible values 0 and 1, we have 
either m = 0, or m = 1 . If m = 0 the statement 
is trivial. Suppose, therefore, m = i. Then there 
are two sequences points of Q such 

that w^-^w^, Wjl^^w-, cp(w^, w^) = 1, 
n = 1, 2, ... . Consequently w^^, 

and, if 1 = llm Inf g^^, L = lim sup g^^ as n —> «>, 

we have w^, w^el, 1+0, 1 C L, L is a continuum 

and L is contained in an element gQ^C . Since 
Wo, wUL C gQ, we have !p(Wq, w^) = 1 = m. Thereby 

(1) is proved. 

(il) Given any c. mapping (T, Q): p = T(w), weQ, from 
a compact set Q of the w-plane w = (u, v) 

into the p-space E^, p = (x, y, z), there are 

two B-measurable mappings t,: w = w,(q), qeK^, 
tg: w = W2(q), q€K3, from the compact set 

K = T3(Q) C E23 into Q such that 
^ (1)^ w,(q), W2(q) belong to the same con- 

tinuvm g'er^^^, g' C (q); 

(2) z [W2(q)] - z [Wi(q)] = 5 (<l) ®very 

qeK^. 
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PROOF. Since the real single-valued function 
z(w) = z(uj v) is continuous in the compact set 
Qt z is bounded in Q; hence there is a constant 
1 > 0 such that 1 + zCwg) - z(w^ ) > 0 for all 
w,, w^eQ.. Consequently the real function 

f(w^, q) = cp(w^, ) t(v^, q) [1 + z.(w^) - z(w^ )] 

qeK^, as the product of upper semlcon- 
tlnuous, or continuous, non-negative functions, is 
upper semlcontlnuous in QxQxK^. By (i6.it, i) 
the function M(q) = max f(w^, w^, q), where max 
is taken for all w,, w^eQ, i.e., for all 
(w^, W2)eQ X Q, is upper semlcontlnuous in and, 

by (16.5, lii), there is a B-measurable mapping 
t: (w^, w^) = t{q) from into Q x Q, i.e., 

t: = w^(q), Wg = W2(q), qeK^, such uhat 

f [w^(q), WgCq), q] = M(q). Now the max of the 
function f is attained, for every q, as cp = 1, 
i = i; hence w^, w^eg, ger^^^ and T(w, ) = q, 

g CT (q), ^(^2^ “ 2(v.j) = a3(g') = ^(q). Because 

of (i 6 . 5 ; iv) the mapping t can also be represented 
by four B-measurable real single-valued functions 
t: u = u^(x, y), V = (x, y), u = u^ (x, y), 

V = v^(x, j), {x, y)€K^, where w^ = (u^, )eQ, 

^2 ” ^^2^ also the two mappings 

t^; (q), t^: w^ = v^Cq), from 

into Q are both B-measurable. Thereby (ii) 
is proved. 


*16.9. The Set Z 

Let us suppose now that Q is a closed finitely connected Jordan region of 
the w-plane w = (u, v); let u, o < -o < + », be the order of Q, 

let Qq be any closed square containing Q in its interior, Q c 


As above let (T, Q): p = T(w), weQ, 
p-space E^, P = (x, y, z) and let 


be any c. mapping from Q 
(Tp; Q): q = T^(w), weQ, 

^ 2, 3, be the plane mappings which are the projections of 


into the 


on the coordinate yz, zx, xy-planes, say 


(T, Q) 


E 


Let 

the mapping _ 

ingle points of 0 ._ - Q. Then r 


21 


E 


22 


E 


23 ‘ 


be^the collection of all maximal continua of constancy g* 

be the collection sum of 
.Q M,' is a decomposition of 


(To; Q) and let r 


of 

and 


Q 


o 
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into disjoint continua and we consider those continue g'er 


( 3 ) 


(if any) 


which separate Q 
E, + E- + 


1 ’ "2 
disjoint, 

(1 ) 
(2 ) 


• • 


( 3 ) 


(M 


o 

such that 


These continua are contained in the countable sum 
of families E^^ = necessarily 




m 


are elements of r 


( 3 ). 


o 


contains all continua 
and b_ in Q, 


g*Gr 


each E^ 

separate •-ni.'-L 

if Ej^ denotes also the set of points 
covered by E^, the set ^ 

compact; 

as a consequence of (3) the set 
B-measurable in Q. 


( 3 ) 


which 


+ b 


If we set now 


m 


is 


weQ 

is 


E^ = Q - (El + Eo + ••• ), Eq is also a 


o '“1 2 

B-measurable set« 


In addition (10.3) each family E^^ is naturally ordered and contains a 
countable subset with the following property: (or) for each element 

geEj^ - the set - g, open in is the sum of exactly two 

components [G. T. Whyburn, I, p* ^5 and p. 50]. If 

D is a countable subset of K- and also D = D, + + .. . is count- 

m 5 ^ i_ 

able. Since for at most a finite number of elements geE^ we may have, 

gQ» ^ o (for each m), we can suppose that also these elements g are 
in 15 ^. Finally let denote the set = T^(Q) C E^^- 


Let q) (w), weQ, denote the characteristic function of the set 


E^ C Q, m = o, 1, 2, 
Q. Let w, = w,(q). 


• • 


hence ^ B-measurable function in 

a) be the B-measurable mappings defined 1 


(l6.8, ii) from into Q. Then also the real single-valued functions 


^m^^l ' m = 1, 2, 


• • 


• } 


are B-measurable and hence the characteristic 


functions of certain sets ^ ^3 * w^(q) is defined for all 

qeK^ and each point w^(q) belongs to at least one set E^, 


ra = o, 1, 


« • 


we have 




• • 


= K 


By (16.7, li) the function ^(q), qeK 

n = 1, 2, . . ., of all qeK. 


Z, 

B-measurable. Finally all sets 
are B-measurable and 


, is B-measurable; hence the sets 
3 -1 

where ^(q) > o, t(<l) > ri , 


are 


'm^ n 


m = o, 1, 


n = ly 2, 


00 


00 


( 1 ) 


z = ZK = Z Z Im 


(!) If either one of the two mappings T^ is 

BV, then |Iq Z^l = o, n = 1, 2, ... • 
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PROOF. Let T^ be BV and suppose, if possible, 

that IIq = a > o for some n > 1. Since the 

mappings w = w^(q), w = w^Cq) from into Q 

are B-measiirable and 1 ^ 2 ^ is also B-measurable, 

there exists a closed subset I C I Z , 

«^ on 

III > 2 a, such that w = (q), w = v^Cq) are 

continuous in I. Indeed ve can apply Lusin*s 

theorem [S. Saks, I, p. 72] to each of the real 

, v^(q), defining 

w^(q), t = 1, 2. On the other hand, I has 

positive measure and the subset I' of I of all 

points qel of (regular) density of I in 

— 1 ^ ^ 

has the same measure |in = |I|>2 0 [S. Saks, 

I, p. 129]. By Fubini's theorem [S. Saks, I, 
p. 67] there is, therefore, a set i of real 
numbers x and of positive (linear) measure such 
that the intersection set I'(x) of I' with the 


B-raeasurable functions 


u^(q) 


Straight line x = x of the xy-plane has 

also positive (linear) measure. Thus for each 
X€i the set I'(x) contains infinitely many points. 
For any xei and any integer N let us consider a 
system [q] of N distinct points qel'(x) or, 
with other notations q = qj_ = (x, J^)f 
i = 1 , 2 , ..., N. We can suppose J2 ^ ^ 

For each point qe[q] let us consider the points 


= w (q), w = w (q) 
continuum ger^-^' and 


which belong to the same 
T^Cg) = q* Since qel', 


I' C I C I^ Z^, we have qel^, geE^, 

5 (q) =a)(g) = z^iq^) - z^(q) >n"^. Since x(u, v), 


y(u, v) are both constant on g, while z(u, v) 
has an oscillation a)(g) > n"^, the image 3 = T(g) 


of g under T is a segment s C E^, parallel to 
the z-axis, of length, say 3 > n"\ and s = [x = x. 


y = Zl(q) < z < z^(q_)], where q = qj_e[q], 

i = 1, 2, ..., N. Let z^ = z^(q), z^ = Z2(q). 


The segments 3 are disjoint, hence also the corre¬ 
sponding contlnua g C Q are disjoint. Let [g] 
denote the collection of these N continua and 36 
be their minimum mutual distance. 


Each continuum ge[g] belongs to E^, hence 
is connected, where is the square of the 
Eg with Q° DQ. 


% - g 

w-plane 
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If Q = Aq - (A^ + . . . + where A^, A^, A^ 

are simple closed Jordan regions, let us denote by 
w^ a point Wj_GA°, i = l, 2, u. Let 2 ^ be 

the minimum of the distances [w^, Aj], 
i = 1 ? 2, D, and {Q, Q*}. Let w be any 

point of the plane E^, for instance a point 
wgE^ - Qq- We observe now that each continuum 
gG[g] does not separate Q^, nor E^, and hence 

- g is connected. By (ll.i, ii) applied for each 
g€[g] to the compact set M = w + g, there is a 
simple pol. reg. Jt C Eg such that 

(1 ) g c K°; 

(2) Tt* separates w from g in Eg; 

(3) each point wen* as well as each point 
weEg - g separated by n* from w in 
Eg is at a distance < [min 6 , ii] from 

g* 

Thus we have a system of N regions n. Let us 
prove that these regions are disjoint. Since for 
every pair n, n' of these regions and correspond¬ 
ing continua g, g* we have g C n°, g* C n**^, 
we have only to prove that the following cases are 
all contradictory; (o:) n* n** 4 0; (p) n' C n*^, 
g n** + o; (r) C g n** = o (two remain¬ 
ing cases (p' (r* ) can be obtained by exchanging 

n and n'). Indeed in the case (a) for each 
wen* n'* we have {w, g) < &, (w, gM < & and 

hence (g, g') < 26, a contradiction. In the case 
(p) and for each w’eg n** we have (wS g) < 

(w*, g] = o and hence {g, gM < 5 , a contradiction. 
In the case (7) each point wUn'* is not in g, 
hence w* is in n - g and therefore w* is a 
point of Eg - g separated by n* from w; hence, 
by (3), (w', g) < 6, and since {w*, gH < 6 we 

have finally {g, g*) < 26 , a contradiction- Thus 
we have proved that the N regions n are disjoint. 
It is also obvious that the regions it are in the 

interior of 

Let us prove now that no point Wj_, i = 2 , ..., 

is in any of the regions n. Indeed if Wj^en and 
g is in the corresponding continuum, we have g C n , 
g C Q, and, since w^^eQ^ - Q, w^ is not on g, 

^ eE„ - g. If* separates w^ from w in Eg and 
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g) < while {Wj_, g) > A^) > 2\x, a 

contradiction. 

Let 26^ > 0 be the miniiniam distance of each g from 
Let us observe that z(w) is continuous in the 
compact set Q and that Q is locally connected; 
hence z{\r) is uniformly continuous and Q is uni¬ 
formly locally connected. Let o < b^ < 2~^b^, 

be a number such that lz(w*) - z(w)| < 3"'' n“^ for 
all w, V'eQ, |w - w'| < Zb^, and p > o be a 
number such that any two points w, w'eQ, |v _ v'| < 2p 
can be connected by an arc 1 C Q of diameter < &«• 

^ Cm 

Let 6^ = min [p, b^, b ^]. 

The points q€[q] belong to I', I' C I; hence 
each qelq] is a point of density for I and the 
functions z^(q), ^^Cq) as well as the mappings 

w^(q), W2(q) are continuous at q in I. There¬ 
fore for each qe[q], q = qj_ = (xj y^), there are 
(at least) two other points q', q'' el, q' = (x', y|), 
qt t = (x' ^ y[' ), x^ < X < x' ' , such that 
|Wt(q' ) - w^(q)| < 6^, |w^(q> * ) - w^(q)| < 5 ^. Then 
^t " t = 1, 2, w^' = w^(q")eq*', where 

q', q'*eIo Z^, g', g"€EQ, ?(q'). ^(q") > n'^ 

Consequently the Images s' = T(g'), s'' = T(g'') of 

gS g'' under T, are segments, s' = [x = x', 

^ ^ ^i^ (q' ) < z < z.gCq' ' )]; and analogously for 

s''. Since s, s', s'' are disjoint, also g, g', 
g'' are disjoint- 

Let us observe that the points wj, w'', w', w'' are in 
0 •12 2 
It , but we have not yet proved that g*, g'' are in 

It. Now we can take the points q', q'* out of two 

sequences [q'J, [q*'] of points of I as before 

with q*, q'' —> q; then w|> w| ' -> w^, 

^2* ^2' — ^^2^ corresponding sequences 

[g'l, [g''] have their lira sup, say L', L'', which are 

contlnua contained in g, g C it*^ (10.2, 4 ). Con¬ 
sequently we can suppose q', q" close enough to q 
in such a way that both g', g'* c it^. 

Both w*, w]* belong to a circle of center w^ and 
radius < 5^ < p hence their distance is < 2p and 
there exists an arc 1^ C Q joining wj, w|' of 
diameter < b^. Hence 1^ is in a circle c^ of 
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center and radius < 2 6 ^ < 6 ^ and C 

z(w) < z(w^ ) + 3 n ^ for all wel^ . Analogously 

there is an arc 1^ C Q, joining con¬ 
tained in a circle c^ C and such that 

z(w) > zCvg) - 3'^ n"^ for all velg. Since 

z(w 2 ) - z(w^ ) = Zg - z^ = 5 (q) > n”^ we have 
1 ] Ig = o. 

Let 6 ^ be the minimal mutual distance of g^ g*, 
g* n*; let 2t = min [x* * - x, x - x'] > o, and 
6 ^ be a number such that |x(v) - x(v*)| < t for 
every w, v^'eQ, |w - wM < Let 

5^ = min [&^, 5^]' Now g', g* ^ C Q where Q 

is a closed pol. reg., and wj, v^eg', w|', w^'eg**. By 

( 6 . 1 , v) there are two simple pol. lines 1*, 1 '* C Q 
joining w|, w^ andw]*, w^*, respectively, and 

whose points are all at a dis¬ 
tance < 6 ^ from g', or g**. 
Then 1', 1** C and 

x(w) < X for all wel*, 
x(w) > X for all wel'*; hence 
1 * 1 * * = o. 

The four arcs 1^, 1^, 1', 1'' 
do not form necessarily a simple 
closed curve, but by replacing 
IS 1** hy the minimal subarcs 
joining 1^, Ig and by re¬ 
placing 1^, Ig by the minimal subarcs joining the 
the two new arcs 1*, 1'*, we obtain a simple 
closed curve 7 * C 7 * = 1* +1^ +1*' ^ 2 ' 

Hence, since n is a simple pol. reg., also 
7 C It, where 7 is the simple pol. reg- whose 
boundary is 7 *. 

We have also 7 * C Q and we shall prove also that 
7 C Q. Indeed, in the contrary case, at least one 
region A^^, i = l, 2 , ..., would be completely 
contained in 7 and hence in it^, what we have seen 
is not. 

If C: (T„, 7 *), then C is a closed curve of the 
zx-plane Egg, sum of foxu? arcs X', X'*, Xg, 

such that z < z, + 3 ""' n“^ on X^, z > Zg - 3' n" 
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on X < X on x’, x > x on x' '. If s 

is the segment s^ = [x = x^ + 3 n < z < - 3 n ] 

of the plane has length s^ = 3 ”^ n"^, and 

0(x, z; C) = + 1 for all (x, z)esQ. Consequently 

|0(x, z; C)I dz > Sq > 3 ”^ n"^ • 

—« 



If we consider now the collection [7] of the N 
disjoint simple pol. regions 7 C Q we have 


+00 

N(x, z; Tg, 


Q) dz > 



|0(x, z; 


C) I dz > 3"' Nn ^ 


where N is any arbitrary integer. Hence 



z; Q) dz = + 00 , 


for every x of the set i, and i has positive 
measure. Hence N(p; Tg, Q) is not L-integrable 
in Egg and Tg is not BV, a contradiction. 
This proves that ^n^ ^ ^ ^ ^ 

and, thereby, (i) is proved. 

(ii) If either one of the two mappings T^, Tg is 
BV, then 1^ ^ ^ ^ ^ **'' 

n~ 1, 3, . 


PROOF. 
that 
Then also 


Let 


Tg be BV and suppose, if possible, 


n 


= a > o for some m > l, 
- D^l = a > o Since 


n > 1 
is 


m 

countable and there is a closed set I C I Z - D . 

m n m’^ 

such that the mappings (q), w^(q) 


> 2"^ (j 


1 N >a / 7 "2 

are continuous in I, as in the proof of (1). Let 
us proceed now as in the proof of (i) and let [q] 
be the finite collection of points 
q = qj_ = (x, y^)Gl*, i = 1, 2, N. Let [g] 
be the corresponding finite collection of distinct 

g = 

i = 1, 2, N. Here and 


continua g€r^ 3 \ 



CHAPTER V. THE FIRST THEOREM 


260 


we will order the points q = and elements 

g = gj, according to the order of the elements g 
in 

Each continuum g€[g] belongs to hence 

^2 “ ^ exactly two components, say 

Mq^ and g Q* = o. Consequently g C Q°. Let 

36 > o be the minimum mutual distance of the com¬ 
pact disjoint sets g^, Q*. Ve can suppose 

for instance that for each g = g^, is the un¬ 
bounded and the bounded component of - g. 

Since the elements a = a^, ^ ^ ^ra tielong to 

different components of E_ - g, let aeM^, beM, . 

^ O i 

By (11.1, ii) there are two closed simple pol. 
regions C E^ such that 

(1) be«°, C n°, aeEg - g C n° - 

(2) IT* [n*] separates a [b] from g in E^; 

(3) each point weM^ [M^ ] separated by n* [n*] 
from a [b] in E^ is at a distance < 6 
from g. 

If we denote by R the pol. reg. "o ~ "i 
order 1, then g C R* C Q. On the other hand, 

each point weR which does not belong to g must 
belong to M^, or [otherwise g would separate 

E^ into more than two components]; hence each point 
of R is at a distance < 6 from g and, conse¬ 
quently, R C Q and the N regions R are 
disjoint• 


Let 26 ^ > o be the minimum distance of each g 
from R* and let 6^, p, 6^ be defined as in the 
proof of (i). For each qefq] let us define q', 
q'', w{, w^£g', w{', w^'eg", g', g"er^ 3 )^ 

g', g* ' C R°, as in (i). Here we have 


q', q'UI., I- C I C - D^, 

m > 1; hence both g * and g * * 
into only two components. 


separate E 


- 15 


m 


It is not restrictive to suppose that a, g*, g**, b 
are in this order in a + b) + b. Let 

Of', &* [q;'', P''] be the unbounded and bounded 
components of Eg - g' [Eg - g'*], respectively* 
Then b, n*, g'* C p', a, n* C of*, b, it* C P*', 
a, Jt*, g' C Of*' [Note that g may be either before 
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g*, or after g, or between g* and g'' in the 
ordering a, g*, define 5 ^^ 5 ^ 

as in the proof of (i)- 

By ( 11 - 1 , ii) there are two simple pol. regions P', 

P'' such that 

(1) b€P'°, P’ C 3', P” C a" aeE^ - P"; 

(2) P'* [P''*] separates b [a] from g' [g'M 
in the w-plane E^; 

(3) every point weP' [P''], as well as every 
point w€ 3 ' [wea'M separated by P'* [P’’*] 
from b [a], is at a distance < 5 ^ from 

g' [g'M. Because of we have first 

PI * pit* = o and also 

P" C P'°, b, It,, g" C P", 

I a, It*, g' C Eg - P' . 

Let us observe now that 
w^ eg, g C (g, R*) > 26 ^, 

|v] - wj , |wj ' - wj < < 6^ . 

Therefore both w|, w|' are 
in a circle c^ of center w^ 
and radius < 6 ^ and c^ C R*^; hence the segment 
1 ^ = w] w|* is completely contained in c^ and 
therefore in R*^ and In addition 

z(w) < z(w^ ) + 3”^ + 3 ^ n ^ 

for all wel^. Analogously the segment 1 ^ = w^' 
is completely contained in a circle c^ of center 

Wo and radius < 5 ^ < 6 ., Cp C R*^, and 

^ 1 - 1 ^ — 1 - 1 
z(w) > zCw^) - 3 n = ^2 " ^ ^ 

= ^(q) > n”^; hence 1 ^ 1 ^ = o. Now 

w| is in E^ - PS w| ' in P''^; hence the seg¬ 
ment 1 ^ intersects both P'* and P''*; let us 
denote still by 1 ^ any minimum subsegment joining 
P ' * and P ' ' *. 

Analogously there is a minimum subsegment of 1 ^, let 
us denote it still by 1 ^^ joining P'* and P'**. 

The two segments 1 ^, 1 ^ divide R into two simple 
pol. regions. If 7 is any one of these two, then 
y* is the sum of two arcs 1 ', 1 '* of P'* and 

P''*, and of the two segments 1 ^, 1 ^ . Since 
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P' - P'' C R°, we have also 7 CP' -P'' CR°C Q°. 

Let [7] be the collection of the N disjoint simple 

pol. regions 7, 7 C Q, so obtained. If 

C: (Tg, 7*)> then C Is the sum of four arcs 

Xg, X', X'' such that z < z. + 3"’ n"’ on X , 

- 1-1 — 

^ ^ ^2 ~ ^ ^ ^2 ^ ^ ^ ^ ^ ^ X > X 

on exactly as in the proof of ( 1 ). The remain¬ 

ing part of the proof is the same as for (i). There¬ 
by (ii) is proved. 

(iii) If at least one of the two mappings T^ and 

Tg is BV, then \Z\ = o, i.e., 5 (q)=o 

for almost all points 0.^^^ components 

of T^^(q) are elements gerCT, Q). 

This statement is a consequence of (i) and of (i) and (ii). 


16.10. An Analytical Property of Continuous Mappings 
We can now conclude the previous considerations with the following final 

(i) THEOREM. If Q is the finite sum of disjoint 

closed, finitely connected Jordan regions of the 
w-plane Eg, w = (u, v); if (T, Q): p = T(w), 

weQ, is any c. mapping from Q into the p-space 

E3, p = (x, y, z), if (T^, Q), r = 1, 2, 3. 

are the plane mappings which are the projections 
of (T, Q) on the coordinate yz, zx, xy-planes 

^21^ ^22^ ^23^ ^ T^(Q), C Eg^; if 

at least two of the three plane mappings T^, 

r = 1, 2, 3, are BV, then for almost all points 

qeK^, Kg, Kg the components of the sets T”^(q), 

T2^(q), T”Mq) are continua gGr(T, Q), i.e., 

maximal continua of constancy for T on Q. 

PROOF. Suppose first that Q is a closed Jordan 
region. Then in order that property (iii) of (16.9) 
hold for almost all qeK^, Kg, K^ it is sufficient 
to know that for each of the following pairs of 
mappings (Tg, T^), (T^, T^ ), (T^, Tg) at least 

one is BV. Hence if any two of T.j, Tg, T^ are 
BV, the property (ill) holds for K^, Kg, K^. If 
Q is any finite sum of closed disjoint (finitely 
connected) Jordan regions, we have only to add the 
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exceptional sets of points qeK^; and also 

the new sets have measure zero. Thereby the theorem 
above is proved. 


NOTE. If we denote by C the subset of all points qeK^ such that 
at least one component of T^^ (q) is not an element ger(T, Q), then 
the previous theorem can be restated as follows: If at least two of .the 


three plane mappings T^^ 


r = 1 , 2, 3, are BV, then |F 


1 


F 


P 


16.11. Examples 

The theorem proved in 16. lO has wide application in the following. Some 
examples are convenient for a better understanding of the analytical mean¬ 
ing of the theorem 


EXAMPLE 1. Let C:x = cp(u), y=i|f(u), o<u<l, be any 
representation of a Peano curve, l.e., of a continuous curve 
covering the square K = [o < x, y < 1], and <p(u), il/(u) 
be not both constant on any subinterval of [o, ij [E. W. 
Hobson, I, Vol. i, p. 455 ]. Let (T, Q) be the mapping 
T: X = cp(u), y = t(u), z = v, (u, v)€Q = [o < u, v < 1 ] . 
Then r(T, Q) is the collection of all single points 
(u, v)eQ, while = r(T^, Q) is the collection of all 

segments s = [u = u, o < v < l ] of Q. For all points 
q = (x, y)€K2 = the set T''(q) is a collection of 

segments s. Thus the statement of the Theorem in (16. lo) 
does not hold. It could be proved that no one of the 
mappings T^, are BV. 


■3^ 

if 

3 -^ 


z) 

o < V < 3*^; 


EXAMPLE 2. Let (T, Q): p = T(w), weQ = [o < u, v < l] 
be the c. mapping from Q into the p-space E^, p(x, y, 
defined as follows: x = u, y = 0, z = 3v 
X = u, y = 3 v - 1, z = 1 if 3 ~^ < V < 2 • 3 ; x = u, 
y=l,z=3-3v If 2 - 3 '''<v<i. Then r(T, Q) is 
the collection of all single points w = (u, v) of Q. The 
set square = [o < x, y < 1 ], and 

for every point q = (x, y) with o<x<i, o<y<i, 
the set T“Vq) is a single point of Q, while for every 
q = (x, y) with o<x<l,y=o, or y=l, 

T^ (q) is a segment of the square Q of length 3 
parallel to the v-axis. The points qeK^ for which the 
statement of the theorem in (16.10) does not hold form a set 
of measure zero in K^, namely the two segments [o<x< l,y=o], 
[o<x<l,y=i]. It could be proved that all three mappings 


the set 

-1 


T 


2, 3, are BV. 
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* i6.12. a Corollary 

We shall now complete the statement ( 11 <3, iv). 

Let (T, Q) be any c. mapping from a closed finitely connected 
Jordan region Q of the w-plane E^, w = (u, v), into the 
p-space E^, p = (x, y, z), and let (T^, Q), r = 1 , 2, 3. 
be the corresponding plane mappings ( 5 * 4 ) from Eg into the 
coordinate planes Eg^. Let Q) C Eg^ be the comt- 

able set of points P^^gr ^ (l 0 * 5 ) and (12.5) rela¬ 

tively to the plane mapping (T^, Q), r = 1, 2 , 3. Let 
Fr C Eg^, r = 2, 3, be the sets defined in (16.10, Note). 

As in (11. 3 ^ iv) we shall finally denote by D = D(T, Q) the 
countable set of points (10.5) relatively 

to the mapping (T, Q). 

We shall denote by H any finite sum of straight lines 

Si = Ey = 2 = Zq], or Sg = [z = Zq, x = x^^J. or 

s^ = [x = Xq, y = not necessarily disjoint and parallel 

to the coordinate axes x, y, z. Thus, if some of these 
straight lines have a point p^ = (x^^, y^, z^) in common, at 
most three of the straight lines seH pass through p^. 

We shall also denote by = (y^, z^), q^g = (z^, x^), 

^03 = ^o^ points r = 1, 2, 3. which 

are the intersections of the straight lines above with the 
coordinate planes. Finally we shall denote by H also the set 
of points of E^ covered by H, and by K the set K = T(Q) C E^. 
( 1 ) Under the condition of (il. 3 > i^ or 11 , or iii), if 

HK C T(H), HD = 0 , and " ^r " ^r^ 

every q^^ and r = i, 2, 3, then we can request 
that S, S', S'' verify all requirements of 
(11.3, i, or ii, or ill) and furthermore that for 
any ReS'' and any boundary curve p* or R* 
the set T(p*) is completely contained in a 
sphere P with PH = 0. 

PROOF. The proof is the same as for ( 11 - 3 ^ iv) 
where we observe that not only each element g€E(a, b) 
considered there is an element of condensation of 
elements g' of both e (g) and e'*'(g) with 
T(g') + T(g), but also 

(l) if T(g)€3 ^ for some s^, then g is 
an element g of the set T^^ ^%r^ 
g€r(T^, Q); 
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(2) T^(g*) + the same r, otherwise 

Tp(g) woiild belong to Dp* 

As a consequence T^(g* ) Is not on the straight line s^. Thus 
if Pq = T(g) belongs to more than one straight line s (at 
most three, say s^, s^, s^), we conclude that T^(g') does 
not belong to any of the straight lines s^, s^, s^. In such 
a way for each of the elements gQ€E(a, b) considered in the 
proof of (11.3^ iv), we can associate another element g^ + g^ 
with T(g*) + TCg^), T^(g') + T^Cg^), r = 1 , 2 , 3. and 
such that |T(g*) - T(g)| < {H - (s^ + + s^), TCg^)); 

hence T(g') does not belong to any of the straight lines 
s of the finite system H- The proof can be completed 
now as in (11 • 3, iv). 

NOTE. The theorem ( 16 . 10 , i) has not been used in the previous 
proof, but only the definition of the sets Fp. On the other 
hand, statements (16.10, i) assures that, if at least two of 
the mappings (Tp, Q) are BV, then there certainly exist in¬ 
finite systems H having the properties required in (16.12, i). 


* 16.13. Bibliographical Notes 

The main theorem (16.10, i) and its proof as given here, to¬ 
gether with most of the lemmas of (16.3-9) are in [L. Cesari, 
9]. The lemmas of (16.1-3) and the proofs of the lemmas of 
( 16 . 4 - 5 ) are taken from [E. J. Mickle and T. Rad6, 3]. The 
theorem (16.10, i) will be applied in §i8. For other appli¬ 
cations see [H. Federer, 8], R. E. Fullerton [l, 2], L. 

Cesari and R. E. Fullerton [l]. 
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* 17 . 1 . Some Preliminary Remarks 

(i) Given any rectangle R=[a<u<b, c<v<d] 
and two real single-valued continuous functions 
f^(u), f2(u), a < u < b, there is a continuous 

function f(u, v), (u, v)€R, such that 

(1) f(u, c) = f(u, d) = fgC^) 

for all a < u < b; 

(2) the real number f(u, v) belongs to 
the closed interval [f(u, c), f(u, d)] 
for all a < u < b, c < v < d; i.e., 
either f(u, c) < f(u, v) < f(u, d), or 
f(u, c) > f(u, v) > f(u, d). In addition 
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( 3 ) f(a, v) = f(b, v) for all c < v < d 
provided f^(a) = f^(b) and 


f2(a) = f2(b); 


( 4 ) f(u, v) 

(u), 


is q.l. in R provided both 
are q.l. in [a, b] . 


f2(u) 


PROOF. We can suppose R=[o<u<l, o<v<1]. 

Then the function f(u, v) = (l - v) f-(u) + v f«(u), 

• u 

o<u<i, o<v<l, has the properties l, 2, 3, 
but not 4 . Suppose that both f^ (u), 
in [o, 1 ]. Let 
subdivision of [0,1] into subintervals of linearity 


o = Uq < u^ < . .. < u^ =1 be any 


for both f 


1 


and fg. 


let w 


wi 


1=0, 1, 


..., 


n 


denote the points = (u^, o), = (Uj_, 1 ) and 


let [t., tJ, 


1 = 1, 2, n] be the subdivision 

of R into the 2n triangles t^ = 

But = f,(u), q = q(u), 
i = 0 , 1, n, and let f(u, v), (u, v)eR, be 


the q.l. function which is linear in each triangle 


tj, ti, i — 1 , 2, 


n, and takes the values f 


f^(u), f2(u) 


at the points w^, and the values f| at the points 
i = 0, 1, ..., n [Of. (5-6, 1 )]. The function 
f(u, v) so defined has the properties 3, k, but 
not 2. In order to satisfy 2, let h be the set of 
all points U€[o, i] where the q.l. functions 

verify the equality f^(u) = fgCu). 
Then h is a finite collection of closed disjoint 
intervals j (if any) and single points. We can 

above contain all 
these single points and both end points of each in¬ 
terval j. Then for each i = l, 2, n, and all 

u, u'e[Uj__^, u^] we have either f^ (u) < f^Cu'), or 
f^(u) > fgCu*). Thus the partial derivative 
f,,(u, v) is given by f2(^i) * 


suppose that the collection [u^^] 


V 


^2^^1-1 ^ ^^i-1 ^ ^i^ both differences 

are >0 in the first case^ < 0 in the second 
case. Consequently f(u, v), considered as a func¬ 
tion of V only, is non-decreasing, or non-increasing, 
respectively, and (2) holds. Thereby (i) is proved. 

The reader may observe that, in the case f^, fg 
are both q.l., we could replace f(u, v) = (l - v)f^ + vf^ 
by the function tp(u, v) defined in (5-6, ill) which 
is q.l. in R and cp = f on R*. This fmctlon 9 
does satisfy l, 3> 4 , but not necessarily 2. 
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NOTE 1. In the statement above if f^(b) - f^(a) = 

then we have also f(b, v) - f(a, v) = h for all c < v < d. 

If m < f(u), f(u) < M for all ue[o, i], then we have also 
ra < f(u, v) < M for all (u, v)€R. Indeed both functions f(u, v) 
taken into consideration in the proof of (1) have these 
properties. 


0 


Given a closed pol. reg. Q = - dg of the w-plane, i.e., 

the annular region between the two simple pol. regions q , q , 

\ C* 


c (q, )°, let s C + 


(w ) 


(w,) 




be any simple polygonal 
line joining any two points 

terval of the xy-plane and s', s'' 
any two opposite sides of r- Let 
s^, Sg be the remaining sides of 
r. We shall identify in r the 
two end points of 3^, the two end points of Sg, as well as 
all pairs of opposite points of s', s''. 

( 11 ) Under the conditions above, given two homeomorphisms 
T^, 1=1,2, from qj onto s^, there is a 

homeomorphism t from Q onto r which coincides 
with on qj, and maps s onto s' and 3''. 


PROOF. Because of the mentioned identification, this 
statement is a consequence of (6.1, 1). The homeo¬ 
morphisms T^, i = 1, 2, may be arbitrary. 

Given any pol. reg. Q = - (q^)® of order 1 In the 

w-plane E^, let C,: (T,, q*), (T^, q|) be any two 

c. mappings from q* and q* into (c. closed curves), 

and let us suppose C, Cg(H) (see 8.13), where H is 
some subset of E^^. 

(lii) Under the conditions above there is a c. mapping 

(T, Q) from Q into Ej^ such that T(Q) C H, 

T = T, on q*, T = Tg on q*; i.e., (T, Q) 

performs the homotopy C. - C„(H). 

* 

PROOF. Let r, s', s'*, s^, Sg have the same mean¬ 
ing as in (ii). The hypothesis C^ - CgCH) implies 

(1) there are two homeomorphisms Tg from 

q*^ dg onto 3^, Sg respectively; 

(2) there is a c. mapping (T^, r) from 


r 
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such that 
-1 


T^Cr) C H, 

T = T 

■^O 2_^2 

Let now be the image under of both end 


into Ej^ 
T_ = T 


o 


1 • 1 


on 


1 ^ 


on 


points of 3 ^^ 1 = 1, 2; let 


^i 
s C Q' 


o 


(w^ ) 


(Wg) 


w 


be any pol. line joining 
be the mapping from Q onto 
the mapping (T, Q), T = T 
properties. 


o 


and Wg in Q; let t 
r defined in (ii). Then 
T, has all the required 


NOTE 2. If the mappings are q.l. and T^ is also q- 1 . 

then we can require that also the mapping T is q.l. in Q. 


NOTE 3 * Given any simple pol. reg. n in the w-plane Eg, 
let C: (T^, JT*) be any c. mapping from n* into Ej^ (c. 
closed curve), and let us suppose C — o(H) where H is a 
subset of Ej^. Then there is a c. mapping (T, n) from n 
into Ej^ such that T(it) C H and T = T^ on tc*. 

Indeed C o(H) implies that C is homotop in H to a curve 
Cq reduced to a single point Pq^H- Then we can apply (li) 
by taking q^ = jt and any simple pol. reg. qg C Thus 

T is defined in it - q^ and is constant on q*. We can 

now define T also in qg with the constant value 

p^^, T(w) = 

NOTE i. Given any pol. reg. Q = q^ - ( 0^2 order 1 in 

the w-plane Eg, let f^ (w), fgC^) "be any two given real 

functions defined on q*, q*, respectively, and there con¬ 

tinuous everywhere with exception of two points say 
= qif, Wg = q*, where they have the same jump 

& = f|(w^) - fg(w^) = fgCwg) - fgCWg). Let s C + (w^ ) + (Wg) 

be any simple pol. line joining w^ and Wg - Then there is a 
real function f(w), weQ, coinciding with f^ on q^, with 

fg on q*, continuous everywhere in Q, with the exception 
of the points of the line s where f has a constant jump 
s across s. 

Indeed we can proceed as in (lii) by making use of 1 ) 

and Note l above. 
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* 17 - 2 . Some Elementary Properties of Homotopy in 

(i) Given any two continuous closed oriented curves 

in E^, and a straight line r C E^ with 
[C^] r = [Cg] r = 0, let C^q be the con¬ 

tinuous closed oriented plane curves which are the 
projections of and on any plane a normal 

to r and let 0 (]p^; 0(p^, be the top¬ 
ological indices of and C^q with respect 

to the point p^ = ra in the plane a. Then 
Cl C^(E^ - r) if and only If 0 (p^; = 0 (p^; C^^). 


then 


PROOF. We can suppose that r is the z-axis and a 
is the xy-plane z = o. Let (r, z) be cylindrical 
coordinates in E^ with r as the axis. If 
P = Pj^(u), 0 < u < 1, p^(o) = p^(i ), 
i = 1; 2 , are arbitrary representations of 
we have also C^: r = r^(u), oj = cd^(u), z = z^(u), 
0<u< 1, where r^(u), a)^(u), Zj_(u), 0<u< i, 

are single-valued real continuous functions with 
r^(o) = r^(l), z^(o) = z^(i), cuj,(i) - cu^(o) = 

2i( o(Pq; = h^, i = 1, 2, and r^(u) > 0 

for all 0 < u < 1 . Thus there are tv;o constants 
0 <ra<M< + 00 such that 
for all o<u<i, i=i, 2. 


0 <m<r. (u)<M<+oo 


Sufficiency. We have h^ - h^ and, by (i), there are three 
continuous functions r(u, v), a)(u, v), z(u, v), (u, v)€Q = 

[o < u, v < i], such that r(u, 0) = r^ (u), tu(u, o) = (u), 

z(u, 0) = z^ (u), r(u, i) = r^Cu), a)(u, i) = z(u, i) = 

ZgCu) for all 0 < u < i; r{o, v) = r(i, v), z(o, v) = z(i, v), 

tu(i, v) - m(o, v) = h, = hg = h for all o < v < i (17.1, 

Note 1 ); 0 < m < r{u, v) < M < + «> for all (u, v)€Q (17.1, 

Note 1, second part). Hence the mapping T: r = r(u, v), 

u) = u)(u, v), z = z(u, v), (u, v)eQ, performs the homotopy 
of C, and In E^ - r, i.e., C, - C^CE^ - r). 

Necessity. If C, - C^CE^ - r), then there Is a c. mapping 
T: p = p(u, v), (u, v)eQ, such that rT(Q) = 0, 

C,: p = p(u, 0), Cgi p = p(u, 1), 0 < u < 1, and 

p(o, v) = p(i, v) for all 0 < v < 1. Hence if for every 

point p = (x, y, z)eE2 we denote by q = (x, y, 0) the 
projection of p on the xy-plane, if we denote by 
'^o’ ^ v), (u, v)€Q, the projection of T 


on the 
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xy-plane, we have q = q(u, o), q = q(u, 1 ), 

^ 1 0.(0^ v) = q(l, v) for all 0 < v < 1 and 

finally (qo)TQ(Q) = o where q^ = (o, o, o). If R is 
is the annular region R=[l<p<2, o<0< 2n] in 
polar (p, 0)-coordinates and T^: q = q^(p, e), 

(p, 0)gR, where q^ (p, e) = q(p - 1, 2"^ to), 
then q^ is not in T(R), : q = q^(l, 0), 

‘^02* ^ 0), 0 < 0 < 2n, and, by (8.6, iii 

and Note 2), also OCp^; = 0 (p^; *^20^' Thereby 

(ii) is proved. 

(ii) Given any continuous oriented curve C C E^ and 

a straight line r with r[C] = 0, let be 

the continuous closed oriented plane curve which 

is the projection of C on any plane a normal to 
r, and let oCp^; C^) be the topological index of 
with respect to the point p^ = ra in the 
plane a. Then C — o(E^ - r) if and only if 
o(Po; Gq) = 0. 

This statement is only a particular case of ( 1 ) where one of 
the curves, say C^, is reduced to a single point (not in r). 

NOTE. In (i) we can suppose that both curves C^, are in 
a region A of the form A = [m < r < M, < z < z^l C E^, 

i.e., in an anniilar part of a right cylinder of axis r- Then 
instead of — *^2 ^^2 " require — C2(A). In¬ 
deed, since m < r^(u) < M, z^ < - ^2^ i = 1, 2, we 

can require, according to (17. i. Note 1 ), that ra < r(u, v) < M, 
z^ < z(u, v) < Zg for all 0 <u<l, o<v<l. An 
analogous statement for (ii) holds. In particular, if z^ = Zg, 

we can suppose z(u, v) = z^ ^ ^2 ® ^ 

0 <v<i; i.e., if ^2 same plane oc 

normal to r, we can suppose that the horaotopy is performed 
in an annular region of the same plane a. Analogously, if 
and Cg are in a sphere cr whose center is in r, we 

can require — Cg(a). 

(iii) If R = Q - q° is any closed region of order 

= 1, if C^: p = p^ (w), weQ*, 

Cg: p = P2(w), weq*, are any two closed orient¬ 
ed curves in E^ (i-e., any two continuous 
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mappings from the boundary curves Q* and q* 
of R), if r is any straight line in E^ with 
[C^]r = [C^lr = 0, if oCp^; = o(p^; 

where p^ = ar is the intersection point of r 
with a plane or normal to r, and C^q 

the curves projections of C^, on ot, then 
there is a c. mapping (T, R): p = p(w), weR, 
with rT(R) = 0, p(w) = p^(w) on Q*, 
p = P2(w) on q*. In addition if p^(w), PgCw) 
are q.l. on Q* and q*, then we can require 
that p(w) is q.l. in R. 

PROOF. The first part is a consequence of (i) and 
(17.1, il and Note ^). Let us now prove the second 
part. Let (T, R): p == p(w), weR, be the c. 
mapping already defined. If x(u, v), y(u, v), 
z(u, v) are the components of p(w) and we suppose 
that both p^(w), P2(w) are q.l. on Q* and q*, 
respectivelyi then also x(u, v), y(u, v), z(u, v) 
are q.l. on Q* and q* (and continuous in R). 

By applying ( 5 * 6 , iii) with e = 3“^ (T(R); r] we 
can determine three new functions x'(u, v), y'(u, v), 

z'(u, v) q.l. on R, coinciding with x, y, z on 
Q* and q*. If p'(w) is the corresponding vector 
function, then (T', R): p = p'(w), weR, has all 
the required properties. 

(iv) If Q is any simple pol. reg. and C: p = Pq(v;), 
weQ, is any closed oriented curve in E^ (i.e., 
any c. mapping from the boundary Q* of Q), if 
r is any straight line in E^ with r[C] = 0, 
if ^ where p^ = ar is the inter¬ 

section point of r with a plane a normal to 
r, and the curve projection of C on a, 

then there is a c. mapping (T, Q): p = p(w), 
weQ, with i^(Q) = 0, p(w) = 

addition if Pq(w) is q.l. on Q*, then we can 
require that p(w) is q.l. on Q. 


This statement is a particular case of (iii). See (17.1, Note 3). 
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* 1 7 > 3 ■ A Preliminary Statement 

(i) If C C is a continuous closed oriented curve, 

Pq " ^o^ ^o^ point of E^, 

^1> ^2’ ^3 three straight lines 

~ ^o^ ^ ~ ^o^^ ^2 ” ^ ^ 

r^ = [x = Xq, y = y^] and R - + r^, if 

(a) [C]R = 0 and hence 26 = {[C], R} > 0; 

(b) o(Xq, y^; C^) = 0 where is the pro¬ 

jection of C on the xy-plane; 

(c) z > Zq - 6 for every point (x, y, z) 
of [C] [or z < Zq + 6 ], then 

C ^ o(E^ - R). 

PROOF. We can suppose " ^o " ^o " hence 

^1^ ^2^ ^3 x,y,z-axes. Let C: p = p(u), 

0 < u < 1, p(o) - p(l). If (r, o), z) is a 

cylindrical coordinate system whose axis is the z-axis, 
then C has a representation C: r = r(u), co = aj(u), 
z = z(u), o<u<l, where r(u), u>(u), z(u) are 

real single-valued continuous functions such that 
r(o) = r(l), z(o) = z(i), and, because of (b), also 
a>( 0 ) = a)(l ). Let us observe that for every point 

p = (x, y, z)g[C] we have 26 = [[C], R) < {[C], r ) < 

2 2 “ ^ 

[p, r^) = (x + z ) 2 ; hence |z| < 6 implies 

|x| > 6 . Analogously we can prove that |z| <6 
implies |y| > 6 . Let us denote by z(u, v), 

(u, v)eQ = [0 < u, V < l], the function defined in 
(l 7 -l, i) relative to the functions f^(u) = z(u), 
f^Cu) = 26 = constant, o < u < 1 . We shall now con¬ 
sider the curve C^:r = r(u), a> = a)(u), z = 26, 

0 < u < 1 , and the c. mapping T: p = p(u, v), 

(u, v)eQ, where p(u, v) = [r(u), a)(u), z(u, v)]. 
Obviously T performs a homotopy of C into C * ■ 

Each point [r(u), aj(u), z(u)]e[C] describes the seg¬ 
ment s = [r = r(u), CO = a)(u), z = z(u, v)] as 
0 < V < 1 , where s is parallel to the z-axis. Now 
either we have - 6 < z < 6 and then |x(u)| > 6 , 

|y(u)| > 6 and sR = O; or we have z(u) > 6 and then, 
since f2(u) = 26 , also z(u, v) > 6 for every 
0 <v<i (l 7 *l>i, requirement 2 ) and sR = o. Thus 

T(Q)R = 0 and C ^ C* (E^ - R). By (17-2, i) we have 
0 ( 0 , 0 ; Cq) = 0 ( 0 , 0 ; C^), Where C^, are the 

projections of C, C* on the xy-plane. On the Other 
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hand, C^ is contained in the plane a = [z = 26] 
and, more exactly, in an annular region 
A = [8 < r < M] C a. Hence C ~ o(A) (l 7 - 1 . Note 2 b). 

Since AR = 0 we have C oCE^ - R) and finally, 

by ( 8 . 13 , iii). C - oiE^ - R). 

NOTE- In (17.3, i) we can replace •f 2 b to 25 in the part (a) 
of the statement. 

(ii) Given any simple pol. reg. n of the w-plane 

and any c. mapping C: jt*) from n* into E^ 

(c. closed curve), if C is contained in a sphere 
a of E^ then C - 0 {a) and there is a c. mapping 
(T, n) such that T(n) C a, T = on n*. If 
is q.l. on it*, we can require that T is q.l. 

on 7 t. 

The first part of this statement is obvious, the second part is 
a consequence of (i 7 • 1 > ii and Note 3 )• For the last part see 
( 17 - 1 , Note 2). 

(iii) Given any pol. reg. Q = (q^, q^ ^ q^) ^-nd 

a c. mapping (T^, Q*) from Q* = q^ + q| + ••• + G* 
into E^, let us suppose that the c. curves 
Cj^: (Tq, qj), 1 = 0 , 1 , ..., u, are horaotop to 
zero in a connected open subset G of E^. Then 
there is a c. mapping (T, Q): p = T(v), weQ, 
such that T(Q) C G, and T = T^ on Q*. If T^ 
is q.l. on Q* we can require that T is q.l. 

in Q. 

PROOF. Let Q' = (q^, q]. •••. < 1 ^) be any pol. reg. 
interior to Q such that q^ C ^ C ( 1 q)°- 

Then Q is divided into Q' and further + 1 pol. reg. 
of order 1 , say r^^ = (q^, q^), ^j_ = 

i = 1, \3. We can define T in each of these regions 

r^ by using ( 17 . 1 , iii and Note 3 ); i-e., so as to per¬ 
form in the homotopy of into a single point 

= T(q|*), Pj_eG, i = 0, 1, o. Thus T is 

constant on each boundary curve qj_*, i = 0, ..., v>. 

Let us divide Q* into v) pol. regions of order l, say 
..., r^, by means of disjoint arcs joining any 
two points of qQ** shall define T on these arcs 
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quired properties. 


so as to be constant there with 
value Pq. Finally let us define 
T on each region r^^^ so as to 
perform the trivial homotopy of the 
point Pq = T(q^*) Into the point 
P^ = T(q£*) along any arc 1 ^ C G 
(see 17.1, 111 ). Then T Is de¬ 
fined In Q and has all the re- 


*17 •^ •_ The Four Line Theorem and Further Statements 

Let C C E^ be any c. closed oriented curve, let p = (x , y , z ) 
be any point of E^, r,, r^, r^ the straight lines 000 

I*! - [y = z = Zq], rg = [x = Xq, z = Zq], r^ = [x = x^, y = y^J, 

and R = r^ + Ug + r^, as In ( 17 - 3 , 1 ). Then r, r^ r = p^ 
and we shall suppose R[C] = o. We denote by C^, G^, C the 
plane c. closed oriented curves which are the projections of 
C on the yz, zx, xy coordinate planes E„,, E„„, E,,, and 

^01^ ^02^ ^03 projections of the point p^ on the coordinate 

planes. Hence P^^ = t = 2, 3. 

In the present article we shall discuss further conditions in 
order that C ^ (E^ - R), l.e., in order that C can be re¬ 
duced to a point in E^ without crossing the straight lines 
r^y r-. 


By (17.2, il) the condition (or) ) = 0, t = 2, 3, 

is a necessary and sufficient condition in order that 
C 0 (E^ " ^t^^ t = 1 , 2, 3 - Hence C 0 (E^ - R) implies 

C o(E 3 - r^), t = 2, 3, and finally (a). Thus (a) is 

a necessary condition in order that C ^ o(E^ - R). Neverthe¬ 
less the same condition (a) is not sufficient as the following 
example shows. Let C be the closed c. oriented curve 



^ ^ *^1 ■** ^2 ^3 *^4^ where c^ and c^ 

are the circumferences of the circles 
[x^ + y^ = 1 , z = 1 ], [x^ + y^ = 1 , z = - 1 ], 

counter-clockwise and clockwise oriented, 


respectively, and 
[x = •sTs, y = ^2, 


-1 < z < 1 


are the segments 
], oriented 


according decreasing and increasing z, 
respectively, (the curve C is schema¬ 


tized in the Illustration). Obviously con¬ 
dition (or) is satisfied but it is intuitively 


evident that C cannot be reduced to a point in E, - R» 
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A first elementary sufficient condition in order that C ^ o(E^ - R) 
has been given in ( 17 - 3 ^ D; but we shall need more refined 
statements. 

Let C, Pq, r^, r^, v^, be defined as above and let 
26 = {[C]; R) > 0. For the sake of simplicity we shall suppose 

Pq = {o, 0, 0 ); hence r^, r^; r^ are the x, y, z-axes, 

respectively. Let s^, s^; 3^, be four disjoint straight 

lines s^ = [y = Y-j:* ^ ^2 ~ ~ ^ ~ ^2^^ 

3^ = [x = x^, y = 73]. Si^ = [x = Xi^, y = y^]. with 

lyj, |z^|, IXgl; IZgl; ly^l, Ixi^l, ly^l < 6, and such 

that both straight lines s^j s^ cross the strip between the 
two parallel straight lines s^, Hence z^ 4 z^, and 

either x^ <'x^ < Xj^, or x^ > x^ > x^^; 

either 7^ < 7^ < 7i^> ov 7^ >7^ >74- 

Finally let S = s^ + s^ + + s^^. We 

shall also denote by , q^; q3^ q4 
the points q^ = 3^ qg = s^ E^g, 

q^ = s^ E^y q^^ = s^ The following 

non-elementary statement holds: 


(i) THE FOUR LINES THEOREM. Under the conditions above 
C ^ 0 (E^ - R) if and only if C ^ 0 (E^ - S). 

This theorem was given by L. Cesari by using elementary methods 
of topology [L. Cesari, 8 ]. A second and shorter proof in 
terms of knot theory was given later by S. Eilenberg [2]. 

NOTE. In order to get an intuitive understanding of statement 
(i) we shall observe that the system R of three lines 
r^, rg, r^ is replaced by the system S of disjoint lines 
Si, Sg; 3 ^, 3^, so close to the lines r that we can move 

the lines s into the lines r with¬ 
out crossing C. Statement (i) states 
that the system R is equivalent to 
S in the question of homotopy to zero 
of C in E^ - R (or E^ - S). It 
is easy to see that systems S' of 
only three disjoint lines, or systems 
S'* of four lines where 3^,32 do 
not cross the strip between s^ and 3^ 
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are not equivalent to R. Indeed, in the illustration the curve 

C already considered in the previous example and not homotop to 

zero in E^ - R, is homotop to zero in E^ - S*, as well as 
in E- - S'f. 


Let (T, 0 ,): p = p(w), weQ, he any c. mapping from a simple 
closed pol. reg. Q of the w-plane E2, w = (u, v), into 
the p-space E^, P = (x, y, z); let C: (T, Q*) be the 
closed oriented curve which is the image of Q,* under T; 

(T^, Q), r = 1, 2, 3, be the plane mappings which are 
the projections of T on the yz, zx, xy-coordlnate planes 

®2l^ ^22' ^23^ ^r ^ ^2r' ^ 2, 3, be the point sets 

defined in (i6.lo, Note) for the mapping T; let C E^^^ 

r = 1, 2, 3, be the countable sets defined in ( 10 . 4 ) and 

(12.5) relative to the plane mappings (T, Q); let D C E^ 

be the set defined in (10.5) relative to (T, Q). Finally 

let Pq = (Xq, Yq, Zq), r,, r^, r^, R = r, + 

Pq^j Po 2^ ^03 defined as above. 


(ii) THEOREM. Under the conditions above, if R[C] = 0, 
if N(Pq^, T^, Q) = 0, t = 1, 2, 3, and 

Pot"^2t - Dt ' ^t^ ^ 2, 3, if Pot is a 

point of density of points P^E^t “ " ^t ^ii^ 

N(p, T^, Q) = 0, t = 1 , 2, 3, then C == 0 (E^ - R). 


NOTE. A simple proof of ( 11 ) is given below where ( 1 ) is used. 
A direct somewhat longer proof, independent of (i), is given ia 
Appendix A. The statement (ii) is extended to mappings from 
Q into Ej^, N > 3 ^ in [L. Cesarl, 46 ]. 


PROOF OF (ii). Let us suppose Pq = (o> ^.nd let 


Kt C E^t set of all points 

- (F^ + D^), 


where 


and 


2 t 
2 d, 


N(pj 1 t^ ~ ^ - j.V|, — 't ' "^t 

t = 1 , 2 , 3. For any number d > o let qt C E 
be the square of center (o, 0), side length 
and sides parallel to the axes. Then 

|qt K^l : Iqtl -^ ^ s.s d -> 0 , t = 1 , 2 , 3 - 

Let 25 = ([C], R) > 0 


and d 


o 


0 < do < 5 ^ 


such that 

qtl > 


M = [- do < X < 


l-lt 

squares 

M* = [0 < X < do^ 0 < y < 
contain points of . Let 


0 < d < do 
t = 1, 2, 

0^ 


be any nijmber, 
implies 

3. Hence both 


- do < y < 0], 




M, M' C E23, 

“ (X3, y^/ 


03 
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0^4 = 74) points qo3eM K^, 


q^4€M' K . 


Let = min [|x' 1 , 


ly 


74] 


contain 


3, , ^4 

and let us observe that both squares 
MM = [0 < y < d^, 0 < z < d^ ] C E^^, 

M" ' = [0 < X < d^, - d^ < z < 0 ] C E22 
points of K, and K^, respectively. Let 
q^l = (y,, z,), qg = (X2, z^) be any two points 

q^^eM' ' "^02 < 0 < z,, 


X. < < X, , 


3 


2 ' ~ ' “1 

< corresponding 


have the required 

properties. Let 3e > o be the minimum mutual 


straight lines s^, s^^ 


distance of the lines s^^ 
S = s^ + + 33 + 


^ 2 ^ ^ 3 > 


and let 


By (16.12, i) there is a finite subdivision i:' + 
of Q into simple pol. regions qei:' and not 
simple pol. regions Rez'' such that 

(a) diam T(q), diam T(R) < e; 

(b) for each ReZ' ' and for each bomdary 
curve p* of R, the set T(p*) 

is completely contained in a sphere 
a with aS = 0 ; 

(c) H Q* = 0 where hi = T"^(S), since 
[CIS = 0. 


If we denote by c the image of each curve q* 
under T, then c has diameter < e, since 
diam c = diam T(q*) < diam T(q) < e. Hence c 
is completely contained in a sphere of radius 

G. Such a sphere o^, either has no point in 
common with H, or has points in common with at 
most one straight line s. In the first case we 
have obviously c hence c ^ 

In the second case is contained in a sphere 

of radius 2€ whose center is on one of the straight 
lines s. Suppose for example that has its 

center on the straight line s^ = [x = x^, y = y3] 
and denote by c^ the projection of c on ^^3^ 
i.e., c^: (T^, q»). Then by T^, Q) = 0 

it follows *^(003' *^3^ ^ hence, by 

(17.2, ii), also c every qeS'. 

This Implies, by (17.2, iv), that there is a c. 
mapping (T*, q) from q into - S such that 
T*(w) = T(w) for every weq*. We consider now each 
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region Rez''. Since each boundary curve p* of 
R has an image c: (T, p*) contained in a sphere 
o with aS = 0, we have c 0 (a) and hence 

c - oCE^ - S). Since E^ - S is an open connected 
set in E^, by (17.3, in) there is a c. mapping 
(T*, R) from R into E^ - S with T*(w) = T(w) 
for every w€R». Thus T* is defined on the whole 
set Q, and we have T*(Q) C E^ - S, T*(w) = T(w) 

for every weQ*. Thus C o(E3 - S) and, by ( 1 ) 

above, also C - oCE^ - R). 

* l 7 - 5 - An Elementar^r Statement on Relative Homotopy 

(i) If s^, i = 1, 2, ..., 6, are the six closed 

segments joining the point p^ = (x^, y^, ) to 

the points (xq + m, y^, z^), (x^^, y^ + m, z^), 

^^o' ^o' ^o ± m > 0, if S = s, + ... + sg, 

if C is any c. curve of end points p^, p^ and 

[C] C S, then C ~ C'(S) where C is a poly¬ 

gonal line of end points p^, p^. 

PROOF. Let C:p=p(u), 0 <u<l, 

p{u) = [x(u), y(u), z(u)]. For the sake of 
simplicity we can suppose x^ = y = z =0, 

m = 1, and also, e.g., p^ = (x,, 0, o)£s,, 

P2 = y2' ^^^^2^ 0 < X, < 1, 0 < y^ < 1. 

Hence x(o) = x, > 0, y(l ) = y, > 0 and there 

must be two real numbers 0 < u^ < u^ < l 

such that 

(1 ) x(u, ) = 0; 

(2) x(u) > 0, y(u) = z(u) = 0 for all 
0 < u < u^; ■ 

(3) yCUg) = 0; 

('t) y(u) > 0, x(u) = z(u) = 0 for all 
Ug < u < 1 . 

Let C: p = Pq(u), 0 < u < 1, 

Pq(u) = [Xq(u), y^Cu), Zq(u)], where the c. quasl- 
llnear vector function defined by Xq(u) = x^u^“'(u^ - u) 

if 0 < u < u,; = Fl (1 - ^ 2 ^”' " ^^ 2 ^ 

^2 < u J Xq(u) = 0, y^Cu) = 0, Zq(u) = 0 

otherwise. Let us now define x(w), y(w), z(w), 
w = (u, v)€R= [o<u< 1, o<v< 1] according to 
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(17.1, 1 ). Each point p(u, v) = [x(u, v), y(u, v), 
z(u, v)] Is on the segment 3. if 0 ^ u < u, on 


if Uo ^ u < 1, 


on the same segment s. where 


"2 

p(u) lies if < u < u^* An analogous procedure 
holds in all other cases. Obviously C is the seg¬ 
ment p^ Pg if p^^ p^ belong to the same segment 


3 ; the polygonal line P^ P^ p^ if p^^p^ belong 
to different segments s. If C is closed, l.e., 

P] = P2^ then, by repeating this procedure, C' is 

reduced to the single point P, = Pp and then 
C = 0 ( 3 ). 


* 11 ^. 6 . A Second Ele men tary Statement on Relative Hnrr,ntn 

( 1 ) If A is any square, A C a c E^, of a plane 
a in E^, if C is any c. closed oriented 
curve [C] C A*, then C -C'(A*) where C 
is some polygonal line with [C] C A*. In 
addition, if p^ Is the center of q and 
0 (Pqj C) = h I 0, then C is A* itself 

counted h times and counter-clockv;ise oriented 
if h > 0, counted |h| times and clockwise 
oriented if h < o, any single point of A* 
if h = 0. 

(ii) If the curve C of (i) is given by a c. mapping 

P “ Pq(w), w€Q*, from the boundary Q-* of 
a simple pol. reg. Q, if r 13 any pol. reg. 

R - Q - q of order v = 1, then we can require 
that the homotopy in (i) is performed by a c. 
mapping (T, R): p = p(w), weR, [or 

(T, Q): p = p(w), w€Q, if h = 0] such that 
p(w) = p^(w) on Q*. In addition if p^(w) is q.i. 
on Q* we can require that T is q.I. °on R 
[or Q]. 


proof of (i) AND (ii). In the statements above the 
plane or is supposed to be oriented, and, for the 
sake of Simplicity, we can suppose that a is the 

, , - ^ -1 < y < 1, z = 0]. Let 

Uu) . ' If 0< 7 < „< 8, . 2 - „ If 

' < » < 3 , . - 1 If 3 < u < 5, . u , 6 If 

5 < u < 7. Then q)(u), o<ii^a -to 

yvu;, u < u < 8, is a q.l. function 
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with 9(0) = 9(8) = 1 and we can define 9(u) In 
(-=«,+«>) by the periodicity of period 8. Set 
'l'(u) = 9(2 - u) for all u. Then A*: x = 9(u), 
y = i|/(u), 0 < u < 8, and C: x = 9(hu), 

y = 'l'(hu), 0 < u < 8, Is a q.l. representation In 

[0, 8] of the curve C, [C] c A*. Prom here we 
can pass to a q.l. representation of C' on [0^ 1], 
or on q*. Since [C], [CN C A* C or, 0(p; C) = 

o(p; CM = h, by (1 7 • 2, i) we have C — C' (E^ - r) 

and, by (l7.2, Note i ), also C [or - (p )]. 

Thus (i) is proved. 

By ( 17 * 2 , ill) there is a c. mapping (T, R): p = p(w), 
v/eR, with p(w) = p^(w) on R, rT(R) = 0, and 
also, as above, T(R) C a - (p^). Set 6 = (p^, T(R)) > o 
and let y be the open circle of center p^ and 

radius 6 , 7 C a. Let t be the c. mapping from 

a - y into A* which maps each point pea - 7 
into the projection p'eA* of p from p^ into 
A*. Then the mapping T» = tT has all properties 
required in the first part of (11). 

Suppose finally that Pq(w) is q.l. on Q*. Then, 
by (17.2, ili) we can suppose that (T, R) is q.l. 
in R and hence there is a finite regular sub¬ 
division S of R into triangles t of linearity 
for T. The six straight lines p: x = + l, 
j = + ], y = + X, divide a into eight regions, 
say h, and each triangle D = T(t) into simple 
pol. regions. There is a new finite regular sub¬ 
division S* (a refinement of 3 ) of R into 
triangles t* such that for each t' gS, the tri¬ 
angle D* = T(t) has no interior points in common 
with the straight lines p. For each vertex w of 
3 let p = T(w) and p' = t(p) = tT(w). Then 
if t* is any triangle t* = w^ w^ of 3 *, 
and p| = 'r(Pj^) = TT(Wj_), 1 = 1, 2, 3 f the points 
p^ are on the same region h of a, the points p| 
on the same side of A*, and D* = pj p^ p^ is a 
degenerate triangle A* C A*. Then the q.l. mapping 
(T *, R) which maps each vertex weS* into the point 
pt =: t(p) = tT(w)gA* has all the properties required 
in (il). Thereby (il) is proved. 
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' — A Eleme n tary Statement on Relative Homotopy 


If 3^, 


are the four sides of the 


^^0’ ^o’ + m, y 


o 

^0 ^O^^ m > 0; 


o^ ^o^' 
if 


i 2, 5, h, 

square A of vertices 

(Xo + m, + m, z^), (x^, 

^i^ i 6, 20, are the sixteen further seg¬ 

ments joining each vertex (x^, y^, z^) of A to the 
four points (x|^ yj^, z|) not on A with xJ = x. + m, 


yj - 

or xi = X 


zJ - Z.j 


or 


> 

i = ^1’ yi = 


I _ 


(cf. figure); If S = s 


i = ^1^ yj = Yi i m, zJ = z^, 

= + m, 1 = ], 2, 3, k 

^ + ••• + s^q; if C is any 
oriented, closed, polygonal curve with [C] C S de- 

fined by a q.l. mapping C: p = Pq{w), weQ*, from the 

boundary Q* of a simple closed pol. reg. Q; 

is the projection of C on the plane z = z ; 

°^Po^ ^o^ " h ° where p^ is the center of 
then there is a q.l. mapping (T, Q): p = p(w), weQ, 

with p(w) = p^(w) on q*, T(Q) C S + A, and 
a(T, Q) = |h| m 2 . 


if 

if 

A; 


t 

o 


Ve can suppose x = y 
/ “1 -1 0 *^0 

- (2 ,2 ,0). Let q^, q^, 


= Zq = 0 , 


m = 1, 
be the closed 


PROOF. 

Po 

squares q^ . |. luu, v<'ll, 1 . 2, 3, ^ 

H be any q.l. homeomorphism from Q into q (6.1, 1). 

Let H' be anv n.i. mapping, as defined in ^7.1. 1 


o 


such 


mapping _ q- square r = [o < § < i, 

0 < tl < 1] of an auxiliary ^-plane, ^ = (|, 

that q* and q* are mapped into the segments 
tl = 5 < 1, n = 0], t^ = [o< r< 1, T = ,]. 

The given q.l. representation of c on Q* is trans¬ 
formed by H and H' into q.l. representations of 
C on q| and t^, say C:p=p.(w), v€q* and 
C: P = P '-(0 = p"(5, ,), l.e., 0^ , < 

Since p"(^) is continuous on t^, there is a 

-1 


6>o such that IP"(U - P-'(^')| < 2-' for all 

- ^rj < g and we shall consider any 


subdivision 0 = 5, < I, <...<, , 

that U, - < s, , . , 2 

the polygonal lines C^: p = pii^ 

t = 1, 2, . - • 


such 
Then 


1-1 <? < h> 


< 2 


-1 


(subcurves of C) have diameter 
and hence are completely contained in at most 

t.b® O “T r Q ^ ^ d t _ 


one Of the systems S- of six segments s, con¬ 
current at the points (0, 0, 0), (1, 0, 0), 

^ 1 . 0), (0, 1, 0). By suppressing some of the 
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points we can even suppose 

that the end points 

^1-1 ~ ^''^^1-1-’ ^ 

Pj^ = P' ' 1 ) of each c\jrve 

belong to A* = s, + s^ + s^ + Sj^. 

By ( 17 - 5 , 1 ) we know that ^ C|(S) where Cj de¬ 
notes the shortest polygonal line joining p^^ ^ and 
Pj^ In S; hence Cj^ C A*. In addition we can 
suppose that the relative homotopy = C|(S) Is 
performed by a q.l. mapping T'': p = p''( 0 / 

? = (l/ T) ), ^ ° 5 where 

p''(5 ) Is constant on each of the segments 

[| = o< Ti< 1], [5 = o< ,^< 1] where 

P''(?) = Pj__i^ P^j respectively. Thus we have a 

unique q.l. mapping (T' ', r): p = p''(0> 

such that T"(r) C S, C: (T", t^), C: (T'', t, ), 

and C Is a closed polygonal line, [C] C A*. Now 

H' transforms T'' Into a q.l. mapping 

(T', q^ - ^2^: P = P^(w), W€q^ - q^, and 

C: (T', q*), C: (T', q*). By (17-2, 1 ) we have 

o(po; Cq) = o(Pq; C) = h and, by < 17 - 6 , 1 ), there 

Is a q.l. mapping (T', - q°): P = p^(w), 

weq^ - q°, such that p^(w) = p^(w) on q*, 

T'(q.2 “ 1°) C A*, and such that C': (T', 0.*) Is 
the boundary of A* Itself co\mted |h| times 
(counter-clockwise, or cloclcwlse). Thus we can divide 
q.j Into a finite number of segments by means of points 

w-j^ ^M+1 ^ (ordered on q*) such that 

p^(w) Is linear on each (1 = 1, 2 , M). 

Let Wq = (o, o) be the center of and let us 

denote by (T S ): P = P{ (w), weq^, the q.l. 

mapping which maps each triangle (w^ ^1+1 ^ ^ *^1 

into the triangle p^ where Pj_ = p](w^), 

1 = 1, 2, ..., n. Then p|(w) = p^(w) on q* 

T*(q^) C A*, a(T’, q^ ) = |h| . Now the vector func¬ 
tions p^(w), weq^ - q^, P^(w), weq^ - q°, 
p](w), weq.^, define a single valued c. mapping 
say (T*, ^3)' P ^ P*(^)^ ^ trans¬ 

forms (T*, q^) into a mapping (T, Q): p = p(w), 
w€Q,, which obviously has all the required properties- 
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17.8. Further Elementary Cases of Homotopy In E 


3 


(i) Given any two c. curves 


C.: P = P. (u), 


1 ' 


0 < u < 1, 


1 = 1 , 2, where p^^ = [x^(u), yj^Cu), Zj_(u)], let 
(T,Q): p = p(w), w = (u, v) Q = [0 < u, V < 1], 
where p(w) = [x(w), y(w), z(w)] and 
x(w) = x(u, v) = (1 - v) X,(u) + V XgCu), etc., 

(u, v)eQ. Then T performs a homotopy from C^ 
into Cg in which each point p(u)eC describes 
the segment s from p^(u) to p (u). If 


1 (C, ), 


1 (C) 


are the Jordan lengths of C, and 


Cg, and A the maximum length of the segments 
then V(Q, T) < L(Q, T) < 2 


-1 


A[ 1 (C^ ) + 1 (C )]. 


PROOF. If p = Pj_j^(u), 0 < u < 1 , 

i= 1 , 2 , n= 1, 2 , ..., are polygonal lines in¬ 
scribed in C^, then KC^) < l(C^), 1 = 1, 2 , 

and we suppose that P^j^(u) p^(u) as n-»co, 

1=1,2, In [0, 1 ]. Then we can define a q.l. 
mapping (T^^, Q): p = p^(w), weQ, by applying 

(17.1, 11) to the curves Cj^^. Then p^(w) -» p(w) 

in Q and a(T^, Q) is the sum of the areas of 
certain triangles t'[t''] having a side in 

‘^in^*^ 2 n^ whose remaining sides have lengths 

^ Inhere 6^^ » o as n —»cx>. Therefore 

a(Tj^, 0^) < 5:a(t') + za(t") < 2 ”'+ 6 ) [1(C,„) + l(c, )]. 
As n -» 00 we obtain 

L(Q, T) < 2"’ A[1(C, ) + KC^)]. 


y = y{u), 

0 < u < 1, be a given curve in and C^: x = x(u). 


NOTE 1. As a particular case of (1) let C: x = x(u), 
z = z(u), 

y - y(u), z = 0, 0 < u < 1, be the projection of C on the 

xy-plane. Let A = max |z(u)|, 1 ( 0 ^) the Jordan length of C , 

and (T, Q): x = x(u), y = y(u), z = vz(u), (u, v)€Q = [0 < u° v < 
Then V(Q, T) < L(Q, T) < A 1 (C ). 


1 ]. 


y = yn(^)^ 


yn(u) 

function such that z (u) 


0 < u < 1, 
Q such that Xj^(u) ; 
as n -> =0, Lf z^(u) 


is any 
I x(u). 


Indeed, if C^^: x = x^(u), 
polygonal line inscribed In C 

^y(u) in [0, 1] 

|z(u) 

fine (Tj^, Q): p = p(w), weQ, as the vector fimctlon 

P(w) - Ix (»), where z (w) Is obtained by 

applying (. 7 . 1 , 1 ) to the functions z (S" and 0. Here the 


as n 


00 


is any q.l. 
we shall de- 
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triangles t*' having a side on the polygonal line 

^n- ^ ^ ^ 2 = z^(u), 0 < u < 1, are con¬ 

tained in a vertical strip whose height is < A + 6 and 

whose width is the length of a side of The sLie state¬ 

ment holds for the triangle t* having a side on C 

on 

Therefore a(T , Q) < Ea(t') + i;a(t") < (a + 6 ) 1 (C ), 

li * ri ' on ' ^ 

and hence L(Q, T) < A 1 (Cq). 

NOTE 2. Another particiHar case of (i) is the following. Let 
C; X = x(u), y = y(u), z = z(u), he a given curve 

in and C^: x = 0 , y = o, z = z(u), 0 < u < is the 

projection of C on the z-axis. Since 1 ( 0 ^) < 1 (C); we have 

V(Q; T) < L(Q; T) < Al(C) where A is the maximum of the func¬ 
tion [x^(u) +y^(u)]2 in [ 0 ; i]. 


* 17 . 9 - Bibliographical Notes 

For general questions on homotopy see the excellent books and 
papers already mentioned in §8. 
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The theorem in question (see 1 . 4 , Li) shall be given in (18.10, 1 ) as a 
consequence of the statement (18.2, i) of the present §18. In (l 8.1 ) we 
prove first two lemmas. 


18.1. The Set M(T, A) C E 


Let (T, A): p = p(w); wgA, or x = x(w), y = y(w), z = z(w); weA, 
be any c. mapping from an admissible set A of the w-plane E^^ w = (u, 
into the p-space E^, p = (x, y, z); let (T^, A), r = l, 2 , 3^ be 
the plane mappings which are the projections of T on the yz, zx, xy 
coordinate planes ^22’ ^23^ ^ ^ collection of 

all maximal connected sets of constancy of T in A introduced in 
(lU.t) and let = r2(T, A) be the corresponding subcollection of con- 
tlnua we have considered in ( 14 - 3 ). 

(T_, A) from A into E^p, let ^ 2r 

2; 3, be the corresponding collections. Let us denote by r, 

2 7 xp, r2p also the sets of points covered by the same collections in 
A. Finally let MCE, 


r' 
r = 1; 


Analogously, for each mapping 

A) and r 


= r2(T ; 


A); 




be the point set M = M(T, A) = ^(^21 ^ ^^^22^ 


Let D_ denote the countable set 


Dr C 


defined In ( 10 . 5 , Note) and 


mappings (T , A), r = 1, 2, 3 J let 


Jr " 


E 


2r 


be the 
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set of all points where N(p; T^, A) = + co, let C be 

the set of all points peE^^ defined in (l6.io, Note). Let C E^ 
be the set of all points (x, j, z)€E^ whose projections on Is 

the set Dp C E^p^ r = i, 2, 3 * Thus each Dp Is the countable sum of 
straight lines parallel to one of the axes, and the measure |C I of 
Dp in E^ is zero. 

( 1 ) The set M is measurable in E-.. 


PROOF. By (i 4.3, Proof of i) we have 

^2r ^ ^®n ®n+i ®n+2 ^where the 

sets (denoted by in 14 . 3 ) are open. Since 

the images under T or Tp, of compact sets are 

compact and each open set B^ can be thought of as 

the countable sum of compact sets, we conclude that 

all sets T(B^), Tp(Bp), n = i, 2, ..., are 

F^-sets [S. Saks, I, p. 4 i]. By the definition of 

the sets B^ (i4.3, Proof of i) and by (i4.3, ii) it 

follows that if a continuum gePp belongs to B and 

Tp(g) C E^p - Dp, then the point Tp(g) belongs to 

*^r^^2r^' Hence Tp(Bp) - Dp C TpCr^p) - Dp. Thus we 
have also T^B^) - Dp C TCr^p) - Lp and 

^n - Dp] c TCr^p) - Dp. On the other hand 

^2r ‘ ^®n ®n+i ®n+2 ***^ ^hence 

TCr^p) C ^ Ep T(Bp^p) C ZpT(B^), and also 

TCr^r) ■ ^ “ ^r^ ’ Thus we have 

'^( 3 ^) - D^] = T(B^) - D^, 

and the set as a countable sum of F^-sets, 

Is a P^-set (or an P-set, or a G-set) [E. W. Hobson, 

1, 2nd Vol., p. 261]. Since T(Bj^) + D T(r ) 

and the last set has measure zero because It Is con- ^ 

tained in a countable sum of parallel straight 

lines, we have proved that TCr^^) is measurable in 

E^. Finally M is measurable as the sum of three 
measurable sets. 


note. In the lines above we have also proved that che set 


Mq = M + + Dg + D3 = z^ + D^] 

1. B-«a,uPabl.. Her, «„ ) M a„a „ Is contained la a countable 

sum of straight lines r C E^ parallel to the x, y, z-axes. 
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(ii) 


If T^, Tg, T^ are all BV then 
the three-dimensional measure of 


|M| = 0 ; 
M in E, 


i.e., 

is zero. 


PROOF. Since T,, Tg, T^ are BV we have |J^| = 0, 
IFj^l =0, r = 1, 2, 3 (12.3 and 16.10), and on the 

other hand, is countable. Thus ID^ + + F^| = 0. 

For every point (x, ” (^3 '^3 ^3 ^ there is 

only a finite number k of continua A), 

these continua are components g of the set T~\x, j), 
and we have 0 < k < N(x, y; A) < + « ( 14 . 4 , iii). 

On the other hand, since (x, y) is not in the 

function z(w) is constant on each g above, as well 
as the functions x(w), y(w). Thus T(g) is a single 
point of the straight line r parallel to the z-axis 
through (x, y). This implies that for each 

(X, y)€E^^ - (D^ s '*■ ^3^ ^ 

finite intersection with the straight line r parallel 
to the z-axis through (x, y). Since TCr^^) is 
measurable and I ^3 '^3 ^31 ^ conclude that 

ITCig^)! = 0. Analogous reasoning holds for 
r = 1, 2, and thus |M| = 0. 


18.2. A Particular Sequence of q,.!. Mappings 

We shall denote by (T, A) any c. mapping from an admissible set A of 

the w-plane Eg, w = (u, v), into the p-space E^, p = (x, y, z), by 

(Pn> F^), n = 1, 2, ..., a sequence of q.l. mappings F^ C 

Fn C A, F° t A^, and by (T^., A), (P^^, F^), r = 1 , 2 , 3 , the plane 

mappings which are the projections of (T, A) (P^^, F^^) on the coordinate 
yz, zx, xy-planes Eg^, Egg, Eg^. 

( 1 ) THEOREM. Given any c. mapping (T, A) from an ad¬ 
missible set A C Eg into E^ such that the plane 
mappings (T^, A), r = 1 , 2 , 3 ^ are all BV, then 
there exists a sequence (P^^, F^), n = 1, 2, ..., of 

q.l. mappings such that P^^-►T, ^n^ - 

W(A, T,) + W(A, Tg) + W(A, T3), a(Pj^, F^^) -- W(A, T^), 

r = 1, 2, 3^ as n- ►oo. 

The proof is given in the next articles (18.3-9)- 
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Let 


[P ] 



any sequence of closed figures invading 


o 


i.e., 




Fn f A . Then for every n, P Is compact as veil 


^ ^n+l ’ 

as T(Fj^) and therefore there is a closed cube K C*E , say, for the 

sake of simplicity K = [ 0, 0, 0, k, k, k], k = k(n), containing T(F ) 

in its interior. Let N = N(n) be an integer such that a = k/N < 

For the sake of simplicity ve shall not display n any more in the 
notations. 


We have W(F, T^) < W(A, T ) < + «=, 


for each P = P„. Then 


n 


the functions N(p; T^, F), peE^^, 

0 < N(p; T^, F) < N(p; T^, A). Let 
N(Pi F) = +00; thus U^l = 0, 

let q^ = qj^(p) denote the square 
of center the point p = (x, y)€E 

N(x, yj T^, P) = llm (q^) / N(u, v, T^, P) du dv as h 
most all p = (x, y)€E2^. Therefore, if denotes the set of all 

peE2j, where (or) does not hold, we have |H | = 0, r = 1 2 

note by D. -^ ^ ^ o- 

mapping 

for the mapping 


^ ^ 2 , 3. 

* X 

^ 2, 3, are L-integrable, 

Jp be the set of all P^^2r 
^ 2^ 3. For every real h > 0 

(x - h, X + h, y - h, y + h) C E^^ 
and side-length 2h. Then (a) 

0 + for al- 


the countable set C E^^, defined in (12.5) for the 
(V P); denote by F^ c E^^ the set defined in (16.10, Note) 


r' the set of all points peE such that 

for at least one coTOnt g of re;'(p) the mapping T la not constant 

r = 2 , 3 , by (16.10, Note) we have 


g 


Since W(P, T^) < + », 


on 

F^l = 0. Finally denote by M C E3 the set defined in (18.2) for the 
mapping T, P). By (18.2, il) the three dimensional measure of M in 


E. is zero, |M| = o. 


18.4. 


P roof of the Theorem (1 8.2. 1) CQnt-inii>.H 


Let be the closed three-dimensional cell (cube) 

Ahij- - [Ih - l)a< x< ha, (i - l)a< y < la, (j - , )a < z < ja], 

1.1 = 10 ^ O > 


• • • 


N. 


Let B be the system of all edges of the cells 

A j_ ^ 


•»_ A - une ce 

® ^ hi" \y the squares which are projections of 
n the three coordinate nlan PS T? T? -c* _ . . _ 


1, j = 1 , 2 , 

A] 

\lj the three coordinate planes E P w 

note bv t n r ^23' ^-' 22 ^ ^21' respectively. De¬ 
note by tj^ . the linear mapping x' = x - (h - 1 )a, y = y - (i 

z' = z - (j - Da from Aj - ■ ■ ' ^ 7 (1 - 1 )a, 

the analo.ows ^^apping ..um - ., A. .] on the cell 


^hij onto A,,,. Denote by t. [t , ta .] 

A 1 __ - PJ 


A 


11 


C E23 [E221 Eg,]. 


Denote by M 




the subset of the cell A 
M), by M 


11 


cell A 

and analogously let us defl 4 Mg, M,. Then 
r - D 2, 3 ; i.e., the three dimensional measure of 


111 

the subset of the 


in 


in the plane Eg3 defined by M = [A (j + h + 
usly let us deflnp M m t 3 3 


111 


C E 


1^1 = 0, 

M 


D, + PJ] 


l\l = 0, 

in the cell 


^ -w S/J, -Qpg CP I 

is zero, as well as the two-dimensional measure of each set 
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in the cell ^ C E^^, r = 1 , 2, 3 - 

Let us denote by N^(x, y), 0 < x, y < a, the function 

N^Cx, y) = N[x + (h - 1 )a, y + (1 - i )a; T^, P] and by N2 (x, z), 
(y, z) the analogous functions defined for 0 < x, z < a^ 0 < y, z < 
respectively. The function N(x, y; T^, F) is zero outside the square 
K3 = [0 < X, y < Na = k], hence ¥(T^, F) = (K^) / N(x, y; T^, F) dx dy 
^hi^'^hi^ / N dx dy = (A^ ^ ) / N^(x, y) dx dy. Analogously 
W(T^, F) = (^1 1 ) / P) dor dp. Let us denote by N(x, y, z), 

{x, y, z)eA^^^ = [ 0 < x, y, z < a] the fimction N(x, y, z) = 

(y, z) + NgCx, z) + N^(x, y). Then ^ ^ ) / N(x, j, z) dx dy dz = 
a • (A^ ^ ) / dy dz + . . . = a[W(F, T^ ) + W(F, T^) + W(F, T^)] = aW, 
where W is the non-negative number in brackets. 


Let us denote by M' the set of all points (x, j, z)eA^^^ where 
a^ N(x, y, z) < W. Let us prove that IM* | > 0. Indeed, in the con- 
trary case, we would have a N(x, y, z) > V a.e. in A^ ^ ^, and hence. 


by integration in 


also (A ..) / N > Wa, 

a contradiction. 

We 

have proved that 

|M' 1 > 

0. 

Denote by M*' the 

set of all points 


(x, y, z)€M' 

- f'o 

which 

are 

interior to A^ ^ ^, 

and such that 


(y^ 

z) 

is not 

in 

M,, 




x) 

is not 

in 

M , 



(x. 

y) 

is not 

in 

Mv 



Thus |M "1 = 

|M' 

- Mol = 

= |M 

' 1 > 0, and we can choose a point 


Pq " ^^0^ ^0^ 

ZQ)eM' *. Then 

° < ^0' Mo' ^0 < 

yo' 

In 


addition if we denote by p^^^j the points Pj^^j = (x^^, y^, Zj), 
x^ = Xq + (h - 1)a, J± = Jq + (i - 1)a, Zj = + (j - 1 )a, and by 

Phi' Phj' Plj points (x^, Y^U^23’ 

then we have also Phij^E3 " and Pj_j belong to 

® 2 r " ^ nespectlvely• Finally we have 

a 2 . N(p.T,, P) . a^ NCp^^, F) + a^ E^. N(p^^, T3, F) = 

a^ N^Cy^, ^o'> ^ ^ yo'> = ^o' ^o^ ^ 

W = W(F, T^ ) + W(F, F^ ) + ¥(F, T^). 


18.5. Proof of the Theorem (18.2, 1 ) Continued 


Let us denote by P 
h, i, j - 1 ^ 2, . . . 
straight lines 


the system of points 

N; let us denote by 


= (x 


■h' ^1 
the 


, Z.) 
Jo 

3 


(x = X 


h^ 


and set R = ^(^hi ^hj 
hence d = (R, B) > o. 


y = yi)^ U = ^ " 

+ j ) * Then we have 


Phij 

^hi’ aj 

Zj-h (y = 7i> z = Zj) 

P C R, BR = 0 , and 


X . = pt-’Cp.,) 


For each point Pj_j Pj^j] let us consider the set vrij 

and denote by Xj^j the collection of those components of Xj,^ which 
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+ X 


+ • 

hj 


of 

Mr 


Hi 


belong to r2(T3, P). Set A = a' = z(xjj , 

Since the points are not in F^, T is constant on each component 

g of and hence g6r(T, P). Analogously for the points p^^^, Pj^^. 

Consequently any two components of the sets X are either disjoint, or 
coincide, and hence the components of A are still components g of 
some X and contlnua ger(T, P). The same holds for A', por each g 

the image T(g) is a point of r^j and more precisely a point of 
Since the points not in M we have T(g) ^ Phi'» 

h = 1, 2, N, for each component g of the set xj.. The s^e holds 

for the sets Consequently the ^ 

i, j = 1, 2, N, are disjoint, 

g of each set, say xj^. Is ^ 

in Jj). This implies that the components g of A' 

number, say k, and v;e know, on the other hand, that the same components 
g are Interior to F and do not separate the w-plane (nor P). Since 
the set T(a') is finite, is contained in MR and PT(a') = 0, the 
distance d' = (P, T{a')) is positive and d'' = min[d, d'] > 0. 


3 N sets 


X ! 

Note that the number of component 




X I 

Hj' 


< N(p^ T , P) < + CO 


(since is not 

are finite in 



By (11.3, iv) where € = there exists a subdivision of P into a 

finite system S of pol. reg. n (siraplej or not simple) such that 
AZn* = AP* and dlam T(«) < f’d". By (U. 4 , il) we can suppose that 
the k components continua g of A' (Interior to F and non-separating 
the w-plane) are in k different simple regions «, say 

1 = 1, 2, ..., k, with AJtj = 0. Let us denote by n', 1 = k + 1, k 

all other regions ncS. We shall denote by gj^ the component of A' 


1 = 1 , 2 , 


k. 


which is in and by p^eE^ the point p^ = T(g^), 

Thus p^eM, p^eR and hence p^ belongs to some straight line r c R. 
Since p^ f Phil’ j = l> 2, ..., N, we can conclude that each point 


p^ belongs to one and only one straight line r, 
Then we can distribute the regions 


(n) 


hi 


^^^ij according 


say r r^^j, r^^ 

1 - 1 , 2 , ..., k, into families 


^ ■ ^hl’ ^hi’ r any 


hj’ ^Ij- ^or any region n^, 1= 1, 2 , k, denote by 

Cl, C^^ the curves C^: (T, nj), C^^: (T^, .j), r = ,, 2, 3, and ob¬ 


serve that C, is completely contained in'a sphere a of center p^Er 




and radius 4 "'d", hence 


a 


contains one segment of the same line r 


(a diameter of a) and ar' = 0 for all straight lines r' 4 r 


In addition, if for Instance ,tE{«)j^^, then p. er, ., 0(p^,; n ) 1 q- 

also we have (a) 2:|0(p, • c. ) I = N(d, t ^ 

Hhi’ ^13^' N(pj^^, T3, P), where z is extended 


C R. 


over all n^e[n) (i . 


A first consequence of (a) is that x = mln{[0,3], ) = ,rin {[C^], 


hj 
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for all is positive, t > O; therefore for all points peE , 

Ip - Phil < T we have 0(p; ^ = O^Phl^ ^13^- 

£ | 0 (p, C^^) I = N(pj^j^; T^, P) < N(pj T^, P). A second consequence of (a) 
Is that for any simple pol. reg. «' non-overlapping the pol. regions 

«ie(«}hi ue have 0 (Phj^j ) = 0, where C^: (T-, «'*). Analogous 


ni6(K)hi, 


«l€(«} 


results hold for the families 

1 . = 2 ^ .... k. 


of regions 


Phi' 


If 


Let us observe now that the points are not In and hence 

lq(h)|"^ • (q(h)) / N(p; T^, P)-T^, P), as h-►O +, 

where q(h) denotes the square of side-length 2 h and center p^^^. If 

J denotes the set of all points peEg^ where N(p; T^, F) > N(pjj^, T,, P), 
and hence N(p) > N(p^^) + i then, by (p), we have 

N(Phi) < N(pj^^) + |q(h)r’ |J q(h)| < |q(h)r’ • (q(h)) / N(p), (h < z'^), 

Where the last member approaches N(pj^j_) as h-.- 0 . Consequently 

|q(h)| |J q(h)| ►O as h-l.e., Is point of dispersion 

for the set J In or p^^^ Is point of density for the complementary 

set J' of all p where N(p; F) = N(pj^^, T^, F). 


where the last member approaches 
|q(h)r^ |J q(h)| -^0 as h — 


set 


A consequence of this result Is that for each point 

Ip - Phj_l < for each simple pol. region ir* 

regions have 0(p; ) = 0. 


pej' with 
non-overlapping the 


18.7. Proof of the Theorem (18.2, 1 ) Continued 


mapping 


reg 


n., 1 = k + 1, . • k 


Let us consider first any region 1 = k + ), k*, which Is simple 

and Is such that jr*A = 0. Put as above C^: (T, C^: 

r = 1, 2, 3 f and observe that T(jt) Is completely Interior to a sphere 
a of radius 4 ”^d'* whose center may be any point peTCir). If oE = 0, 
then we have also T(it)R = 0 . If a has points In common with only one 
straight line r, say then, by (l8.6) we have 0(Pni^ *^13^ ^ 


and, by (i7-2, 11), C^ - o(E^ - r^^) and also, by (i7*2, 11) 

Cl 0(cT - Therefore, by (l7-2, Iv), there Is a c. mapping 

(T*, Tt^) with T* = T on nj, and C a - Consequently 

also T * (jt^ )R = 0. 


If the sphere a has points In common with more than one straight line 
r C R, then o has points In common with at least two straight lines r, 
say r* = and r** = r-^y In any case let us prove that o Is 

contained in a larger snhere a* of center ^ and radius d'** Indeed 


say r' = r^^^^ ana r' • = r^^j. in any c 
contained In a larger sphere a ' of cer 
If p*, p** are any two points p*er'a. 


Phlj 

* * er ^ * a 


then 


Ip* - p* * I < 2(4 


-1 


and since 


2"^d* * < a. 


r' 


are neither 
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parallel nor disjoint hence orthogonal and concurrent in a point 

,eP. Since IPq - p’|^ + [p^ - p"|^ = |p' - p' 

4 « * * 4 

I I 


Pq " Phlj 


^ < (2 'd" 


at least one of the two distances 


is < 2 


-1 


11 . 


Po - IPo - P 


say 


hence for each point pea we have 


Pq - P* 


Ip - PqI < Ip - P'I + Ip' - Pq 

proved that T (it) C a C awhere 


< 2 ^d*' + 2 ^d' * = d' *. 


We have now 


radius d‘. Hence a' C A 


' is a sphere of center p^^. 


and 


hij* 


We know already that = 0, 


o(Phj; = 0, 


OCPij.; 


= 0 


By (l 8 . 6 ) we have also 0 (p; C^) = 0 for every simple pol. reg. 
where C^: (T^, n**) and for every point pej', |p - p^^| < x. 
N(p; T^, = 0 for the same points p and, in addition 

N(phj_^ T-), ITt ) = 0. 


It 


C It 


Hence 


1 


Phi^^^ ’ Ph-T ^ point of density 

IDJ = IFJ = 0 . Thus 


3 ^ "1 

for J*, and id^I = \b'^\ = 0. Thus p^^^ is a point of density of points 
peEs - where N(p; T^, ir^) = 0. The same conclusions hold for 

the points p^j, p^^. By il) we have now *^^^3 " ^hl " ^h' “ 

Hence also 0 (a* - a'R). Thus we can define a c. mapping (T', n-, ) 

with T* = T on Jt^ and T'(n^) C a* - a'R. ^ 


Let us consider now any region n^, 1 = k + 1, ..., k', which is not 


simple and is such that Jt?A = 0. 


n* = q* + ... 

each curve Cj_. vi, is inLerior to a sphere a^ with 

[a consequence of (11.3, iv)]. Therefore - o(aJ) and alio C - 0 
(Ej - R). By (17.3, ill) there is a c. mapping (T', ) from n into 


+ q*. 


where 

(f, q?) is interior to a sphere a 


Then if = q^ - (q^ + ... + q ) 0 ^ 


%> q^ are simple pol. regions, then 

a .R = 0 


E 


3 such that T' = T on n* and T(n^) C E3 - 


R. 


Let us consider finally any pol. reg. n^, 1 = k + i, ..., k', (simple, 

or not) with n^A f o (if any). Then the points of jt*A are on one, or 
more, of the boundary curves of P*, and dlam T(«q) < 4 "^d". Then 


T(itq) is interior to a sphere a of radius 4 ~'d'' 


-1 


"i ■ Qq ■ + • • • + %)? = qs + q? + 


If 


first any q?, i = o, i, 


• • • 


■0 


sum of 2 m consecutive arcs 1 , + 1 ' + l + i > + 

1 1 2 2 


o '^1 ' ■ * • + 0 .*^ let us consider 
such that q*A 4 0 . Then q* is the 


1 .. 1 -, 1 ^ are subarcs of P* and ( 1 ^ + 1 


m 


^2 

while 1 * 


1 ^ IjJi arcs interior to P, 


1 ^^ where 

2 + ... + l^)A 4 0, 


with the exception of the 

•••, m. We can 


end points which are on P*, and lU = o, j = 2 

now replace each arc 1 <. by a new arc 1 ' so close ’to 1 '. that the 
simple region nj between 11 and ll' is contained in i and 
"jA = 0 . Obviously the end points of 11 ' are on the arcs l. and 

•••> va., 1 ^^^ ^ ^1 • Thus is decomposed into the 


simple regions ..., and a region ,r' of the same order as «. 
This procedure can be repeated for all l such that q*A + o. Por thLe 
i with q*A =0 we can proceed as in (17.3, ill). Pinally we can define 
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the c. mapping (TS ^ such a way that T* = T 

on each arc 11 for those boiindaries q* with 
qj_A = 1 ^ 0, as well as T * = T on each boundary 
curve q^ with q*A = 0, and such that (TS 7t'.) 


curve q^ with q^A = 0, and such that (TS 7t'.) 
performs the homotopy of the open curve C: (T, 11 ) 
into a single point pt in - R. For those 


boundaries q^^ with q£A = 0 the corresponding 
curve C is in the interior of a sphere ex C E^ - F 
and hence, as in ( 17 - 3 , Hi), we can define (T, rej) 
(in a pol. reg. = qj_ - of order 1 ) in such a way to perform 

the homotopy of C into a point pj_ of E^ - R. Finally we can define 
(T', n^) in the remaining pol. region in such a way to connect the 
various single points pi by pol. lines in E^ - R as in ( 1 7. 3 , ill). 


curve 


CT C E - R 


(in a pol. reg. 
the homotopy of 


P • 


lines in E^ - R as in ( 17 - 3 , ill). 


Thus (T', Tt^) is defined in any case in such a way that T*(rt^)R = 0 
l=k+i, and T' coincides with T along all those open or 

closed arcs which separate the regions from the remaining part of ] 

that is from the regions 1 = i, . .., k, where we shall define T' 

as identical with T. Thus T* is defined on the whole of F and we 


have T^(P' )R = 0, where F' = F - ( 


. o \ 

+ • ♦ • / . 


1 8.8■ Proof of the Theorem (l8.2, i) Continued 


Since T'(F')R = 0, let d^ = (T'(F'), R) > 
Let us consider any arbitrary subdivision S’ 


d^ = (T'(F'), R] > 0 and d^ = min [d", d^J . 


of F into simple pol 


regions ”k+P ' ' ’wnere are sT.ixr 

the k regions considered above (18.6) and each of the remaining regions 
^k+-i^ ..., Ttj^, , verifies the inequality dlamT(jt^) < 

i = k+ 1 , ...,k*'. Each curve C-,, 1 = k + 1 , . . ., k ’ ', is contained 

in a sphere of center a point p^eT(jr^) and radius 4 d^, hence 

a^R = 0. More precisely (p^, R] > d^, radius = 4 "^ d^ < d^ and 
also radius On < 4 ^a. 


where 


are still 


^kf1^ ’ * '> ' 

i = k + 1, • ' ■, 
in a sphere a-. 


a-|^R = 0. 


< 4“^a. 


ai = 4 




hence 




Let us denote by the c. mapping from Aj^j, ^ into A*^j 

which is obtained by projecting every point peA^j_j - p^j_j from 


on .. On each face D of the cells j denote by p^ the unique 

point p = DR (intersection of D with the only straight line r C R 


on D*, 


j: p’ = p'(p), map the 
..k* *, into a system 


with rD + 0). Denote by t the projection of D - p^ from p^ on D- 

D* C B. Therefore the various mappings, x j: p’ = p'(p)^ 

system of all curves Cj^: (T', nj), 1 = 1, 2, k**, into a system 

of curves C{’ C B, C{’: (x xj^j T, nJ). In such a way we have a c. 

mapping T”, defined on the system K = n* + n* + • - • + xtg, ,, 

T’* = • T, which maps each point weK into a point p£B. Let us 

consider on*^ K all points which are vertices of the polygonal lines nj, 
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then K is a sum of segments and we can further divide each of these seg¬ 
ments in such a way that, in each of the segments s so obtained, T' ' 
has an oscillation < a, i.e., diam T''(s) < a. Then T''(s) is an arc 
contained in the set S' of at most six segments of B concurring into a 
vertex of B. By ( 17 - 5 , i) we have (T", s)= (T" ', s) (B) where T'" 
is q.l. on s, and maps s into a simple polygonal line (T''', s) con¬ 
tained in S'. Thus each curve Cj^': (T' ', n* ), 1 = 1 , 2 , . . ., k' ', 
has been modified by homotopy in B into a closed polygonal line 

(T''', nj) contained in B. If 1 = i, 2, ..•, k, let us prove 
that Cj" is in the conditions of (l?.?, i). Indeed, = C is con¬ 
tained in a "small" sphere a which leaves outside the points p^^^. and 
whose center is in one of the straight lines reR. Thus if as f v/here 
3 is, say, the segment between the points p^^^^ = (x^, y^, z.), 

^i,j+i " ^^h" ^i' ^i + i then o is between the planes 


CV ' 


z = 


z = z 


and thus 


xa pi'ujuuueQ oy 'hi,j + l 

U'j which lies on that part of the boundaries of the ceils 

which is between the same planes. Finally, the various mappings t map^ 

on a curve C-! ' contained in the four sides of the face 


is projected by 


and 


on a curve 


A 




p * * 


° ■ -^hlj \i,j + i eight segments of length < a orthogonal to D at 

the four vertices of D. Then also the curve '' Is contained In the 
same system of segments. Consequently, by ( 17 - 7 , 1 ), C^'' Is the bound¬ 
ary of a polygonal surface (T*, (l.e., T* Is q.l. in ,t^), and 

T« = T". on nj. On the other hand, 0 (jx C''') = 0 (p. C' ) = o(p^,; 

By ( 17 . 7 , 1 ) we have a(T*, n^) = a^loCp^^^, Cm)| = a^joC^^, ^ 


[or 0 


^Phj- 


21 




or 




31 


< d^A, 

‘^^ij + 
Then a 


Let us prove that each curve , 1 = k + i, ..., k", is in the con¬ 

ditions of (17.5, 1 ). Indeed, Cj^ is contained in a sphere a of radius 

which leaves outside all straight lines r. If, say, 
then the distance of the center of o from . is 
is contained in a circular cone of center p, . . and opening cer- 


> 


tainly 


< 

r 


which leaves outside (within ^ ) all straight lines 
Such a cone intersects the boundary of . in a re,Q:ion 


"hi’ "hj' ^ij . _ 

which covers partially one, or two, or three adjacent faces'^ D of A. .. 

By applying the various mappings t the curve C| is eventually ma^^ 
into a curve C>' which is contained in a system S of se^nents, 

S C B, as in (17.5, 1 ). Then also the curve C^" is contained in the 
same system S. Thus by (17.5, i, last line of the proof) the closed pol. 
line C|" is the boundary of a pol. surface (T», n ), with 
T* = T'" on nj, T«(n^) C B, and a(T* 


) — 0 . 


c 


in such a way we have a well determined 

whole of P into E3, with a(T*, P) = S a^|o(p, .• C,, ) | + 

. 2 1 _ V , ^ nj. JX 


(T*, F) from the 


Z a 


/ ^2 • '' ^ m 3 J. ^ 

°^Phj^ ^21^1 + ^ a lO(Pj_j; C^^)], where the sums are extended to all 
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regions 


and to all h, 1, j = 1, ..., N. 
a(T*, P) < a 2 E N(pj^^, T3, F) + a^ z NCpj^^., Tg, P) + 

+ L T,, P) < W(P, T, ) + W(P, Tg) + V(P, T ). 


Hence, 


We have finally 


a(T*, P) < W(A, T.) + W(A, T„) + W(A, T,). 


Let us observe now that for each both sets T(n-, ) and T*(«-, ) belong 


to the same cell A 


hij' 


if 1=1,2, 


• • 


k. 


Otherwise T(jt. ), 


belong to at most eight adjacent cells A... and ) 




is a single 

point of the common boundary of these cells)' namely, a point of T(jc^), 
with dlam T(jt^) < U"^a. In any case each point of T(jt^) Is at a dis¬ 
tance less than ^ 3 ^ from any point of T*(jt^ ). We have consequently 


d(T, T*, F)<^^ 3 a<^y ~3 


n 


-1 


by as in 


• • • 


If we now denote again F 

(18.3) and T* by T* we have that the mappings (T*, F ), n = 1, 2, 
are q.l., that T*-^T, and a(T*, P^) < W(A, !,)''+ ¥?A, Tg) + W(A, T^). 

Thus the first part of the theorem (18.2, 1) is proved. 


i 8 . 9 > Proof of the Theorem (18.2, 1 ) Continued 

Because of (T*, F^^)-(T, A) we have also (T^, F^)-^ (T^, A), 

r = 1, 2, 3 / and hence (l2.4, 1 ) W{A, T^) < ^n^" r = 1 , 2 , 3 > 

as n ►00. Therefore, given e > 0, there exists an n such that for 

each n > n and r = i, 2, 3, we have 

a(T^, F^) > W(A, T^) - e, (r = 1, 2, 3, n > n). 

On the other hand, for each n we have 

a(T», P^) = 2 ^ a(T^, P^) < W(A, T^). 

Therefore, for all n > n, we have also 

W(A, T,) - € < a(T*,, Pj^) < W(A, T^ ) + X f ^(A, T^) - a(T» , P^)) < 

r=2 ^ 

< W(A, T^) + 2g. 

Thus a(T*^, F^)-► W(A, T^) and an analogous proof holds for 

Thereby the theorem of (18.2, 1 ) is completely proved. 
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18.10. The First Theorem and Its Corollaries 

Let (T, A) denote any c. mapping from an admissible set A of the 
v-plane Eg, w = (u, v), Into the p-space E^, p = (x, y, z), let 
L(A, T) be the Lebesgue area of (T, A) (5.8) and (T^^, A), r = i, 2, 3, 

be the plane mappings which are the projections of T on the coordinate 
yz, zx, xy-planes Eg,, Egg, Eg^ (5.4). 

( 1 ) THE FIRST THEOREM. For every c. mapping (T, A) 

from an admissible set A C Eg Into E^ we have 

W(A, T^) < L(A, T) < W(A, T, ) + W(A, Tg) + 

+ W(A, T^), r = 1, 2, 3. 

PROOF. By (12.8, 11 ), ( 9 -i), and ( 9 - 4 , 11) we have 
W(A, T^) = V(A, T^) < V(A, T) < L(A, T), 

^ ~ 2 ) 3 , and thus the left-hand Inequality a- 

bove Is proved. The right-hand Inequality Is trivial 
If W(A, Tj,) = + 00 for at least one r = 1, 2, 3. 

Suppose, therefore, W(A, T,,) < + 00 for all 

^ = 1 , 2, 3. Let (P^, p^) be the sequence of 
q.l. mappings defined by the theorem (18.2, 1). 

Then P^^ —»• T as n —> «> and 




< W(A, T,) + W(A, Tg) + W(A, T 






As n -- w, by (5.8) we obtain 


L(A, T) < 

n —> 00 



Thus (i) is proved. 


NOTE 1. 

(5.9, i) 


ii } of q.l. mappings such that 


n 


^T, a(P^, p^) 


L(A, T) as 


n 


00. 


Hence 


By 




r = 


2, 3, as n 


and, by (12.4, l) and (5.7), we have 


W(A, T^) < 


n 


W(Pnr, T) = ^(Pnr' T) < 

n —^ 00 ^ 


OD 


< llm a(Pj^, T) = L(A, T), 


r = 1, 2, 3. 
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Thus the left-hand inequality in (i) is proved through purely elementary 
considerations. The right-hand inequality ( 1 ) however, is a much deeper 
result of which no simple proof has been yet foimd. Theorem ( 1 ) is rich 
of consequences. We list in the following the most immediate ones. Some 
others are contained in the next chapters. In particular the next state¬ 
ment (il) gives a full justification of the concept BV as introduced in 
Chapter IV (12.3)- 

(ii) For every c. mapping (T, A) from the admissible 

set A C E^ into E^ we have L(A, T) < + » 

if and only if the plane mappings (T^, A), 
r = 1, 2, 3, are all BV. 

This statement is an imm ediate consequence of (i). 

(iii) For every c. plane mapping (T, A) from the ad¬ 
missible set A C E^ into a p-plane E^, 

P = (x, y), we have L(A, T) = W(A, T) = V(A, T). 

Indeed we have T^ = T, W(A, T^ = W(A, T^) = 0 , and hence, by ( 1 ), 

¥(A, T^) < L(A, T) < W(A, T^); l.e., W = L. By ( 12 . 8 , li) we have 
V = W, and hence L = W = V. 

(Iv) For every c. mapping (T, A) from the admissible 
set A C E^ into E^ we have 

1 

j^L^(A, ) + L^(A, Tg) + L^(A, ^ < 

< L(A, T) < L(A, T,) + L(A, Tg) + L(A, ) , 

V^(A, T^) + V^(A, Tg) + V^CA, T^)]^ < 

< L(A, T) < V(A, T^) + V(A, Tg) + V(A, T^). 

This statement is an immediate consequence of ( 5 * 15 ) and of the statements 
(i) and (Hi) above. 

(v) For every c. mapping (T, A) from the admissible 
set A C E^ into E^ we have 

V(A, T) < L(A, T) < 3 V(A, T) 

and hence L(A, T) < + «> if and only if 
V(A, T) < +00. 

Indeed by ( 9 -^^ 11 ) we have V(A, T) < L(A, T), by ( 9*1 )/ we have 
V(A, T^) < V(A, T), r = 1 , 2 , 3, and, by ( 1 ) above, also 

V(A, T) < L(A, T) < 3 V(A, T). 

NOTE 2 . The statement (v) will be replaced in Chapter VII by the final 
equality V(A, T) = L(A, T) for all (T, A). 
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By using the notations of ( 5 - 4 ), let t: q = T(p), p,E be any ortho 
gonal linear mapping from the p-space E3, p = (x, y, z), onto the 

q-space E^, q = (I, i], (change of orthogonal cartesian coordinates) 
and let (T', A) be the mapping T' = tT from A Into E'. We have 

already observed that L(A, T) = L(A, T') (5.12). Let (tJ, A), (T', A) 

be the plane mappings which are the projections of T and 
respectively, on the coordinate yz, zx, xy, and ri^, In-planes. 

(vl) For every c. mapping (T, A) from the admissible 
set A C E2 Into E^, the mappings (T^, A), 

^ f 2, 3, are all BV if and only if the 
mappings (T^, A), r = i, 2, 3, are all BV. 

This statement Is a consequence of (11) and of the equality L(A, T) = L(A, T'). 


NOTE 3. V(A^ T) < + 00 if and only if V(A. T' ) < + «. 

p,(ii) and (v). Also this result v;ill be 
Chapter VII by the equality V(A, T) = V(A, T*). 


This statement 
replaced in 


is 


NOTE 4 . Theorem (T^ ) of (1.3) for surfaces in non-parametric form is a 

particular case of the first theorem (i.e., statement a 7 above™r ?L ) 
s = A):V= V V the c' 

A of the w-plane’ eI Into \ ^ a closed square 


T2: X = u, z = f(u, v); T 


vioupl, -BV- a^'“w<a;-T35t t.= „ePP_ Tj 


W(Q, Tg) V(Q, Tg) - V^[f, Q], W(Q, T,) = V(Q, T.)= V [f, 

Vn ^C3 o4* r\ -h v-\ 4* /■m \ ' 1 U ' 


and thus statement (T^ ) 


Q] , 


follows from (1), l.e., we have 
1 , V,_^[f], v^[f] < L(S) < 1 + V [f] + V [f]. 
Analogous considerations hold for every admissible set A. 


Id. n 
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§ 19 * ON THE BOUNDAKf OP OPEN SETS (CARATHEODORT THEORY) 


¥e give here those concepts of the Caratheodory theory of prime 
ends which we shall apply in the following section. For a more 
detailed study we refer to the original paper [C. Caratheodory, 
1 ] and to recent studies and expositions. See, for instance, 

B. V. Kerekjarto [I], H. D. Ursell and L. C. Young [l]. For 
further bibliographical information see (19.9). The present 
exposition follows in part B. v. Kerekjarto*s. 


19 * 1 ‘ Boundary of Simply Connected Open Sets 

A bounded open set a of the w-plane E^, w = (u, v), is said 
to be simply connected provided a is connected and for every 
simple closed Jordan region J C E^ with J* C a we have 
J C or [M. H. A. Newman, I, p. i43-l4i4-]. The following statement 
is essentially proved though not stated explicitly in (loc. 
cit. p. l 44 ): If or C E^ is any bounded open connected 
set, then a is simply connected if and only if a* is a 
contlnuimi. 

Given any bounded simply connected open set a C E^, then an 
arc b is said to be an END-CUT of oc if bor* = (w), b C a + (w), 
where w is a single point of cc* and (w) denotes the set 
whose only point is w. An arc b is said to be a CROSS-CUT 
of a if ta* = (w.j ) + (w^), b C or + (w^ ) + (w^)* A point 
w^ea* is said to be ACCESSIBLE from oc if there exists an 
end-cut b of a such that bor* = points 

of a* accessible from a form an tmcountable collection 
everywhere dense in a* [M. H. A. Newman, I, p. 162]. For 
every cross-cut b of a the set a - b is open and 
the sum of exactly two components a^, cc^ which are both 
simply connected. Let us mention also that for any Jordan 
region J C E^ (simple or not) ( 5-1 )^ all points wej* are 
accessible from both J° and E^ - J [G. T. Whybum, 

Chapter VI]. 

EXAMPLES. Let G^ be the set G^ = [0 < u < 1 , 

0 < V < 2 + sin u”^] (see illustration). Then all points 
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w = [u = 0 , 1 < V < 3 ] are not accessible from , while 

all remaining points of G* are accessible from G^ . Let 

G« be the set G« = where C denotes the unit 

^ ^ ^ 2 2 “ 1 
circle and the line L^: p = 0 (i + e ) , (p, e) 

polar coordinates whose pole is the center of C. Then 

G* = C* + and all points of C* are not accessible 

from Go* Let G^ and G|^ be the components of the set 

C - L^, where L^ is the line L^: 0 = tan(2 p it)> 

0 < p < 1. Then G* = G^ = C* + L^ and all points of C* 

are neither accessible from G^ nor from G|^ while all 

points of L. are accessible from both* 



.-\-G 


■G4 


of 

(1) 

(2) 


a 

b 


if 

and 


b» 


have the same end-point w €a*; 
either bb'(U - w^) ^ 0 for every neighborhood 
U of w , or there are two subarcs b, of b, 
and b| of b', and a simple arc c such that 

/ \ • j ^ * * 

and 


b.b]. (.), 


cb^ = (w), cb] = (w'); 


c C or, 

the open Jordan region J whose boundary is 

is contained in a (see illustration). 

If (1) is not satisfied, or (i) is, but (2) is not, then b,b' 
are said to define different ends of or. We shall say also 

that t] is an end of a* (in a). Thus each 


b^ + c + b| 



rela- 


b’ 


accessible point wea* is a point w 

T) 

tive to at least one end t), but it may happen 
that for more than one end, namely a finite or 
countable collection of ends t) we have 
w = w . 


EXAMPLES. Let G^ be the set G^ = Q - (s^ + s^ + s^), 
where Q is the open unit square, and s^, s^, s^ the seg- 
meats joining (O, o) and (3"’, 3 “’), ( 3 ”', 3 “') and 
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G. = Q - (s 


+ s 
-i 


+ • 
-2i 


-1 


) 


(0, 0) to (2 2“^-^), 

V = (o, o) is the point 


)• Then each point weQ*, w + (o, O)^ 
as well as the free end points of s 
and s^, are the points w of ex¬ 
actly one end; all points w 4 (3"\ 3 

ents 3^, 3^, 3^ are the 
of exactly two ends; the 

3"M 


-1 


uu 


V = ( 3 -\ 


of the se 
points w 
point 
of three ends 
where s 
i = 
w 


is the point 


w 


Ti. Let be the set 


i 


he segments joining 
1 > 2, ... . Then the point 
of coiontably many ends t) . All 


11 1 / * 
points weG*- [G*] are accessible from G^ [G^]. 

^ o 5 6 


) 


19 - 3 - The Prime Ends cd and The Continua E 
—_____^ 

Let or {t)}, denote the family of all (different) ends 

Ti of a. If i = 2, 3, k, are four different ends 

and ± = ] ^ 2, 3, k, any four end-cuts defining the ends 

then we can suppose that the arcs b^ have no point in 

common besides those of the points w^ which may coincide. 

Let us connect the end points of b^ and b^ which are in 
a with a simple arc c C or (11.2, il) having no point in 
common v/ith the arcs b^, i = 1, 2, 3j besides the end 
points of b^ and b^ in or. Then b^ + c + b^ is a 
cross-cut, separates or into tv;o parts and b^ and b^^ may 
be in different parts or in the same part. This property does 
not depend on the particular arcs b^, c \re have considered 
above, but only on the ends 1=1,2, 3, 4 . Accordingly, 

we shall say that separate in [ti) [and 

then 7]^, separates t)^, t)^ in (t)]]. Therefore, the 
collection [ti) can be cyclically ordered and we shall denote 
Ly a’, the two fundamental orderings of 
denote by 00 any one of the ends t], then, given any two 
distinct ends T)2e[Ti), + 0°), by open INTERVAL 

(t]^, T]^) in [T]) is meant the family of all ends t] such 
that r\, 00 separate ti^, t)^ in [t;). Thus by closed interval 
[11^,712] is meant (t|^ , ti^ ) + ) + (t^^ )• 

A section co = (A, B) in [ t] }, or a PRIME-END o) of or 
is defined by a sequence ), n = 1, 2, ...] of in¬ 
tervals in [ti) such that ’^n+1^ ^ ^^n" ^n'^ 

end, or at most one, is contained in all Intervals (ti^, T)n')’ 



§ 19 * ON THE BOUTTOARy OF OPEN SETS (CARATHEODORY THEORY) (l 9 - 3 ) 


Each end r\£[r\] defines a prime-end to [say a> = t|], but 
there may be prime-ends o) which do not correspond to any 


end 


family (cd) = (o)) of all prime-ends can be 


orderings 




above. 


The concept of equivalence of two sequences ^n' 

n = 1, 2, ...] defining the same prime-end to can be es¬ 
tablished as for real nimibers. Only for the sake of simplicity 
we restrict ourselves to (strongly) decreasing sequences of 
intervals 


Given any prime-end to let E^ be the set of all points 
which have the following property: there is a sequence 


w 




k = 1, 2, 


hr. ^ 
k 


I 

n 


S’’ 


..., of ends such that 
k = 1, 2 , ..., and w 


^k 


^ V, 


n 


00 as k 


00. The set E^ does not depend upon the 
(tiI; Ti'*) defining to and is a subcon- 


k 

particular sequence 

'll 

tinuum of a*. (Cf. B. v. Ker^kjarto [I, p. 109]. Also L. 
Cesari [ 4 ?] ) • 


If to is a prime-end corresponding to an end then w eE^, 

but E may contain other points (accessible and not 
accessible from a). Different prime-ends to may have sets 
E not disjoint, even coincident. The family (E^) of all 
sets E^ is a covering of or*. 


NOTE. Though some authors denote the sets by prime-ends 

we prefer to keep the expressive Caratheodory's term prime- 
end for denoting a section to in the collection of the ends. 
Indeed, while to determines unlvocally, the set E^^ alone 

does not determine necessarily the section to. More details on 
prime-ends are given in the articles (l 9 . 4 - 8 ). For further in¬ 
formation and the bibliography see ( 19 * 9 )' Some examples are 
given below. 


EKAMPLES. Let us consider the sets G^, ..., G^ 
and given in the Illustrations. In G^, if to^ 
prime-end corresponding to the only one end with w = (0, l ) 


defined above 
denotes the 


then E 


to 


o 


is the segment [u= 0 , i<v< 3 ] i.e., E 


con¬ 


tains the accessible point 
points (0, v), 1 < V < 3. 


o 


(0, 1) and all the non-accessible 

Each other point weG* - E is 

^ 1 (0 


a point w = w of only one end o 


spending 


In G 


o 

and w = E for the 

T) CD 

the circumference C* 


the circle C is the set E^ of one prime-end 


CD 
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and all its points are not accessible .from . Each point w 
of the line is the point of two different ends. In 

Gj (as well as In ) the circumference C* of the circle 
C Is the set of one prime-end (u and all Its points 

are not accessible from G3 [G;^]. In G^, G^ all boundary 
points are accessible and each prime-end m corresponds to 
one end t), E^ = w^ . For other examples see (l9.U). 


19 - 4 . Right and Left Wings of a Set E 

Let us observe that each prime-end to Is a section In the 
collection {,1) of the ends ,1 of a, where to Is given by 
a decreasing sequence (r,^, ,, m ), n = 1, 2, of Intervals 

in (ti). If n< is any one of the orderings n], we can 

use the notation a -< b c for expressing the fact that three 
ends a, b, c are in the ordering n '. Thus we can numerate 

In such a way that ti { ^ ,1^ ^ ^ ^ 

Obviously each end belongs to 


the ends t)j!^, 

•< ri 2 ' ni"- 

one and only one of the Intervals 
n = 1, 2, with exception of 

(a) the ends ri|, 1 = 2, 3, themselves 

which belong to two adjacent intervals; 




(b) at most one end 




Tij_* ), i = 1, 2, 


contained in all intervals 
(if any). 




Let EJj, EJj* be the two sets of points wea* which have the 


following property: 
quence k = 1, 2, . 

^ "lA, J 


W€E*[E* *] 

O) CD •' 


if and only if there is a se- 


k+l 

as k-*-00, Obvlousl 

closed subsets of a*. 


n 


k+1 


} 

t 

'CD 


of ends such 

that 


where 

w 


^k 

E* * 

CD 

are, as 

E , 

cd' 

sets 

E*, E'» 

CD' CD 

are 


W 


n 


k 

bounded, 
are also non-empty 


oa 


and connected, and hence contlnua [Cf. H. D. Ursell and L. C. 
Young, 1, or L. Cesari, 47]. 


E', E" C E 

CD' CD CD 

E* *, 

CD ' 


or 


In addition 

each point weE^ belongs either to EJ^, or to 
both. Hence EJ^ + E^* ^ then necessarily 

since the continuum E^ cannot be the sum of 
two disjoint contlnua [G. T. Whybum, I, p. i6, (10.3)]. 
( 1 ) Given any two points w^, w^eEJ^, there is a 

sequence ti.|, ti|^, ..., t2k-l^ ^2k^ ***/ 

of ends such that 

(1 ) ■w' -■«■.,, w -► w^ as k 

^2k-l ^ ^2k ^ 


and 


^k 


e[ 


'n 


k 


'n 


k+1 


] with nj^ + 1 < 


( 2 ) 
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k = 1, 2, ... . An analogous statement 
holds for EJj' with 

^ ’^k ^-1 '^k 

PROOF. If ('l 2 k^ sequences of 

ends defining then let Thus 

+ 1 ^ t 2 = ^2k^ ®^®" 

ment of ^2k > ^A +i ^ 

n^ > n^ + 1 . Let 113 = ^® ^^® element 

of (n^j^) such that €[3^ , ^A +1 ^ 

^ ^ 

n^ > n^ + 1 , and so on. The sequence 
k = 1 , 2, ..., has all the required properties. 

EXAMPLES. Let G.^ be the open set = [O < u < 1, 

1 + sin(u‘‘^ ) < V < 3 + sin(u"^ ) ] ; let Gg be 

Gq= [0<u< 1, 3(2)“^ (1 + 3in(u"^ ))<v< 1 +3(2)“^ 

(1 + sin(u”M)]> let G^ be the (bounded) open set whose 
boimdary G* is the continuum sum of the se^ents joining the 
points (-2, 0), (-2, 2), (2, 2), (2, 0), of the circumfer¬ 
ence r of the unit circle and of the curves 

e = 2“^jt(2 - p) 3 in(p - 1 )"^ , 
e = n + 2~^n(2 - p) sin(p - 1 )”^ , 

1 < p < 2. In G.^ the point (0^ 2) is the only accessible 




point of the segment 3 = [u= 0, 0 <v< 4 ], and, for the 
corresponding prime-end tu, we have = s, 

EJ^ = [u = 0, 2 < V < 4 ], Ej^* = [u = 0 , 0 < V < 2] . Thus 

^0!)' single point (0, 2). In Gg all points of the 

same segment s are not accessible and s = E^ for some prime- 
end 0), while E^= [u= 0, 1 <v< h], E^' = [0<v< 3]. 

Thus EJj* is the segment [u = 0, l < v < 3]- In G^ the 

point (0, 1 ) is the only accessible point of r (from G^) 
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ana lor the corresponding prime-end m we have E = r, 

E' = [u + = 1, u < 0 ], E^< = [u2 + = 1, u > 0 ].’ Thus 

EJ, Is a pair of points (o, i ), (o, -i ), the former 

accessible, the latter non-accesslble from G . In the ex¬ 
ample G^ of (19.1 ) we have E^ = E^ = [u = 0, 1 < v < 3], 

where m Is the nrljne-end corresponding 


K' = 1 )> 

to the only end n relative to (0, 1). In the examples 

we have E^ = E^ = E^ = C» for the corre- 


^ 2 ’ ^ 3 ’ ^ 4 ^ -0, 

spending prime-ends to 


Mappings From g + [co] 

Given the simply connected bounded open set a, let {t]), {to} 
be the collections of all ends and prime-ends of or*. [Since 
each end t] defines a prime-end to the inclusion (t]) C {to} 
is self-explanatory.] If i is any cross-cut of a, then 1 
divides a into two connected parts and we say that 

an end Ti€{n} belongs to provided for each end-cut b 

defining r\j h C a + there is at least a sub-arc b* 

having an end point in w^ contained in . Analogously 
any prime-end toe [to] defined by a decreasing sequence of in¬ 
tervals ^n* ^ •••]^ belongs to if, 

for some n, all ends ii€[t1j!^, ^n*^ belong to a^. 


Given a prime-end toe {to}, we say that U(to) Is a "neighbor¬ 
hood' of to provided there exists a cross-cut 1 such that, 

orily one of the two parts of a separated by 


c£. and of all 


1 which contains to, then U is the sum of 
ends and prime-ends contained in . The reader may observe 
explicitly that U is a neighborhood of the prime-end to 
and not merely of the set corresponding to to. Indeed, 

for instance, in G^ where there are tliree ends t)^, r\^, 
with w = w = w 

^1 ^2 ^3 

U(t)^) may be completely different (see illus¬ 
tration). The same in G^ where there are two prime-ends 

^with E^i^ ^ = C*, neighborhoods 


- Wq, corresponding neighborhoods 



to 


1 ^2 

U(to.| ), UCto^) may be completely different. 

Let us consider now, as we shall do below, 
a mapping t from the collection or + {to} 
into a closed circle C, which maps each 
point wea Into a point peC° and each 
prime-end toe {to} into a single point peC*. The concept of 
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continuity of such a mapping t at each point yea, or at 
each prime-end uieM, can be defined as usual, or by using the 
neighborhoods U above. We shall now prove the follov^ing: 

( 1 ) THEOREM. Given any open-bounded simply-connected set 
a of the w-plane E^, v = (u, v), and any closed 
circle C C E^ there is a mapping t from a + (m) 
into C such that 

(1 ) T Is blcontinuous and one-one between a 
and and quasi linear between corre¬ 

sponding closed regions in or and C°; 

(2 ) T is blcontinuous and one-one between the 
points wgC* and the prime-ends toe{a)); 

(3) If (T, a) is any given c. mapping from 
a = a + a* into the p-space E^, 

P = (x, y, z), and T is constant on 

each set E . then the mapping (t, C), 

-1 ^ 

t = Tt is single-valued and continuous 
in C [where we mean E^ = (w) in¬ 

stead of cu = ^"^(w) for all wgC*] . 

PROOF. The proof is divided into the following parts 
b, c, d. 

(a) Let w be any point of a, let J+d > 0 be the 

* 

distance of w^ from a , let > i be the 
niiulmum Integer n such that 2 ^ < d- For every 
n > n^ let us consider the subdivision of the 

(u, v)-plane into squares q of side-lengths 2 "^ 

( 5 * 6 , Note 2). For each n > n^^ let be the 

finite collection of all squares q^S^ completely 
contained in a. Then is not empty since it 

contains at least a square ^outaining w^. Let 

^n subcollection of all squares q^Dj^ which 

have the following property: there is a finite chain 

•••, q^ji = q of squares of any tyo con¬ 
secutive of which are adjacent. Let be the 

compact set covered by the squares Then n* 

is a sum of segments 3 which are the common sides 
of pairs q, q' of adjacent squares of 3 ^^ with 
qeD^, q_ C a, q_^a* k 0, (q, q» closed). We may 
orient each segment 3 in such a yaj that q is 
at the "left" of s and q' at the "right" of 3; 
that is, in such a way that q, 3, q' can be mapped 
by the same linear mapping with positive determinant 
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onto [ 0 <u< 1, 0 <v< 1], [ 0 <u< 1, v= 0 ], 

[o<u< 1, -1 <v< o], and the chosen sense on s 
onto the positive sense on [o < u < 1 , v = o]. Then 

each segment s Is followed by an analogous segment 

s' in the given direction, and thus, starting by any 
segment 

3 l> 3 ^, 

forming ct cxosea polygonal line 1 completely 

contained in a. Then, since a is simply connected, 
1 is the boiondary of a simple closed polygonal region 
completely contained in or, which necessarily coin- 


s 


1 


LS above, we may determine a minimal 
of oriented consecutive segments 


cides with n 


n 


Thus 


1 = n* = 

n 


Si + 3 + 


Each 


s^ is the common side of a square 
and of a square q^ not In with qjo:* 4 0. Let 

be the central point of and w^ the point 

w^eq^a* closest to w^. The point w^ is certainly 
accessible from o: and the segment b. = w.w. de- 


+ s 


C IT 


k‘ 


fines an end 


^1 




with w = w 


We can 


have at 


n i- 

always arrange that any two segments b^ 
most end points on a* in common- It may occur 
that two segments b^, bj define the same end 
Til ^ ^ < J* If this happens, then Wj_ = w. 

and we denote by X, the simple closed polygonal 

and of the 

Then 


lines which are the sums of b^, b.. 


arc 


of n 


i' 'J 

respectively 


or w .w. 

J i ■ "n 

by the definition of end (19*2) we conclude that 
both simple polygonal regions whose boundaries are 
X and X* are completely contained in a. This 
implies that j < 1 + 20, or 1 + (k - j) < 20. 
Indeed, otherwise, x, and x', should be the 
boundary of at least five squares qeS^, and, 
since w^^ = Wj is at most in four of them, there 
should be a square q free of points of a*, 
which should be in n 
plies that we can divide ll 
20 consecutive segments 


n^ 


a contradiction. This Im- 

% 

* into arcs of at most 
and two half segments 


n 


3j_ by means of points w^^, such that the ends t). 


corresponding 


34M 


distinct. 


ameter 


Then each of the arcs of 

each semnent b^ 


n 


< 21.2 


n 


has a dl- 


< 2.2 


has a length 


and any two consecutive points Wj^, 
Wi^^eof* are at a distance < 25.2"^. 
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Finally let us consider the set a - n° and let us 

denote by f the supremum of the distances {w, a*] 

o 

for all points wea - Let us prove that f -0 

as n-^00. Indeed in the contrary case there would 

be an € > 0 and a sequence c^, c^^ •• o^, ... of 
open circles, all of radius 2e, each c contained 

O’” ^ 

in ^ ~ ^ points of accumula¬ 

tions of their centers and c the circle of center 
w and radius e, then we have c C or - for all 
n. Now if 1 C or is any simple polygonal line join¬ 
ing w to Wq in a, and 3d > 0 the distance 
( 1 , cc*], then for every n with 2"^ < d, there 
exists a chain of squares covering l, two 

consecutive of which are adjacent and all in a. Thus 
1 C and ^ ^ ^ large enough, a con¬ 
tradiction. All this proves that f -► 0 as n-► 



We shall consider now only a subsequence, say 
of the polygonal regions defined above. We shall 

denote by d^ the side lengths of the squares q of 
”n' by distance 5 ^ = {n*, a*} > 0, and by 

f^ the supremum of the distances {w, a*) for all 
wea - n°. We may extract the sequence [n ] in such 
a way that C n° \ a, — o, 

^n ^ ®^n+l ^ ^n^ ^^^n+l shall denote by 

^nl' i 2, N = N(n), the points of sub¬ 
division of into arcs of diameter < 2 ld^, by 

bni = ""ni^ni segments of lengths < 2d^ joining 

Wni to a* defined above having at most end points 


on oc* in common, and by 
or defined by the segments 


Tij^ the distinct ends of 


For each n and i, the intersection 
not empty and we can suppose it is a single point which 
for the sake of simplicity we may denote ^ and 

we can always add these points to the other points 

^n+ 1,1 ”n* will also add the segments i^ni 

to the segments ends to the 

erids Tin+1,1* ^bls can be done with obvious re¬ 

numerations and the cancellations of those segments 

^n+i,i defining the same ends of segments b^^. In 
such a way we have [n^] C and ±3 

divided into the simple polygonal region and the 

countably many further polygonal regions 
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Jt 




nl"n,l+i^n+M^n+i,l+i - - - --11+, 
n= 1, 2, ... . Each Interval ^n+l+l ’ the 

sum of at least two intervals [n ., n 1 

j+i 

Let us consider the circle C, say the unit circle 
of the w-plane, and regular pol. reelons Q^, whose 


], >r' C 


K 


O 

“ * 


radii and apothems say r , a , 

n^ n^ 


a. < r 


1 


1 


verify the relations 

< 


1 - n“^ < a 


< < r^ < a^ < r^ 

rn < 1 • By subsequent subdivision of Q*, Q^, 


n 


in arcs of equal lengths and by means of the segments 
c of length < n-’, say joining 

and C*, let us perform a subdivision [Q*] of 
CO into a countable collection of simple pol. regions 
0,^ analogous to the previous ones, since we divide 
Q* and each partial arc of Q*, in the same 

number of equal parts in which we have divided the 
corresponding and each partial arc of 

• Then the nets + zb^^, ZQ'* + 

topologically equivalent and we can define arbitrarily 
a q.l. one-one mapping t between corresponding arcs. 
Thus such a mapping can be extended between correspond- 
ing regions n' and Q', and t satisfies the re¬ 
quirement (i) (6.1, i). 


* 

'2 


Jt-, 


^ % 

« 3 , 


(c) Since the ends points 

are equally ordered and everywhere dense, then 
each prime-end oj of a [section of corre¬ 

sponds to an analogous section in Q* [i.e., a 
point zeQ*] and vice versa. Thus x implies a 
one-one order preserving correspondence between 
Q* and which we still denote by x. 

If we consider any Interval •) in 

(ti ] then one of the two arcs w .w . of it* 

. . nl nj n 

together with defines a crosscut 

of a such that one of the two parts, say A, 
in which or is divided, is contained in ^ 
and contains all ends ^nj^’ Analogous¬ 

ly let us define the part B of C corre¬ 
sponding to the arc C C*. Thus A 

and B are corresponding sets under x. If 
tu is now any prime-end and z the correspond¬ 
ing point zeC*, if ) is any inter¬ 

val containing (jo [i.e., containing a decreasing 
sequence of intervals defining to], if 
(Zni-' ^nj ^ corresponding arc of C*, let 
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(d) 


A, B be the regions In a and C defined above 
Then A Is a neighborhood of to and B a 
neighborhood of z In 0 . The fact that A and 

B, (^nl^ ’'nj ^ ^^nl^nj^ corresponding 

in T, shows that t I3 continuous as a mapping 
between a + (o)) and C. Thus (2) Is proved. 


Suppose that the c. mapping T be constant on 
each set E^, then the mapping (t, C), 
t = T T Is single-valued not only on C° 
but also on C since t(w) = T(E^) for every 
W€C* and where m is the prime-end image of 
w under t . Let be any prime-end and 

Zq be the corresponding point on C*. Given 
e > 0 there is a p > 0 such that 
|T(w) - T(w')| < e for all w, v'ea, 
lw - w'I < p; on the other hand, there Is an 


Interval (n', n") of containing 

as above, such that each point w , ne(ri' 

_i__ _ ^ 


CD 


I t 


Is at a distance < p from E . Then 

IT(w^) - T(E^^)| < e for all ^e(T]'j 
Let n be an*^integer such that < 




11 ’ ' ). 


11 P* We 

can suppose also n sufficiently large in 

_ t . ■ « 


order that we can restrict 
interval 


(ti 


I t 


T) ' = ri 


ni^ = ^nj- if* A 

the corresponding part of a as above, A 

divided into countably many regions 

Tt^ - f ° 

’^rah%,h+l^m+i,h'^m+i,h+i^^ m > n. 

Each of the points w_.^ is connected to a 


) to be an 

is 
is 


mh 


point v^Go;* be a segment b 


- T(w^)| < 


^'^mh'^m,h+i 


is on an arc 
^^mh^m+1,h 


all 


of length 

hence 

Each of the points w ' g it ' * 

or on an arc 

of diameters < 2id^ < 2,p. ^ence 

|T(w ) - T(w^j^)| < 2le. Each point wen' 
a distance < 2 d^ < p from i.e., 

some point w'en'* (otherwise w would'be at 
a distance > 2d^ from a*); hence 

|T(w) - T(w')| < 6 . Consequently 

|T{w) - T(E^)| < |T(w) - T(w')| + IT(w') - 
" + |T(w 


is at 
from 




) - T(w^)| + IT(w^) - T(E^ )| 

o 


mi 

« + 2ie + e*e. S'.,, for all weA. Conae- 
Wantly, 11(z) - t(z„ ) | < 24a for all z.B 

thus the continuity of t in C is proved. 

Thereby (i) is proved. 


< 


and 
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NOTE. The regions 
following properties: n 

ll^n^ 0 as n 

and r: (t, C*), 

ed collection of the sets 


of the previous proof have also the 

*), n = 1, 2, 


n ^ «n C 

Cn: (T, 


«n ^ 
where 


or r:(T, {E^}), 

E^, cue (to) 


where 


n 


is the order- 


a 


.l_9-6. A First Extension to Sets a Open in 

a Simple Jordan Region 

Let J be a closed simple Jordan region of the w-plane E, 
w = (u, v), and let a be any connected set open in J, a C J. 

Then a, a* C J, ora* C J*, and the set P = 3= (a) = a* - aa* = 

a - a (boundary of a in J) is a closed, bounded set^ and hence 

the components of F are contlnua. 


cut of a 
to two points 
end T) of 7 


Let r he a component of F. We will suppose in this section 
that 7 is the only component of F. Thus the definitions of end- 

relative to a point we7, of cross-cut of a relative 

point WG7 accessible from a, of 
in a, of prime-end co of 7 in a, remain un¬ 
changed as in (19-1-3); the statements that there 
are points we7 accessible from a and that they 
are everywhere dense remain vinmodified, as well as 
the property of separation of four ends t) of 7 
in oc; only it may happen here that there is a 



cross-cut, c = b^ + c 


. bj 


Q in a, relative to 

two points w^, W2G7 dividing a into two parts 
one of which contains no end-cut b relative to 

In this case we can suppose b^, b^ 

defining two ends t)^, 
of 7 in a and the ends ti and prime-ends o) 
can be linearly ordered (as the points of a closed 

[ T) ^, TI2 ] • Let us denote by n ^ 

(n) 


points we7. 
to be subarcs of J* 


of 7 In a 

Interval, namely the Interval 
the corresponding two linear orderings of the collections 




(oi) ^ of the ends t\ and prime-ends cd of 7 in a. In the 

7 , u 

first and third Illustration (cd ^ can by cyclically ordered 
(orderings fi], n^); in the second illustration (cd)^ ^ can be 


linearly ordered (orderings n 


1 


f ^2 ^' 


The case where 7 is a 


single point (fourth illustration) is exceptional and trivial. 


because the collections 
single element. 




(O)) 


7 ,a 


contain each only one 


The extension of all considerations of ( 19 - 1 -^) to each component 
7 of the set 3 f (a) does not offer difficulties provided 
5 (of) has only finitely many components and a is connected 
and open in a closed simple Jordan region J, or C J. 
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19 - 7 - The General Case 

A3 in (19-6) let J be a closed simple Jordan region of the 

w-plane E^ and a any connected set open in J; thus 

F = ?? (or) is a closed, bounded subset of J and the components 
7 of F form a collection {7) may be uncountable. All the 
considerations of (19.6) hold even in cases where F has more 
than one component 7, more exactly they hold, e.g., for each 
component 7 of F such that {7, F - 7) > 0 (if any); in 

particular for each component 7 of P if F has only a 

finite collection of components. 

Let us now suppose that no restriction is made on the components 

7- Necessarily there are points weP which are accessible from 

a and those points are everywhere dense in P, but there may 

be some components 7 whose points are all inaccessible from 

or. An example may be given as follows. Let - (h^ + h^ + • • . ), 

where C is the closed unit circle and h is the arc 

• 1 — 1 

hn=[p=l-n ,nn + n <0<nn + 2n-n‘'^], n=l,2, ..., 

(p, e) polar coordinates whose pole is the center of C. Then 

P = 5 (a) = C* + h^ + h^ + . . {7) = h^, h^, • • • ). No 

point we7 = C* is accessible from a. [Cf. Newman, I, p. 162, 
second exercise.] 


Let us recall here the following properties of separation of the 
components 7 of P, where by 1 is meant a simple closed 
curve, or a simple arc whose end points are in J*. [See for 
instance B. v. Ker6kjart&, I, p. 122.] 

(i) Given any two distinct (if (7)^ con¬ 

tains more than one element), there exists an 
1 C or separating 7 and 7' In J, and, given 
e > 0, we can also suppose 8 < €, where 
6 = max {(w), 7) for all wel [or 
8 = max {(w), 7'} for all wel]. 


(li) 


(ill) 


Given any 76 ( 7 )„ there exists a sequence 


n = 1, 2, 
(1 ) 8 

(2) 1 

( 3 ) f 


such that 
- 0 where 
separates 


n' 


n^ 


(3) for every 7'e(7)„, 
is an n such that 
7' in J for all 
There is a sequence 
finite svatema fTl of hi. 


= max ((w), 7) WGl^; 
and 7 in J; 

7' + 7 (if any) there 
1„ separates 7 and 


n _ 
n > n 


n = 1, 2, 




[1] of disjoint 


* *•, of 
such that 
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ing (11). 
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7€{7)^ there Is a sequence 

satisfy- 


Let r be any component Of p, i.e., We shall define 

a new set A=A(a, ,) open in J as follows. If , I3 S 
only component of P, let A = «. otherwise, for each 

- ^ let us denote by ^'=3.(7., 7) the set of 

all points wej which are separated by 7' from 7 in J. 

The set may be empty and. If not. Is certainly open In J, 

and not necessarily connected. Let 


7 * €{7 } 


a 


A = A(a, 7 ) = or + ^(7* + pr) 

where the sum Is extended over all elements 7*e[7) , 7I + ^ 
The following statement Is essentially known: ^ 

(iv) The set A = A(q:, 7) C J Is open In J, Is 
connected and AA* C J*, 5 (A) = A - A = 7. 

Now the set A Is open In J and Its boundary 3 r (A) In J 
has only one component, the component 7. Therefore we can 
define, as In (19.6), or In (19.1-4), the collections 

^^^7, A and prime-ends o) of 7 in the set 

A [not In or]. In such a way, for each component 7 of the 
set p = a - a, we have defined a complete collection of 
ends Ti and prime-ends oj which we may denote for the sake 
of brevity "with respect to a", but which are In the larger 
set A = A(a, 7) and this Is done for all 7, even for 
those whose points are all unaccesslble from a. We shall 
also need the further statement: 

(v) If J Is any closed simple Jordan region, a C J 
a connected set open in J, F the boundary 

P = Qr-a of or In J, any component 

of F, Wq any point of 7 accessible from 
the set A = A(Qr, 7), b C A + (w^), b7 = (w^), 
any arc defining an end ti of 7 in A, 

^^(1)7,A' Then 

(1 ) bof Is a non-empty set, open In b and 
dense In w^; 

(2) If 1^, n = 1, 2, Is any sequence 

relative to 7 as In (11), then there 
exists an n^ such that 1^ b 4 0 for 
all n > n^; 

(3) for any sequence [w^] of points w^el^b, 

n > n^, we have w^^-►w^ as n 


00 • 
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PROOF. Let us consider any end-cut b = w'w^, 
b C A + (Vq), by = (w^). Let be the sequence 

defined In (11) of polygonal lines 1^^ and let us 
consider any point w^ea separated by 1^, from 
7 In J. By connecting w* to by another 

simple arc, we can suppose that b Is an end-cut 

^o ^o^ b C A + (Wq), b7 = (Vq). Then, by 

(11), we have bl^ + 0 for each n, and we shall 

denote by w^^ the last on b of the points webl^^ 

[l.e., the arc w^ w^ does not contain points of 
1^ besides w^]. Then, by (11), the points w^, 
w^^ ... are distinct and ordered on b. Thus 

% w as n- -00^ where w is a point between 

and Wq, or w = w^. Suppose, if possible, that 
the first case holds and denote by 6 > 0 the dis¬ 
tance of the arc c: (w^ w) from 7. Then for all 
n with ^ S we have 

t = (c, 7} < (w , 7) < max [w, 7) for all wel ; 

“ n' 

l.e., ^ ^ contradiction. Thus the second 

case above must hold, w = w^, i.e., - ►w 

and this proves (i) and (2). Let us observe that 
each point is in the arc (w^_, w^) of 

b and since -- w^, we have also -► w^, and 

(3) is proved. Thereby (v) is proved. 



Suppose, as before, that J is any closed simple pol. region 


J C Eg, that or is any connected subset of J open in J 
and ?f (a) is the compact set 9 (a) = a - a. For each 
component 7 of 5 (or) and for the corresponding set 
A = A(a, 7) defined above we can formulate a statement analo¬ 
gous to (19.5, i). The following three cases must be discussed 
separately: 

(1) J*A = 0; 

(2) J* c A; 

(3) J* A* + 0, J* - A 0. 


In the first case we have A C J° and since 5 (A) = A - A = 

A* - AA* = 7, where AA* is a subarc of J*, and 7 is a 
continuum, we have A* =7 and 7 separates A from 

Also A is a simply connected bounded open set. Thus the 
statement (19.5, i) is immediately applicable and .hv, 


Eg - J. 
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exists a mapping 



T from A + (a>) A into a closed circle 

7 

which is one-one between A and C° 
and between [m] . and C*. 

7 } ^ 

In the second case J* C A we have A* C 
k* = y , We can proceed as in the proof of 
(i) by making use of a sequence of closed 
polygonal lines 1^, boundaries of pol. 


satisfying the requirements of (li) above relatively 
to y and such that ^ ^ ’ ' Instead of -C we 



can consider now a closed annular region 

~ ^2^ ^ ^2 concentric closed circles], 

and then, by the same proof as for (19.5, i), we 
conclude the existence of a mapping t from A + {03)^ 
into the closed anniilar region - C^, which is 
one-one between A - J* and C° - between J* 

and C*, between {03] « and C*. 

I 7 > 2 


In the third case [J* - A + 0, J*A + o], the set J*A is 
non-empty, open on J*, and hence the countable sum of open 
arcs (at least one) whose end points are on (A) = y. Let 

us prove that J*A is a single arc. Suppose, if possible, 
that there are at least two of the arcs above, say (w^w^)^ 
(w^w^). Then we could join any point w' interior to v^w^ 
to any point w'^ interior to v^w^^ by means of a simple 
arc 1 C A and 1 separates w^, w^ in J [as well as 
w^, W|^]. On the other hand, w^, where y is a con¬ 

tinuum, r C J, 7I = 0, a contradiction. Therefore J*A 


is a single open arc, say y^ = (w^w^)^ and w^, w^e/. 
Now k - y^ is a connected open set, k - y^ C , and 



(A - 7q)* = + 7^ is a single continuum. 

Thus k - y^ is simply connected and we 
can apply ( 19 * 5 ; !)• We conclude that there 
exists a mapping t from A + {a>)^ ^ into 
a closed circle C which is one-one between 
A - 7 q and C*^, between the arc y^ and an 
arc 7 o C C*, 7 o = (w|, w^), between 


(03] ^ and the points of the closed complementary arcs 7* 

of C*, 7* = (^2 


*19.9. Principal Part of A Set E^ 

Here we shall mention only the concept of principal part 
of the set E^ relative to a prime-end o) [C. Caratheodory, 
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For the sake of simplicity let or he a bounded open simply- 
connected subset of the w-plane and let to be any 

prime-end of a*. A sequence [ 1 ^] of cross-cuts is said to 
be a fundamental seauence of croas-mii-.?? Tro ‘h /i\ . 


( 1 ) joins the points w 


w 


relative to ends 


t 


n 


n 


n = 1, 


T)' ), 


such that the sequence 

2, •••] is a decreasing sequence of open 
intervals defining 

into two regions 
r^ from the fix end n 


(2) 

Ij^ divides a 


separates r^^ 

( 3 ) 

dlam 1^ < n"'' ^ 


m, n = 1, 2, . . 

The regions r above 

a (19 

• 5 ). 

Let us 

observe that if 

[Wn] - 

of points 


n^ 

= 00 


n 


and 1 


n 


in 


Qfl 


m 


In = 


0, m + n, al 


n+i 


C 


a; 
r 


n' 


above are particular neighborhoods of cu in 


limit 


w 


then by (3), w 
of points wl€l„, 


n 


\r as 


n 


point V is tr 
n = }, 2 j .. ., 

is also the limit of any other sequence 

n—n' n = 1, 2^ . . . . "We have also 
W = lira inf = lim sup 1^ (10.2). We say briefly that 


00 


[wM 


w 


Is the limit of a fundamental 
relative to 


[In] 


of cross-cuts 


03 


According to Caratheodory^ by principal part of E 

is meant the set of all points v which are a limit of some 
fundamental sequence [InJ of cross-cuts relative to 
(i) For every prime-end o) there is at least one 
fundamental sequence il ] of cross-cuts rela- 


03 


tlve to 03 . The principal part E 

a (non-empty) continuum e^^^ and 
(o) 'A' 


(o) 


of E is 


03 


E 


03 


c E* E'' C E 

03 03 03 


The first and second part of this statement are due to C. 
Caratheodory [1] the inclusion ^ C ' is obvious since 

See also for a proof of (i) l. Cesarl 

03 


W 


n 


w‘ 

*n T 

[^7]. If the prime-end 

( O ) /- -m I TP I I 


03 


corresponds to an end t] then 
ri ^03 ^ ^03 ^03 ^ ^03 (s®© for instance the examples G ^ 

Gy, G9). In the examples G^, G3, G^ and for the prime-ends 
discussed above we have E^*^^ = E» = E‘> - tt • n 

= ' " - 0, 1 < V < 3], e(°^ = E' E" c e 

The exan5}le G^ shows that mo. 03 03 03 

^ ^ snows mat may be only a part of 

the intersection E' E'•. 

03 03 


we have E 


03 
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19 -10. 



Notes 


discussed In this §19 see the papers and books 
quoted at the beginning of the section: C. Carath 6 odory [i], 

B. V. Ker6kjarto [I], H. D. Ursell and L. C. Young [iT and 
in comection with the questions discussed in §2 0, also L. 

and left wings 

of a set ^ (' 9 - 4 ) see H. D. Ursell and L. C. Young [i] 

(the exposition of (19.4) is closer to L. Cesari [l 8 j). For 
the proof of (19.5, 1 ) see B. v. Kerekjarto, I, pp. 110-115. 

The extension (l 9 - 7 ) of prime-end theory to every component r 
of the boundary (a) = a - a of any bounded set a C J 
(open in a smple closed Jordan region J) through the con¬ 
sideration of the ai^iliary set A = A(Qf^ 7) is given above 
in view of the application to contours in §20. See for 

Cesari [ 44 , 4 ?^ 48 ]. On the general problem 

of the boundary," of plane open sets see also G. Choquet [l]. 

F. Frankl [ 1 ], E. Hopf [ l] . v.iiuqueu l i j, 

On the extension of prime-end theory to open sets in Em see 
B. Kaufmann [ 1, 2, 3 ] and S. Mazurkievicz [ i, 2, 3 ]. On the 
general problem of compactification of topological spaces and 
groups see, e.g., H. Freudental (1, 2, 3]. H. Hopf [1], and 
also the recent book S. Eilenberg and N. Steenrod [I]. 


§2 0. CONTOURS OF A CONTINUOUS SURFACE AND THE CAVALIERI INEQUALITY 

20.1. Contours of A Continuous Surface 

Let (T, Q): p = T(w), V€j, be any continuous mapping (surface) from the 
simple closed Jordan region of the w-plane E^, w = (u, v), into the 
p-space E^, p = (x, y, z). Let f(p), single-valued 

continuous function in E^, For any real t, - °° < t < + °°, let 
C = C(t), D'*' = D'''(t), D = D”(t), be the sets of all points wej, 
where f [T(w)] = t, or > t, or < t, respectively. Since f [T(w)], 
weJ, is continuous in J, then C is closed, and D“ are open in 

J (or empty). In any case we have C ) ?(D''') = - D'*', 

Cy 5 (D)=D -D. If M(t) is the subset of E^ where f(p) = t, 

then we have also T(C) C M. 


NOTE i.In elementary cases C is simply the contour (a single line, or 
a finite system of lines) corresponding to the value t (level). In the 
general conditions above it may happen that the two sets 3 r (D^^), % (D") 

do not coincide and that C has Interior points, besides the customary 
complications of the boundaries of open sets. _Thus T(C) is a general 
closed set of E3. As we approach C from D , or from D"^, we can say 
that we approach the "lower border", or the "upper border" of the contour 
C, but we will not attempt to Introduce a terminology which is only 
suggested as a help to the reader. 


NOTE 2 . It is not restrictive to suppose that f is defined only on the 
compact set [S], even in the hypothesis, we shall consider later 
(20.5, i) that f satisfies a Lipschltz condition 
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|f(p) - f(p')| ^ K|p - p'l* Indeed It is possible to extend the domain 
of definition of f to the whole space Eo in such a way that continuity 
holds in Eli, or the Lipschitz condition above holds in Eo [E. J. 
McShane, 8]. ^ 


20.2. The Generalized Length 

In the conditions of (20.1), let (a) = [cc]^ be the collection of all 
components or of D ; hence each a is a bounded connected subset of 
J, open in J. For each aeia] let {7}^ be the collection of all 
components y of the boundary (a) = a ~ a of a in J; hence each 
r is a subcontinuum of J. For each a€(a) and yeiy] let A = A(a, y) 
be the set defined in ( 19 * 7 )> and let ^ ihe collection 

of all ends, and prime-ends of y in A. We shall suppose that an order¬ 
ing fi has been chosen for the collections [t\] 

^2^ or a = nj, a^] 19*6). 


* • • 


Let [t)] = [t),. Tig, 
ordered as they are In 

w 


’In 

(t) 


J 


be any finite subfamily of ends n e(n) 


7,A 


[wj =[v,, 


y,A- 

2 * ' ' ' > ^ ” i 

y, each 

let S be the sum S = z |T(v^. ) - T(w 


Let us consider the corresponding set 


t 'w„]j w^ - w €7, i = 1, 2, . . ., n, of points of 


Wj_ being accessible from A [not necessarily from a], 


) 


1' ‘'"i+l 

all the values i=i, 2, n-l, if q 

^• fi-. and 


r “2^ 


w 


and i = 1, 2, . . ., n, 
orderings fij, Finally let 

finite ordered subfamilies [t^] C {n) 


and 

, where L is extended over 
is one of the orderings 
if a is one of the (cyclic) 
X = Sup S, where Sup is taken for all 


n+1 ^ 1" 


7, A* shall denote \ also by 
the more complete notation ^.(7, a). We have 0 < X < + 00. The number 


(1 ) 


Kt) = l(t; T, J, f) = 


Z 

ae (a) 


Z 

t 


X{y, cc) 


a 


shall be denoted by the generalized length of the image of if (D“) under 
T briefly, of the image of the contour C(t). Analogous definition for 

if (D ). We could denote l(t) also as the (generalized) length of the 

lover (upper) border of the image T(C) of the contour C of level t. 
We shall prove below (iv) that the generalized length is essentially a 
sum of Jordan lengths of continuous curves. Let us observe explicitly 
that in (1) the sum with respect to ^ may be uncountable. It can also 

be observed that if a component is a single point, then the 

collection (ti)^^^ contains a single element and, according to the defi¬ 
nition above, we have X = 0. Thus all components , which are single 

points have no influence in the value of l(t). The following statements 

hold: 


(i) 


>■(7, a) = 0 if and only if y ±s a continuum of 
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constancy for T in J. In partlciilar X = o 
for all y which are single points- 

PROOF. If T is constant on y, then for each 
finite system [t)] we have S = 0 and hence 
X = Sup S = 0. Vice versa if x = o, then we must 
have S = 0 for all [t\]; hence |T(w ) - T(w')| = 
T(w^) = T(w^), for all ends Ti,T]*e{Ti). Thus T is 
constant on the set of the points wer accessible 

from A = A(a, y) and, since T is continuous, 

T is constant on y, 

(ii) l(t) < + 00 implies that all numbers \(y, cc) 

are finite and that at most for a countable sub¬ 
family of sets 7 we have \(y, a) > o. 


PROOF. Indeed, for each Integer n, n = i, 2 , . 
only finitely many terms x(7, o:) of the sum (O 
may be > n ^ - Thus at most countably many terms 
the sum (i ) may be >0. All other terms must be 
zero. Thereby (li) is proved. 


of 


(ill) x(7, a) < + 00 implies that, for each prime- 


end O) 6 {o) ) 


7 .A^ 


T is constant on the set E 


(JD 


PROOF. Let E^, E^* be the sets defined in ( 19 - 4 ); 
thus ^a> It is enough to 

prove that T is constant in E* as well as in 

Suppose, if possible, that T is not constant 
on Ji' . Then there are two points w 


E» ! 

CJD 


E* 

O) 


01 " 


02 O) 


such that 

|T( 

- 

T(Wo2) 

1 = 31 > 0* Then we can 

determine 

a sequence 

[rinJ 

of ends nn^^' 1 ^ 7 ,A" 

n = 1, 2, 

• • • > 

such 

that. 

if w„ = w , 

’In 

n = 1, 2, 

• • • ^ 

we have t ] ^ 

T.r t.r 

-< TI 2 -< -< • • • ^ and 

Q 0 1 )i ^ ■ 

^2n-l 

^ol" 

2n 

02 

a»S n ® 1/ 


Therefore each finite system [ti^, t\^, 
is a finite family [t\] as above. On the other hand 
we can suppose that all points ^2n-^* ^ 2 n 
close to Wq 2 in order that 

< 1, |T(w2j^) - T(Wq2)| < 1, 

n = 1 , 2 , ... . Consequently, since any two con¬ 
secutive integers are always one even and one odd, 
we have |T(w^) - > |T(Wq^ ) - TCw^^)! - 1-1 


^ 01 " ^02 
T(v2n_i) - T(Wo,) 
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Finally the sum S relative to [ ti ^^ 2 N+ 1 ^ 
satisfy the relation 3 ^ Z |T(w^) - > 2NI, 

where Z is extended over all n = 2, 2 N, 

and N is any arbitrary integer. Hence 
X = Sup S = + 00, a contradiction, and thus it is 
proved that T is constant on E^. The same holds 
for E* ' and finally for E . Thereby (Hi) is 
proved. 

(iv) If x=x(7, a)< + oo then T is constant on 
each set E , a)€{a)} . and C: (T, E ), 

is 3 - continuous curve C of Jordan 
length 1 (C) = X. 


NOTE I. The proof which follows holds also in the case i = + a., provided 

T is constant on each set E^. In the statement (iv) the collection 

thought of as ordered in any one of the orderings 
n [n], or . 

PROOF OP iv. Let A = k{y, a), J = A + y . By (iii), 

T is constant on each set E^ C y■ For the sake of 
simplicity let us consider only one of the three cases 
defined in (19.8), namely, the first case JA* = 0. 

Then there is a continuous mapping t, as in (19.5, i), 
from A + ^ closed circle Q, which 

is one-one between A and Q° and between (m) » 

y aV 

and Q*. If (t, Q) is the mapping defined by 
t = Tt , where t ^ maps each point wgQ* into 
the set E^ corresponding to a>, then (19.5, 1 ) t 
is single-valued and continuous on Q, in particular 
on Q*. Hence C is the continuous curve C: (T, Q*) 
image of Q* under t. By the definition of 
^ = X(7, Of) we have X = Sup S*, 

S' = z |t(Wj_) - t(w^^^)|, where Sup is taken for 
all finite systems [w^^, i = l, 2 , n], of 

points Wj^eQ* which correspond under t to points 
of y accessible from A (ends of y in A), 
while the Jordan length 1 = 1 (C) of C is given 

by 1 = Sup S, where S denotes a sum like S' and 
Sup is taken for all finite systems [v^] of points 

of Q^. Therefore we have X<1. On the other hand, 
the points of Q* corresponding under t to 
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accessible points of 7 are everywhere dense in 
Q*; hence each sum S can be approached as we wish 
by sums 3 ^ and, therefore, 1 < \. Thus the 
equality 1 = \ is proved and thereby also (iv) 
is proved. 

(v) If l(t) < + 00^ then for each' aeCa)., 76(7] 

Xf oc 

the numbers X(7, a) are all zero but for a 
countable collection of contlnua 7, l(t) is 
the countable sum of Jordan lengths of (ordinary) 
continuous curves r in E^. 

This statement is a consequence of (i) and of ( 1 ), (il) and (iv). 


NOTE 2. In the previous lines we have supposed implicitly that neither 
D = D''(t), nor C = C(t), is empty. If either D”, or C is empty 
let l(t) = 0 . 

Also, we have considered only D"(t) and the corresponding collection 
{q:}^ of the components cc of D“(t). Identical considerations hold for 
D'''(t). We could denote by l”(t), l^(t) the two functions l(t) de¬ 
fined by using D”(t), or D'''(t) for all t. By examples it is easy to 
show that it may happen that l“(t) + l'^(t) for some t. In the follow¬ 
ing lines the function l(t) is always the function l“(t). 


20.3. Properties of The Length l(t) 

In the present number we denote by J, simple closed Jordan regions of 

the w-plane E^, w = (u, v), and by (T, J), (T^, J^^) c. mappings from 
J, J^ into the p-space E^, p = (x, y, z). 

(i) Given a c. mapping (T, J) and any sequence f(p), 
fn(p)^ n = 1 , 2, ..., of c. functions in 

E^ such that > f(p)> l= 5 f*(p) 

uniformly in E^ as n-► 00, If 

l(t) = l(tj T, J, f), l^(t) = l(t; T, J, f^) are 

the functions defined in (20.1), then 
l(t) < 11 m ^ 

_ 00 < t < + CO . 


PROOF. If l(t) = 0 the statement is trivial. Suppose 
l(t) > 0. Then D"(t), and C(t) are non-empty sets 
in J. Given g > 0 , by the definition of l(t) 
there is a finite system [a] of disjoint components 
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of D (t), a€[a]^, and, for each a, there ex¬ 

ists a finite system [7] of contlnua yely] 

CX Qf 

such that 


aela] yely] 


X{y, a) > l(t) ~ e 


a 


[or > according as l(t) < + ^, or 

l(t) = + 00. Let M denote the total nxjmber of 
components 7 of the systems [7]^^ ae[a]; hence 
1 < M < + w. 


For each aela] there must be a finite system [ 1 ]^ 
of polygonal lines as in (l9-7) (simple closed pol. 
lines, or simple pol. lines whose end points are on 
J*), such that 1 C a for each letl]^. and such 
that, for each yi[y]^, there is a line letlJQ. 
separating y from all other , 7' 4 7, 

in J ([7]^ is finite). For each there 

must also be a finite system [t\]^ of ends t\ 
of 7 in the set A = A(a, 7) [i.e., 

C ^^^7,A^ such that, if S is the corresponding 
sum (20.2), we have \ > 3 > \ - eM“^ if 

l<+oo, S>e^ if \ = +oo^ where X = 1(7, a). 
For each ti€[ti]^ we consider also an arc b such 
that b = (w ), b C A + (w ). If [b] is the 

/ Tl "Q 7 

collection of the arcs so determined we can suppose 
b b* A = 0 for any pair of arcs b, b'e[b] , b + b'. 
Let N be the maximum number of elements of the M 
collections [t^]^ and [b]^. 


Let 6 > 0 be a nijmber such that 
If [T(w)]- f[T(w')]| < € M"^ N'"' for all w, w'ej, 
|w - w'I < &• We can suppose that all arcs b have 
diameter < 6. Let us choose in each a a point 
Wq. Then for each we can suppose that the 

polygonal lines lc[l]^ separating 7 from all 

7 ' + y, r'^iy]^, separates also w^ from 7 . We 
can also suppose that all points wgI are at a 
distance < 6 from 7 and that 1 crosses all 
the arcs b€[b]^. Finally, we can suppose that for 
each b€[b]^ we have bl = (w), where w is the 
end point of b not in 7 . Thus 1 separates all 
arcs b€[b]^ from w^ and from all 7 * + y, y^e[y] 
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Let T be a simple pol. line joining to 1 , 

T C a, and whose points are separated by 1 from 

y in J. Let k be the continuum k = w^ + St + zl, 
hence k C a C D and, in consequence, if 

t^ = max f [T (w)] for all wek, we have t < t. 

Of 

Let 2 a be the minimum of the dif: 





ences t - t^ for all aela]. Then 
we have t < t - 2a < t for all 
a€[a ]. 


Let 


t -, t 


w “ I ^ “2 and ^2n 

and max of f[T(w)], and fj^[T(w 

for all wej. Then we have t^ < t 

< ^o-nf ^1 < and also, since 


be the min 


and fj^[T(w)] 
ave t, < 


D (t) and C(t) 
In addition, t, 


^2 ^ ^2n" 


t, < 


are both non-empty, also t^ < t < t^- 


in 


1 1 f 


hence there is an n 


1' ^2n 

such that 


, as n- 

< t,n< t < 


Cn(t) 

fn' 


As a consequence the sets D“(t) and 


and 


for the function 


for all n > n^. As a consequence the sets D^(t) 

Cj^(t) analogous to D”(t) and C for the functi 

fn^ are non-empty for all n > n^. Let n^ be t 

smallest integer n^ > n^ such that 

|fn(p) - f'Cp)! < tiiin [a, e M"^ N"^] for all P^E^ 

[or at least for all peT(J)]. Hence 

fn[T(w)] < t - a < t for all wek, n > n^, Qfe[a 

On the other hand, we have f^[T(w)] > f[T(w)] = t 


-1 


^0* 

Let n^ 

be the 

1 that 


N"'' ] 

for all 

peE^ 

Hence 

wek. 

n > n^. 

Qfe [a] . 


for all W€7, y^iy]^, ore [a], and all n. All this 

LX 

implies that the continuum k is contained in a imique 


component cc^ 
neither in a. 


of the set D^(t), 


nor in a*. 


(t), while each y is 
This implies further that 


the set 


= or* - cc^cx* 
n n n n 


separates from all 


bTn + ^ ^or each belb]^ 


n 

then w 


y a certain component 
from 7. Consequently 
tive to 7 and, if 
on b leaving y, 


ye[y] in Q; hence for each y a certain component 

LX 

7 of F must separate k from y . Consequently 

b7n + 0 foi* each belb]^ relative to y and, if 

is the last point of hy^ on b leaving y, 

then w^ is an accessible point of 7^^ from 

A(a , 7„) and the subarc b* of b from w to 
n^ n \ u 

1 defines an end of 7 in A(a^, y^)- Each 

collection these ends is ordered as 

[t)], and, if denotes the corresponding sum and 

we observe that each arc b has diameter < s, we 

have > 3 - N[2 - eM ^N ^]; i-e., 

3 > S - 2eM"^ • The components y^^ just now obtain¬ 
ed are certainly distinct (since they are separated in 
J by the same lines le[l]^). Therefore we have 
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X(r^, a^) > S - 2eM ' > X - eM"’ - ZeM \ 

^ Z Z ^ 

( 2 ) 

> ^ ^X(7,a)-M* 3eM”^ > 

a€[a] y€[y] 

> l(t) - € - 3€ = l(t) - 4£ 

for all n > n^, where ^7^] denote 

the systems of regions C oc, and of components 7^ 
determined above. If lit) = + «>, or at least one 
of the numbers x(7; of) = + 00^ then (2) has to be 
replaced by ^ this proves that 

l(t) < lim as n ^ w and (i) is proved. 


NOTE. The statement (i) holds even if the parameter n is a continuous 

parameter Uq < n < + « with n-> +00^ or n < n < n with 

n-^ n^ - 0 . 


(ii) Given a c. mapping (T, J) and any c. function 

f(p), peE^, then, if l(t) = l(t; T, J, f), we 
have l(t) < lim 1 (t) as t - >t - 0 for all 

- 00 < t < + «. 


PROOF. For every x < t let tj = t - x, fjj(p) = 

f(p) + Of peE^* Then we have fjj(p) X f(p) vinl- 

formly in E^ as o - > 0 + and f^Cp) > f (p) 

for all and a > 0. We have also, with obvious 

notations l(x) = l^(t) = l(t; T, J, f^). Therefore, 
the present statement is a consequence of (i) and 
the note above, if only we observe that instead of 
the sequence [fj^(p), n = 1 , 2, ...] we have the 
system [fjj(p)> o > 0] ordered for decreasing a 
as a — > 0 +. 


(iii) Given the c. mappings (T, J), 


n = 1 , 2, 
JnC J, 


with T 




n 

n 


^ T 


d(T^, T, J 


n 


(V Jn)' 

[i.e., 

) -* c. 
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T J° as n -> oo], and given any c. function 

f(p), peE^, if l(t) = l(t; T, J, f), 

ln(t) = l(tj T^, f), then for all 

~ 00 < t < + 00 we have 


l(t) < 


11 m 


lim 


t-o n 




^ 00 


PROOF. Given e > o let us proceed first as in the 
proof of (i) till the determination of the number 
a = a(e) > 0 and let a * be any arbitrary number 

0 < a' < a. 

Since . T, d^ = d(T^, T, J^) -> 0 as 

n -00 we have also o where 

= max |f[T^(w)] - f[T(v)] | for all wej^. Let 
n^ be the smallest integer such that 

< min [a>, eM"^ N"^] for all n > n^ Then, as in 
the proof of (i), ve have f[T^(w)] < t - 2a + a' for 
all W€k^, a€[Q:] and f[T^(w)] > t - a' for all 

ve 7 , a€[a]. This implies first that, for 

all T such that t-2a+a^<T<t-a' and for 
all n > n^ we have + 0, C^(t) + 0 . where 

D^(t), C^(t) are the sets of all wej where 

f[Tj^(w)] < T, or = T, respectively. Proceeding 
now as in the proof of (i) we have 1 (t) > l(t) - he 
for all n > n^ and t-2a + a*<T<t-aS 
provided l(t) < + oo. if l(t) = + », then the second 
member has to be replaced by as in the proof of 

(i). This assures that, if (p(t) = lim ln(T) as 

1 

n -^00, we have also q)(T) > l(t) - he [or > e" ] 

for all t- 2 a+a'<T< t-a*, where a* is any 

arbitrary number 0 < a' < a. Therefore we have 
tp(T) > l(t) - 4 e for all t - a < t < t, and finally 

l(t) < lim cp(t) as t ?t - o. Thereby (lii) is 

proved. 


NOTE. In (ili) the fionctlon l(t) is a function l"(t). For a function 
l(t) = l'*'(t); l-e., determined by using the components a of D''’(t) 
instead of D"(t), (Hi) is replaced by l'*'(t) < lim lim where 

the interior lim is taken as n - 9 - oo and the exterior lim is taken 


as T 


t + 0 . 
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(iv) LEMMA. Every real single-valued function P(t), 

a<t<b, -oo< p(t) < + 00 satisfying the relation 
(a) F(t) < lim F(t) as t —t - 0 for all 
a < t <-b, is measurable in [a, b]. 

PROOF. By putting f{t) = F(l + |F|we obtain 

a function f(t), a < t < b, - l < f(t) < i, 

satisfying the same relation (or). For every real 
number m, - i < m < 1, let us consider the func¬ 
tion q>(t; m), a < t < b, defined by cp(t, m) = 0 

if f(t) < m; cp(t, m) = 1 if f(t) > m. Now q)(t, m) 

takes only the values o and i. Let us prove that 
cp(t, m) satisfies (a). By (a) for the function f 
we have that^ for every t, a < t < b, and e > o 

there exists & > o such that f(|) > f(t) - e for 

t-6<|<t. If f(t)>m and we choose e > o 
small enough so that f(t) - e > m, then we have 

also f(^) > m for t - 6 < ^ < t; hence 

q>(t; m) = 1, (p(|; ra) = 1 for all t - 6 < | < tj 

if f(t) < m, then cp(t; m) = 0, cp(|, m) = o, or 
1. In any case q)(t, m) satisfies (a). Let us prove 
that q)(t, m) is measurable. If, for a certain t, 
we have q)(t, m) = i, then, by (a), it follows that 
for all i of a left neighborhood of t we have 
m) = 1. Hence the set E^^ of the points 
a < t < b where cp(t; m) = l is a s\m of maximal 
disjoint intervals open at the left, closed at the 
right, and E^^ is thus measurable. Consequently, 
the set E^^ = (a, b) - E^^ where (p(t; ra) = 0 is 
measurable. This proves that the fxanction 9(t, ra) Is 
measurable. Hence, the point set v;here f(t) > m is 
measurable and therefore f(t), as well as F(t), 
are measurable. Thereby (iv) is proved. 

(v) Given the c. mapping (T, J) and any c. function 

f(p), the function l(t) = l(t; T, J, f) 

is measurable in (- co, + co). 

This statement is a consequence of (11) and (iv). 



2 0 . 4 . Two Elementary Lemmas 

If A is a triangle of the w-plane E^, w = (u, v), 
if 9 (v) = au + bv + c is a linear non-constant 
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function, if are the min and max of 

cp(w) in A, If x(t), "^-l < < t^^ is the seg¬ 

ment of A on which (p(w) = t and \(t) 
denotes also the length of x(t), then 

(a^ + h^) area A = / x(t) dt • 


PROOF. The linear function cp(w) has its min and 
max in two vertices w^, w^ of A; hence, if w^ 
is the third vertex and t^ = cp(w^), we have 

^2 ■ Each segment X(t) is on the straight 
line r(t): au + bv + c - t = 0 of E^; hence all 
segments x(t), < t < t^, are parallel, and 

X(t^) divides A into two triangles A^, A^ where 
one may be reduced to a segment. In addition the 
function x(t) is continuous in [t^, t^J, linear 

on each of the two intervals 
[t^, t^], ^^ 3 ^ ^ 2 ^^ 3 -nd 

x(t^) = X(t2) = 0. Therefore 
2"’ X(t2)(t2 - t, ) = 
a"’ [x(t, ) + )] (t^ - t, ) = 

x(t) dt, and also 
area A^ = 2 ~^ ^{r(t^), rCt^)) = 

2 ^ x(t^)(t^ - t^ ) where a = (a^ + b^)^ and 

{r(t^ ), r(t^)} denotes the distance between the parallel 
lines r(t^ ), r(t^). By comparison of the two previous 
relations we have a area A. = x(t) dt. Analogously 

r^ ^ 

a area A = / x(t) dt and by adding these two re- 

3 

lations we have ( 4 ). 

( 11 ) Given € > 0 , a compact set K C Ej^, and any 
Lipschltzlan real function f(p), peEj^, with 
|f(p) - f(p')| < M Ip - p'l for every p, p*e% 
and some constant M, then there exists a q.l. 
function cp(p), P^Ep^, with |cp(p) - f(p)| < 
grad cp < M + € everywhere in K. 

PROOF. For the sake of simplicity let us suppose 
N = 2 . Let f^^^(p), peE^, p = (x, y), be the 
mean value Integral of order n relative to the fimc- 
. tion f (32.1). Then f^^^(p) Is continuous In E^, 
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AND 


has partial derivatives f 
E 


(n) ^(n) 


^ continuous in 

-2^ and is Lipschitzian in with the same constant 

M (32.2, li). Hence both partial derivatives, as 

(n) 

} 


well as the derivative in each direction of f 

In addition, we have 

also srad < M. 


are in absolute value < M. 

grad < M. On the other hand, if Q is 

any closed square containing K, we have f^^^ —^ f 


uniformly in Q. 
that |f^^^ - f| < e/2 


Thus we can fix n in such a way 

in Q. Let us divide Q 

into a finite number of equal squares q by means 

of straight lines parallel to the sides of Q and 

let us suppose that the squares q are so small 

that the function f^^\ as well as the partial de- 

£»(n) £.(n) ^(n) 


rivatives 


have an oscillation 


X ' -y 

< e/2 in each q. Let us divide each q into equal 
triangles t by means of one of the diagonals and 
let cp(p). peQ, be the q.l. function which is linear 
in each triangle t and takes the same values of 
f at the vertices of each t. Then the partial 


t are constant 
(n) ^(n) 


derivatives cp^, ® ^ of 9 in each 
and equal to the derivatives , f'“' of f 

at convenient points of the legs of the (right) tri- 
angle t ( 5 - 13 ) Note 2 ). If A, B are the values 
of the same derivatives at any point pet we have 

|(p^ - A| < e/2, |(py - B| < e/2 everywhere in t. 
Consequently |grad (p(pj - grad f^^^(p)| = 

‘Py^® ■ - A| + - B| < e. 

Finally, grad tp < grad f+ e < M + e, and also 
k - < e/ 2 , k - f| < k - f^^^l + - f 

everywhere in Q. Thereby (ii) is proved. 


< € 


20.5. The Cavallerl Inequality 

( 1 ) THEOREM. If (T, J) is any c. mapping from a closed 

simple Jordan region J of the w-plane E^, v = (u, v), 
into the p-space E3, p = (x, y, z); if f(p), peE , 
is any real single-valued function such that 

|f(p) - f(p')| < K Ip - p'l for all p,p'eE , 

(K > 0 a constant) if l(t) = l(t; T, J, f] is the 
generalized length of the contour C(t), -00 < t < + 

as defined in (20.2), and L(J, T) the Lebesgue area ’ 
of (T, J), then 
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PROOF, 
(b), ( 
(a) 


K L(J, T 



l(t) dt • 


The proof Is divided into the parts (a), 

3 )* 

First, let us suppose that (T, J) is a 
q.l. mapping from a simple pol. reg. 

J = Q C E^ and that f(p) is q.l. in E^. 
Then also f[T(w)] is q.l. in Q and there 
is a regular subdivision S of Q into tri¬ 
angles T such that f[T(w)] is linear on 
each T. Let {t) be the subcollection of 
all T such that f[T(w)] is not constant 
on T and A = T(t) is a non-degenerated 
triangle of E^. Let (A) be the collection 
of all triangles A so obtained. For each 
Ae(A) we can choose any system (l, t]) of 
cartesian coordinates on the plane of A. 

Then f(p) = a| + brj + c, (i, Ti)eA, because 
f(p) is certainly linear on each A. Let 
g*, g be the gradients of f(p) in A and 
in E^ [l.e., in any one of the cells of 
linearity for f in E, to which A be- 

^ p 2 ” 

longs] . Then we have o < (a + b )^ = 

g' < g < K. Let ^2 

max of f(p) in A and let l(t), 

be the length of the segment 
i = i(t) of A on which a| + bt) + c = t. 
Thus l(t^) = l(t2^ ^ define l(t) 

outside (t^, t^) by putting l(t) = 0 for 
all t < t^ and t > t^ • If we consider the 
sets D"(t), D'*'(t), C(t) in Q, then the 
boundary of D"(t) in J is the sum of seg- 

contalned in triangles t and 
whose images are the segments l(t), plus 
sides of triangles t of constancy for T, 
plus segments x(t) as above whose images are 
single points. Each of the segments x(t) of 
the first category separates D (t) from 
D'''(t) in T. For all other segments f[T(w)] 
is constant on each of them- Hence there is 
at most a finite collection [t] of values 
of t such that x(t) may not separate 


t^ < t < t^. 


ments x(t) 


§2 0 . CONTOURS AND THE CAVALIERI INEQUALITY (2 0 . 5 ) 


329 


D”(t) and D‘^(t) in x. For all t not in 
[t], the number l(t) = l(t; T, Q, f) is 
equal to the siun zl(t) of the numbers r(t) 
for all T€[x]. By (20.4, 1 ) we have 

K a(T, A) > kV area A>Vf l(t)dt = 

t€[t] ■ ^ J-co 



+ 00 

Xi(t) 

00 


dt 



+00 


CO 


Xl(t) 


dt 


Thus ( 5 ) is proved for both (T, Q) and 
f{p) quasi linear. 



Let us suppose (T, Q) is still quasi linear 
in a simple pol. reg. Q C E^ and f(p), 
peE^, be any Lipschitzian function in 
with constant K > 0. 


there exists a sequence 
n = 1, 2, 
q.l. in E 


• • • 


3 ^ 


grad fj!j^{p) < K + n 

If fj,(p) -'ruv) + n 


By using (20.4, ii) 

PGE3, 

of continuous functions, 

f'(p) - f(p)| < n 


such that 

-1 


-1 


-1 


everywhere in E 


peE 


3 


f'(p) < ^ + 2 n 

grad f^ = grad f;. < K + n 
peE 


-1 

-1 


3 ^ 


we have 


for each 


n ^-n - 

By (a) we have 

(K + n''' ) a(T, Q) > / 1 (t) dt where the 


' 3 * 


(- », + 00 ) and 


range 01 integration is 

Ij^(t) = l(t; T, Q, f^). By (20.3, i) and 
Fatou's lemma [S. Saks, I, p, 29] we have, 

Q-s ^ ^ K a(T, Q) > / l(t) dt. Thus 

( 5 ) is proved for all Lipschitzian functions 
f(p) and (T, Q) quasi linear. 


(c) Let us suppose now that (T, J) is any c. 
mapping and that f(p), peE^ is any 
Lipschitzian function of constant K > 0. 
If L(J, T) = + 00 , or K = 0, or both, 
(5) is trivial. Therefore let us suppose 
K > 0, L(J, T) < + 00 , By (5*6, iv) there 
is a sequence (T^, Q^) of q.l. mappings 
from simple pol. regions such that 
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d(T, T^, 0 ^) -> 0 , a(T^, 0 ^) ->L(J, T) 

as n -Let = l(t; T^, f) 

and T(t) < lim as n —=> », for 

all - oo<t< + “. By(b)we have now 
K T^) > / dt, where the range 

of integration is (- oo^ + oo). As n —>«», 
and by Fatou*s lemma, we have 
K L(J, T) > / 9 (t) dt. For every h > 0 
the substitution t = t* - h, gives 
K L(J, T) > / 9(t - h) dt and, since, by 
(20.3, iii), l(t) < lim cp(t - h) as 

h - 3 - 0 +, by Fatou *3 lemma we have 

finally, K L(J, T) > / l(t) dt. Thereby 
( 1 ) is completely proved. 


*20.6. Bibliographical Notes 

For formulas analogous to (20.5; 5 ) involving k - and (k + i )-dimension¬ 
al Hausdorff measures (2.13); s©© S. Eilenberg [i]> S. Eilenberg and 0 . E. 
Harold [1], L. C. foung [ 1 , 10], A. S. Besicovitch [lO], E. R- Reifenberg 
[ 1 ] . In the last three papers such formilLas are extended to parametric 
continuous surfaces [k = 1 ] and in the last two papers formulas in- 
volving Lebesgue area are also given. On this subject see H. Federer LoJ. 

The present discussion concerning (20.5, 1 ) and the concept of generalized 
length defined in terms of ends as the Jordan length are published here 
for the first time (Abstract Bull. Am. Math. Soc., 57 , 1951 , P* 

For further discussion see L. Cesari [ 44 , 47 , 48 ]. For application of 
(20.5, i) see, besides §§20, 24 , 36, also R. E. Fi^lerton [ 1 , 2 ] on the 
existence of special regifLar representations (9-6) of non-degenerate sur¬ 
faces (§ 35 ). For smoothing processes of contours see R. E. Fullerton 
(loc. cit.) and L. Cesari (loc. cit.). 

Formula (20.5; 5) is an extension of elementary formulas often used, 
for instance L. C. Young [l], L. Cesari [ 42 ], H. Lewy [IJ* 
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§21 . THE EQUALITY V = U 


21*1. The Indices d, m, a 

Throughout the present chapter we shall denote by (T, A) any c. mapping 
from an admissible set A of the w-plane E^, w = (u, v), into the 

p-space E3, p = (x, y, z), and by (T^, A), r = 1, 2, 3, the plane 
mappings which are the projections of (T, A) 
xy-planes E^^, E23. 

Let P be any figure ( 5 .1 ), P C A, and S = S' + S" be any finite sub 
division of P into simple pol. regions qeS' and non-simple pol. reg. 

RcS**® Rss . T) •... *n ^ T J> 

^= 1 . 2 , 3 , 


on the coordinate yz, zx, 


^ - (Pq' P^)j ( 5 * 1 ), and let d^, ra^, 


r' 


be the Indices of S with respect to (T^, A) (12.6). Hence 


dp = max diam [Tp(q), T^(R)] for all qeS', 


where z! 


ReS": nip = |Tp(z^ q*)|. 


Op = E'' Z* 


• t 


P ' -1 < / p 

Q ranges over all regions qeS* with q C F*^; 
diam T^(p*), where z* ranges over all boundary curves p* 

of R and Z" over all regions RcS". Let us denote by “indices"'' 

d, m, o with respect to T of the subdivision S' + S" of P the non¬ 
negative numbers d = max diam [T(q), T(R)] for all qeS', RgS", 

r = 1 , 2 , 3, and o = z" z* diam T(p*). Obviously we have 
O- < a, r = 1, 2, 3. 

are all 

BV, then for every figure F C A and positive 
number e there are decompositions 3=31 + s** 
of F with d, m, a < e. 


m = ma:jc 

tip < d, m^ < m, ^ 

(1) If the mappings (T , A), r = i, 2, 3, 


r C Kp 


PROOF. Since F C A the mappings (T , P), 

r = 1 , 2, 3, are BV. Let Kp = Tp(P) and P 
be the subset of Kp defined in (16.10, Note), 

^ > 2, 3. Since all three mappings (T , P), 

^ = ’/ 2, 3, are BV, we have |P|=o, r=i,2,3 

(16.10, 1). Let Hp C Kp be any closed totally dis¬ 
connected set such that |Kp-Hp|<€, HpP =0 

(12.6, Note), where we can suppose Hp vacuous if 
IKpl < €. Finally, let ® = T‘’(H,) + t:’(H ) + T"’ 

Since H^Fp = 0 each component of the closed^set ^ 

(P)i peH^, is a continuum g€r(T, F), and since 


(H ). 
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each is totally disconnected also, the components 

of the closed sets T^Vh^) are continua g€r(T, P). 
The same holds for ^ . Therefore we can apply 

11 ) to each of the N (disjoint) components Q 
(pol. regions) of the figure F, where we replace € 

Then there is a subdivision S = S' + S** 
of F into simple pol. regions qeS* and not simple 
pol. reg. R€S'', R = (p^, p^, p^), such that 

dlara T(q) < €, dlam T(R) < e, z' * z* dlam T(p*) < €, 
where z**, z* are extended over all ReS** and over 


by N ^ . 


all boundary curves p*, p*, p* of R, and such 

that Tc* ^ = n* P* R* ^ = R* P* ^ . We have 
d = max diara [T(q), T(R)] < e, a = z* ' z* dlam T(p*) < 
and finally m^ = |T^(Z^ q*)*| < |K^ - H^| < €, 
r = 1 , 2 , 3 , where z^ ranges over all qeS', q C F° 
and finally ra = max m^ < e. Thus d, m, a < e, and 
(i) is proved- 


NOTE. Because of n* ^ = n* F* ^, R* ^ = R* F* ^, it follows that, if 
M is the set M = Z* q* + z'' R*, where z*, z'' range over all qeS', 
ReS'', we have TpClVI F*^) C Kp - ^ , r = 1 , 2, 3 , and hence 
1 T^(M PO)! < €, r = 1 , 2 , 3 * 


For later use we add here also the following observation. By using the no¬ 
tations of ( 5 - 4 ) and ( 5-11 ), let t: q = t(p), be any orthogonal linear 
transformation from the p-space E^, p = (x, y, z), onto the q-space 

0 . = Ti, (change of orthogonal cartesian coordinates) and let 

(T', A) be the mapping defined by T* = tT. Let (T^, A), (T^, A), 
r = 1 , 2 , 3 , be the plane mappings which are the projections of T on 
the yz, zx, xy-coordinate planes in E^ and of T' on the t) 5 , Cl/Sn - 
coordinate planes in E^. For each figure F C A and subdivision 
S = S' + S' ' of F as above we have certain indices d, m, cr of S with 
respect to T and d', cj' of S' with respect to T*. We have already 

proved (l8.10, vl) that the mappings (T^, A), r = 1 , 2 , 3 ^ are all BV 
if and only if the mappings (T^, A), r = l, 2 , 3 , are all BV. 

( 11 ) If the mappings (T^, A), r = 1 , 2, 3 * are all 
BV, then for every figure F C A and positive 
number e there are decompositions S = S' + S'* 
of F with d, m, a < e, and d*, m*, cr* < e- 

PROOF. First let us observe that t Is defined as in 
( 5 - 7 ) by real numbers a, b, c and an orthogonal 
matrix H with determinant |H| = + hence + 0 . 
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Therefore the functions x(w), y(w), z(w) (components 
of T(w)) are constant on a set I C A if and only if 
the functions l(v), ti(v), ^(w) (components of 
T*(w)) are constant on I; hence the two collections 
r(T, F) and r(T’; F) [ 10 . 4 ]coincide- Now let us 
proceed as for (1) where we consider certain sets 
C T^(F), r = 1^ 2, 3, and analogous sets 
C T^(F), r = 1, 2, 3, defined quite independent¬ 
ly^ and whose properties are listed above, i-e., 

are closed, totally disconnected, 

|T^(F) - < e, |T^(F) - H^| < €, and H^F^ = 0, 

where F^, F^ are the sets defined in 
(i6.io, i) relatively to the mappings T^, T^, 
r = 1 , 2 , 3 - Now let ^ 

The subdivision on S, defined by making use of 
this set ^ , satisfy both requirements d, ra, o < e, 
and d', m', a* < €, as in the proof of (a). 

Thereby (ii) is proved. 


21.2. The Function V As A Limit 

The statement (12.8, 1) for plane mappings can now be stated and proved 
for all c. mappings from A into E^. 

(i) THEOREM. If (T, A) is any c. mapping from an 

admissible set A C Eg into E^, if the plane 

mappings (T^, A), r = i, 2 , 3, are all BV, then 

for every sequence [F^j of figures F C F 

o o ^ n n+1' 

^ ^n ^ ^ finite subdivision 

^n " ^n ■*' ^n' simple pol- regions 

qeSj!^ and non-simple pol. regions ReS^l^^', whose 

indices d^, m^^, -> 0 as n -> 00, ve have 


11m 

n- > CO 


I 




v(q, T) = V(A, T), 


lim 


Z 


n 


« 


qeSA 


v(q, 


T ) 
r 


= V(A, T^), 


r = 1, 2, 3- 

PROOF. The second equalities are already proved in 
(12.8, i). Let us prove the first one. By defi¬ 
nition of V(A, T) there is a finite system 
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of non-overlapping closed simple pol. reg. « C A 
such that T) > V(A, T) - e, where the Siam 

Zq Is extended over all and € Is any posi¬ 

tive number. By ( 9 *l> Note) we can suppose n C A*^ 
for all Therefore there Is an Index n^ 

such that ^ ^ ^ 


Since the mappings (T^, A), are BV, the functions 

N(p; T^, A), are L-lntegrable, r = 2, 3 ; 

hence, given any j] > 0, there exists a X > 0 such 

that (h) / N(p; T^, A) < ti for every measurable set 

h C Eg^, lh| < X. Let B^, B^, B^^ be the sets 

defined In (i2.6) for the mapping (T^, A) and the 

subdivision S^^ of Then ^ 

iB I < ^cr provided a <1. Hence there Is an 
‘ onr n n 

index such that, If h^ = B^ + we have 

Ih^^l < X for all n > n^, r= 1 , 2 , 3 * 


By ( 12 - 7 , 1 ), for each r = l, 2, 3 , for each neS^, 
and for each point peE^^^ there exists an Index 
n = n(r, n, p) such that, for all n > n(r, n, p), 
either peh^^, or 0(p; C^^ 


It»), c 


(T » q*), qeSj^, 


■' 'nr 
extended over all q®S', q C 


- 

) = z 0(p; Cj^), where 

and where 


jt 


Let cp 


z is 

np(p) = s IO(p; 


nr 


)i 


If p does not belong to h^^, = N(p; T^, A) If 

p€h^. Then | 0 (p; Cq^)! 1 l^nr^P) for all n > H(r, «, p)j 
that is |C(p; Cq^)| < 11 m 9 nr(p) as n ->■ =». By 


Patou's lemma [S. Sales, I, p. 29] we have also 


v(«, T^) = (Eg^) I | 0 (p; C 


or>l < (^ar) ^ '^nr^P^- 


(Egr) / ‘Pnr 


(p) < (Egp) / 


s| 0 (p; C^)l 


Let us now observe that 

+ (h^); N(p) 

and that the last integral is < e for all n > ng. 
Thereiore we have also 

v(«, Tp) < Ita (Egp) / Z | 0 (p; C^)l = lira S v(q, T^). 
Consequently 


v(n, T) = [tj. v^(«, Tj.)]^ < (Ej, [Ita Z v(q, T^)| 

< (llm [2: v(q, T^)] 2)2 < Ito t v(q, T^)] 2 , 
where in the last step we have applied (2.10, c). 
conclude that v(«, T) < 11 m Z v(q, T) as n 
Finally V(A, T) - € < v(«, T) < 11 m t v(q, T) < 

lim S' v(q, T), where Z' ranges over all qeSj!^. 
Since Z' v(q, T) < V(A, T), we deduce that 
V(A, T) = lim S' v(q, T). Thereby statement ( 1 ) 

is proved. 


We 
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NOTE 1. Under the conditions of (i), if A' denotes any admissible set 
A C A and ve consider all those (closed) regions completely 

contained in A*, then we have 

lim E v(q, T) = V(A', T) 

n-^ 00 qeSj!^,qCA* 

The proof is just the same as above. 


NOTE 2. As in (9-16) and ( 12 .15) we may consider finite subdivisions S 

of into pol. regions R (simple, or not) and we may consider for 

each R€S^ the functions q)(p; R, T), v^^ = v^(R, T^) = (E^^) /|(p{p; R, T ) 

^ = 1; 2, 3, v^(R, T) = (v*^ + v^p + v^^)i, and the indices d 


/ . *2 ' ''*3 

(analogous to the first two indices d, m 

ir 

^ = 1/ 2, 3, where 


d = max dlara T(R) for all ReS 


ranging 


n' % 

Mnr = T (E R*) c E_, and 


of 2 1.1) defined by 
= max 

L 


■n> ^ 


h 


with R C F 


the conditions of (21.2, i), if s 


o 

n 


o 


M^l for all 
denotes any sura 


(see 9 *i 6 and 12.15). Then, under 

denotes any finite subdivision of F 

Into pol. regions R whose indices d^^, ^ 0 as n-> oo, then we 

have 


li® E v.(R, T) = V,(A, T), 
n-» 00 ReS 

n 


lim ^ v*(R, T^) = V^(A, 
n- *■ 00 RcS 


r = 1 , 2 , 3 - The proof is the same as for (21.2, i). An analogous modi- 
fication of the next limit theorem (21.3, i) holds. 


21.3. The Equality V = U 

This equality will be proved in ( 11 ) together with the following statement 
(i) which assures that also the function U is a limit. 

(i) THEOREM. If (T, A) is any c. mapping from an ad¬ 
missible set A C Eg into E^, if the plane mappings 

(Tp, A), r = 1, 2, 3, are all BV, then for every 

sequence [F ] of figures F C F , F C A 

T?o t aO ^ ^ n n+r ^n ^ 

1 A , and for any finite subdivision 

^n " ^n ^n* ^n simple pol. reg. qeS* 

and non-simple pol. reg. ReS^!^*, whose indices ^ 
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^ 0 as n- > co, we have 

lim Zt u(q, T) = U(A, T), 
n-> 00 

11m Zt |u(q, T^)| = U(A, T^), 
n - > 00 


r = ^, 2, 3, where z' ranges over all 
q.S^, q C F°. 

( 11 ) THEOREM. If (T, A) Is any c. mapping from an 
admissible set A C E^ Into E^ and the plane 
mappings (T^, A), r = 2, 3, are all BV, 

then U(A, T) = V(A, T). 


PROOF OF ( 1 ) AND ( 11 ). The second relation In ( 1 ) 
has been proved In (12.9, 1 ). By (12.9) we know that 
0 < U(A, T) < V{A, T), and that 
0 < |u(q, T^)| < v(q, T^), r = i, 2 , 3 ; 

0 < u(q^ T) < v(q, T) for every By making 

use of the Inequality (2.10, b) and of the defi¬ 
nitions of u(q, T) and v(q, T) (is-l; 12.9) we 
have 




u 2 (q. 



5:^ V^(q, T^) 


1. 

2 



0 < v(q, T) - u(q, T) < 

1 . 

2^2 


|^v(q, T^) - |u(q, T^)l]^} < 


If E' denotes any sum extended over all q^S^ 
have now 


0 < 


E' v(q, T) - 2 ' u(q, T) < Z' 


v(q, - |u(q, T^) | j 


E' v(q, T^) - 2 ' |u(q, T^)| 


By (12.9, 1 ), (12-8, i) and (21.2, i) we have now 

E' u(q, T^) -»U(A, T^), E' v(q, T^) -»V(A, T^), 

r = 1, 2, 3 , S' v(q, T) -^V(A, T) as n -» “ 

and also that U(A, T^,) = V(A, T^.), r = 1 , 2, 3 , 
(12.9, ill)- Therefore the last member in ( 1 ) 
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approaches zero as n-and, as a consequence, 

Z' u(q, T) - »V(A, T) as n -Since 

U(A, T) > Sup E' u(q, T) (12.9), we have 

V(A, T) < U(A, T), while we know that 0 < U < V. 

Thus U(A, T) = V(A, T) and finally lim z' u(q, T) = 

U(A, T) as n - >00. Therefore both (i) and (ii) 

are proved. 


NOTE. Under the conditions of (i), if A' denotes any admissible set 
A' C A and we consider in A all those (closed) regions q^S^l^ complete¬ 
ly contained in A*, then we have 

llm Y u(q, T) = U(A', T) 

n -> 00 q€Sjl^,qCA* 

By making use of (21.2, Note), the proof is just the same as above. 


21.4. A Theorem of Additivity for V 

We shall consider sets h C A having the following properties: 

(1 ) A - h is the countable sum of disjoint admissible 
sets A - h = A^ + A^ + ■.•; 

(2) for every figure P C A° the set Fh is compact and 
|T^(Fh)| =0, r = 1, 2, 3 - 

For instance, h may be a set of polygonal lines, or of arcs, or of in¬ 
definite arcs, (19-10), not necessarily disjoint, but satisfying properties 
(1) and (2). By taking a sequence [F^] of figures invading A° we de¬ 
duce immediately that the set hA*^ is B-measurable as well as its image 
T^(hA°) C r = 1 , 2 , 3, and that |T^(hA°)| =0, r = 1 , 2 , 3 - 

(i) THEOREM. If (T, A) is any c. mapping from an ad¬ 
missible set A C Eg into E^ and h C A is any 
set having properties (l) and (2) above, then 
V(A, T) = Zj V(Aj, T), W(A, T^) = Zj W(Aj, T^), 

= 1 , 2 , 3, N(p; T^, A) = Zj N(p; T^, A^) for 
almost all p^Eg^, r = 1, 2, 3, and analogous re¬ 
lations hold for V", W"*", W", N'*', N". 

PROOF. Let us consider a sequence [F^^] of figures 

^n C Cr F° T and let h^, be 

the compact sets h^^ = P^h, = T^(hj^), r = i, 2, 3. 

For each n, r, and p > 0 let be the open 

set of all points peEg^ with {p, < p and let 
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and 


a p 


C E 


nr 
Let p^ 

for all 

the set 

t > n. 
and, If 


^3 


0 


p ' “2r^ 

= 0 as 
such that I IT 


V as 

p -> 0 +. 


p -> 0 +, 

Hence there is 


= min [p^,, 


< 2 for all 
Thus 


P < P 


n 

= ^H^t 


"n3^- 


" - "nr- 

IV-1 < 2-"^ 


*np' 

= 1, 2, 3. Let Vo 
where z ranges over all 


• • 


^no 

l^nol <2 2"'^= H 

TT ^ T ^ ^■^,n+l,o 

is the intersection set ^20 

, we have |K^| = o. 


For each n let 
division of F 




Si + S 


t f 


finite sub- 

and 


“n 


^n' “Ti' n 
d < rain [2 


qeS* 


n -^n 

^ into slraple pol- reg 
non-simple pol. reg. ReS^* whose indices 

a satisfy the following relations: 

< 2"^ - - 


Pnl. 


(mn + + 


"n< 2 


00 




"n 

(T 


for instance, the mapping 

have Z* |0(p; ) | -^ N(p; T 

- J 


3^ 


Thus 

0. Let us consider, 

A). By (12. n, 11) we 
A) as n-> 00 for all 


” *^3 is the set of measure zero In 

considered in (12. n, 11), and C^: (T , 


q*), qeS*. 


Let p be any point **3 -.3 

ists an index n = n(p) such that peE 
for all n > n(p); hence 


also {p, > 

over all qeS* 


- “ *^3' Then there ex- 

23 ' *^3 ’ ^3no 

9 0 - Jo “ and 

23 3 3np 


peE 


n 


Let 


ranging 


0(p; C ) + 0, 


(T,, q*). 


3 . VX 3 , 


T,(a) 


such that 

If q is any of these regions qeS^ with 

then there is at least one point 

(8.6, 11); hence 

contained In the d^-nelghborhood of p with ’d^^ < 

qh^ = 0. 

Since q C F^, h^ = F^h, we ^have qh = 0 and hence 

for some j. If denotes any sum 

with q C A., we have 

J 


o(pj c^) + 0, 
w^eq® with T (w^) = p 


As a consequence T^Cq^^i = ° also 


is 

Pn 


q C A. 


ranging over all qeS^ 


0(p; C^)! = 


* 

z = 




2 ( 2 ) ^ 


(3) 


• ♦ • 


< Zj N(p; T^, A.) 


for all n > n = n(p). Since the limit of the first 
member as n -* » is N(p; T^^ A), we conclude 
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that N(p; T^, A) < N(p; T^, A^). This relation 
holds for all points peEg^ " ^3 ” '^3» i-e-j almost 
everywhere in Eg^ (l 2 .l 4 ). Since the contrary re¬ 
lation holds for all peEg^ (l2.i4), we conclude that 
N(p; T^, A) = Z. N(p; T^, Aj) a.e. In Eg^; hence 
by integration, we have W(A, T^) = Ej W(Aj, T^). The 
same relation holds also for T, and Tg. Thus we 
have proved that W(A, T^^) = Ej W(Aj, T^), 
r = 1, 2, 3; hence by (12.8, 11) we have also 

V(A, T^) = E^. v(Ay T^), r = 1 , 2 , 3 . 

By ( 9 • 1 ^ i) we have now 

V(A, T^) < V(A, T) < V(A, T^), r = 1 , 2 , 3, 
V(Aj, T^) < V(Aj, T) < E^ V(Aj, T^), 

^ ~ ^ ) 2 , 3 / J” ^ t 2 , ... 

If V(A, T) = + 00 then, by (2), we have 
V(A, T^) = + 00 for at least one r, and, by (l), 

we have also Lj T^) = + 00 for the same r. 

Finally, by (2), we have L, V(Aj, T) = +00. 

Vice versa if V(Aj, T) = + co, then, by (3), 
we have successively Zj (z^ ^r^^ " 

^r "^r^^ = + 00, and hence 

least one r. Then, by 
(1 ), we have V(A, T^) = + co for the same r 

and, by (2), we have V(A, T) = +00, Thus we have 

proved that V(A, T) = + 00 if and only IT 

Z. V(A., T) = + a,. 

J J 

Consequently we need prove the equality 
V(A, T) = Zj V(Aj, T) only in the hypothesis 
V(A, T) < + 00^ Sj T) < + “j hence 

V(Aj, T^) < + 00, r = 1, 2, 3, and the three 
mappings (T^, A), r = i, 2, 3, are BV. 

Since the fionctions N(p; T^, A), peE^^, 

^ 2, 3, are L-lntegrable, given e > 0 there 

is a number 0 > 0 such that (I) / N(p; T , A) < c 
for all measurable sets I C |l| < a, 

^ 2, 3. Let n^ be the smallest integer 
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S' = Z. 
n 3 


such that 2 < a for all n > . Let us con- 

siderj for each n, the decomposition 

^nj ^no collection S^!^ we obtain 

by putting each region qeS^!^ In S^ ., accord¬ 
ing q C A. or qh Jf 0, and let be any 

sum ranging over all 

j = 1 ^ , ... . Hence 

j = 2 . 


• • 


n Snj- 

and let 

^no' nespectlvely, 

< V(Aj, T), 

for all n. On the other hand, for 


hence 


each we have qh =|= o, q C P , 

qhj^ + 0, where h^ = p^h, and finally T^(q)H = o 

Since diam T^(q) < diam T(q) < d^ < p^, the whole 

set T^(q) is contained In a circle 7^ = y 
whose radius is < p 


of T^(q)H^^. Thus 


is contained In a circle y^ = y^(q) 

and whose center Is any point 


n 


for all peE 


- 7 


'"r 
peE, 


(T 


r^ 


2 r 'r* 

0 .*) • We have also 


c and 

2 ? 3 , 


r 

r = 1, 


o(p; 

where 


Op) = 0 


while 


Hr: 


'2r ■ Hrnp^ -- .--rnp^ 

n > n . Therefore we have 


0 (PJ C^) = 0 for all 
< 2 ^ < tr for all 


I0(p; C^)| = 

^no^Hpjjp^^ ^ |o(p; C^)| = 

= ^Hrnp^) / ^no C^)! < 

- ^Hpnn ^ ^ N(p; T , A) < e 

n 

for each r = i, 2, 3 ^ and n > n^. We have also 

X 

^^no T) = Z^^ [ Z^ v2(q, T^)] < 

< ^no ^r T^) < 3€ . 

By (21.2, 1 ) we have (z^. Z^^j + z^^) v(q, T) -> V(A, T) 

as n-?■ oo and hence there exists an Integer 

n^ > Uq such that (Zj Z^j + z^^) v(q, T) > V(A, T) - e 
for all n > n^ . Then for all ^ ^ we have 

T) > Zj v(q, T) > V(A, T) - he, where 
€ > 0 is any given number. Thus L, V(Aj, T) > V{A, T). 
By ( 9 * 5 i i) the contrary relation holds and thus it 
is proved that V(A, T) = Zj V(Aj, T). Thereby ( 1 ) 
is proved. 
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21.^ A triangular Inequality for V 
( 1 ) If (T, A) is any c. mapping from the admissible 


set ACE 


V^(A, T^ ) 


into E^ then 
+ V^(A, Tg) + V^(A, T ) 


< V(A, T,) + V(A, T,) + V(A, T,) . 


< V(A, T) < 


PROOF. By ( 9 - 1 , i) this statement is trivial if 
V(A, T) = +00. Thus we can suppose V(A, T) < + oo 
and hence, by ( 9 - 1 , i), also V(A, T^) < + co, 

^ ~ 1 ^ 2, 3 * The second inequality has been proved 
already in ( 9 * 1 > i)* Let P be any sequence of 


T A^ 


let 


be any subdivision of P into 


figures C A, C P^^,, P° t A°, let 
= Sj!^ + Sj!^' be any subdivision of P^ into 
simple pol. reg. and non-simple pol. reg. 

ReS'' whose Indices d , nu, -» 0 as 


00 . 


whose indices d^, m^, -» 0 as 

'• If 2' denotes any sum ranging over 


all ^ieS' we have, by (21.2, i), 


2'v(q, T^) -»V(A, r = z, 3 , 

S'v(q, T) -^ V(A, T) as n -.• 00. On the other 

hand by definition of v(q, T) (12.1 ) and by 

making use of the inequality (2.10, c) we have 


V(A, T ), 


E'v(q, T^) 


-| 2 

< "^r^ = T) 


As n-> 00 we have immediately 

V(A, T). Thereby (i) is proved. 


[Z^V^CA, T )]^ < 


NOTE. The statements (5.15, i), ( 9 - 1 , 1 ), (18.10, i and iv) and (21 ^ i) 
are really overlapping since, as we shall prove in (24.1, 1), we hlve^' 

deuenriPn+T' . The statements quoted above need be proved in 

dependently in preparation of the proof of the deep-seated identity L=V 

*21.6. Bibliographical Notes 

(21.2, i), (21.3, i) are published here for the first 
(21.2, i) gives a regular always valid procedure ton 

are proved in L. Cesari [12] by'means of L^a^alSjus^irScedure^^ 
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§ 22 . SOME LIMIT THEOREMS FOR THE FUNCTIONS U AND V 

22.1 Some Theorems on Plane Mappings 

(i) Let (T; A) be any c. plane mapping from an admissible 
set A of the w-plane Eg into the p-plane let 

(Tn^ ^n^' ^ ^ be a sequence of q.l. 

mappings from figures C A into E^ such that 

->T ( 5 * 3 )> let It C A*^ be any simple closed 

pol. reg. and C: (T, n*), it*), and 

suppose that lim v(it, = v(it, T) + X, \> o, 

as n- >00. Then, given any e > 0 , there exists 

a finite system [q] of non-overlapping simple 
closed pol. regions q C it such that T(q) C [C]^ 
and 11 m 2 v(q, where [C]^ is the 

e-neighborhood of [C], and where s is extended 
over all qelq]. 

PROOF. Since it is compact, T is uniformly con¬ 
tinuous on It; hence there is a nimiber & = 6 (e) 
such that |T(w) - T(w*)| < for all points 

w, w'eit, |w - w*| < 6 . Let [q] be any finite 
subdivision of it into simple pol. regions q all 
of diameter < 6 . Let [q] ' be the subsystem of 
all qe[q] such that T(q)(E^ - tC]^) = 1 = 0 and put 
[q]'* = [q] - [q]*. Then T(q) C E* - for 

all qe [q] ' and T(q) C [C]^ for all qefq]'*. Let 
z, z*, z’* denote any sum extended over all q€[q], 

[q].', [q]*S respectively. We want to prove that 

(cc) 11 m z' 'v(q, > x as n —> Suppose this 

is not true, therefore, (P) Z^'v(q, T^) < X - a, 

a > 0 , for infinitely many n. Let n be the 
smallest Integer such that it C F^, d(T, T^, F^) < 3 e 
for all n> n ( 5 * 3 ) and let C: (T, n*), 

^n* ^"^n" n > n. Then, by ( 8 . 3 > 1 ), we have 

(7) 0 (pj C) = 0 (pi Cj^) for all n> n and 
peE^ - For each n> n and qe[q] let 

c: (T^, q*) and let I C E^ be the set sm of all 
sets [cJ. Since the mappings T^ are q.l*, eaoh 
set [c] has measure zero. Hence |I| =0 and, 
by ( 8 . 6 , 1 ), ( 6 ) 0 (p; C^) = £ 0 (p; c) for each 

n > n and peE* - I; that is, a.e- in E^. We have 
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v(«, Tj^) = (E^) ; | 0 (p; Cj^)| = I (E^ - 

/ I0(pj 0^)1 = + Jg . 

Because of (7) we have 


- ^^h/3'> / I 0 (p; C)| < (E') ; 


| 0 (p; C)| = v(n, T) . 


Now for each qe[q]' the set T(q) is completely 
contained in a circle r of center in a point 
peE^ - [C]g and radius e/3; hence r C E^ - (C) , . 

Consequently 0 (p; c) = 0 for all points p outside 
r and hence for all P6[C]2^/^, (qe[q]', n > K). 
Because of ( 8 ) and of the last remark we have 


Ja = ([0^/3) / 


| 0 (p; c^)\ < L ([0^/3) / I 0 (p; C)| 


E ([^1^/3) ; | 0 (p; C)| < 2; (E^) ; | 0 (p; c) 


= ^ v(q, Tj^) . 

Thus^by (f) we have < x - a for infinitely many 
n > n. Therefore v(n, T^) = J, + < v(n, T) + x - 

a > 0 , for the same n, and finally 
iim v(n, T^) < v(jt, T) + X - cr, where llm is 

taken for all Integers n -> co, a contradiction 

since the same llm is v(n, T) + x. Thus (a) is 
proved and the system [q] of the statement ( 1 ) is 
the system [q] " . Thereby ( 1 ) is proved. 

(ii) Let (T, A) be any BV plane mapping from an 


admissible 


p-plane let 

figures F^ C A°, 


into the 


=n ■ • 3;' 


[E^] be E 

F C F 
n n+r 


be an/ sequence of 

F° r A°, let 


be an/ finite subdivision of P 

4 


into simple pol. reg. qeS^^ and non-simple pol. 
reg. ReS/, whose indices d^^, _»o 

as n- >00, and denote by z' any sin extend¬ 


ed over all qeSj!^, q C P° (1 

^^t' ^t^' t = 1, 2, be 

c. plane mappings such that P 


q C (12.6). Let 
■•■, be any sequence of 


T as 


+ hence 


" ft.,. 


f a“. 
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d(T, P^, f^) >■ 0 as t - >+ 00, and suppose 

that W(f^, P^) ->W(A, T) as t -» + oo. Then, 

for every integer n there Is another integer 
t(n) such that, whenever t ^ t(n) we have 
Pn C and 

(1 ) 11 m S' lu(q, P.JI = U(A, T), 

n-> 00 ^ 

(2) lim s' |u(q, P ) - u(q, T)| = 0 


uniformly with respect to t > t(n). 

PROOF. By (21.3, i) we have (a) lim Z*|u(q, T)| = 

U(A, T) as n - >co. Since W(A, T) < + oo, 

^^^t^ W(A, T) as t - >00, there is a t^ 

such that W(f^, ) < + oo for all t > t^. Since 

C is compact, and f A° as t -co, 

then for every n there is an integer t^(n) such 
that F^ C for all t > t^(n). Since 

(P^, f.^) -> (T, A) and W(f^, P^) ->W(A, T) 

as t ->-00, by (i2.li, iii and Note), given e > o, 

there exists 6 > o such that (h)/N(p; P^, f^) < 

(h)/N(p; T, A) < e for all measurable sets h C E^, 

|h| <6 and all t ^ Since m^^ - y 0 there is an 

n^ such that < 6 for all n > n^. Now let us 

consider, for every n > n^, the compact sets 
B^ defined in ( 12 . 6 ), i. e., B^ = z * q* C , 

®n " " T(z*q*) C E^. Thus m^ = |B^| < 6 for 

all n > n^. For any p > 0 the p-neighborhood, say 
(Bj!^) , of has the following properties: 

(B^^p 3 B^, (Bj!^)p - Bj!^ - >0 as p - .0 +; hence 

I (B') - B'I - > 0 as p -> 0 +. Therefore there 

li p ii 

exists a number p^ > o such that I (B' ) - BM < 6 

^ ^ ^n ^ 

and hence l(B*)^ I = |B'| + |(B*) - B'| < 6 + 5 = 26 

n Pn n ^ Pn ^ 

for all n > n^. Let denote the set 

= (B^)p C E|. Because of d(T, P^, f^) —^ 0 

as t -» 00, there exists an index t(n) such that 

t(n) > t^, t(n) > t^(n), d(t, P^, f^) < p^ for all 

t > t(n). Consequently, if C: (T, q*), C^: (P^, q*), 

where 0 . ^ we have ||C^, C|| < 

for all t > t(n) and, by (8.3, i), also 0 (p; C) = 0 (p# C^) 
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3^5 

for all peE^ - t > t(n). Consequently 

0 (p; C) = 0 (p; C^) for all peE^ - H^, qeS^!^, 

Q. ^ t > t(n). Thus for every n > n^^ t > t(n), 

we have 


2 'lu(q, P^) - u(q, T)| = l'|(Ep J o(p; C^) - (Ep / o(pj C )1 = 

= 2 '|(H^) ; 0 (p; C^) - (Hj^) / o(p; C)| < 

< (Hj^) / £' 10(p; C^)| + (Hj^) ; It |o(p; C)| < 

<(H^) ; N(p; P^, f^) + (H^) ; N(pj T, A) < 2 € + 2 e . 

Thereby (2) Is proved- Relation (1) is a consequence 
of (2) and (a). 


22.2. Some Theorems on c. Mappings (T, A) Prom A C E^ Into E 

(i) Let (T, A) be any c. mapping from an admissible set 
A of the w-plane E^, w = (u, v), into the p-space 
E3, P = (x, y, z), and let (T^, A), r = 1 , 2, 3, 
be the plane mappings which are the projections of T 
on the coordinate yz, zx, xy-planes E^,, E^ . 

Let [p^] be any sequence of figures P C A°, 

^n ^ ^n+r ^n ^n " ^n ^n' 

finite subdivision of P^^ into simple pol. reg. 

qeSj!^ and non-simple pol. reg. RcSj!^', whose in¬ 
dices dj^, —» 0 as n -»oo (21.1), and de¬ 

note by E' any sum extended over all qeSj!^, q C P°. 

Let (P^, ^t^' t = 1, 2, be any sequence of 

quasi linear mappings such that P^ —» T as 

t -hence f^ C A, f^Cf^^^, f° | A°, 

d(T, P^, f^) —> 0 as t >00 and denote by 

^^tr' ^tr^' ^ 3 , the plane mappings which are 

the projections of (P^, f^) on the coordinate 
planes. Suppose further that a(f., P ) < m, 

I- = 1 , 2, for a given constant M < + ». 

Then there are two sequences In^J of 

integers such that P^^ C f^ , tj^ —> J, „ - 



> U(A, T) , 


and 
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llm 

k -> 00 



u(q, 7 ^ }\ > U(A, T^), 

- r 


r = 1, 2 

a ^ 





where E* is extended over all 



NOTE 1. Because of v(q; 
V = ], 2 , 3, ( 12 . 9 ) and 


P^) > u(q, P^) > 0, v(q, P^^) > |u(q, P^^)|, 
U = V (21.3, li) we have also 


llm Z* v(q, P. ) > V(A, T) , 

k —» 00 

llm E* v(q, P. ) > V(A, T„) , 

k ==> 00 ^k^ ■ ^ 

r = 1, 2, 3 . 


NOTE 2 . In the statement ( 1 ) we can add the further requirement that, for 
each k, t^ Is as large as we want; i-e., given any sequence of integers 
t(n), n = 2 , ...j we can require that t^^ > t(n^) for all k = 1 , 2 , 

PROOF OF ( 1 ). It is enough to prove that, given any 

positive number e, there exist some Integers n and 

t, as large as we want, such that F„ C fx. and 

n u 

(3) z:' u(q, P^) > U(A, T) - € , 

S' u(q, P^^) > U(A, T^) - 6 , 

r = 1 , 2 , 3 ■ 

First of all let us observe that, since P^ —>■ T 

as t ->■ 00 and a(P^, f^) < M, we have 

L(A, T) < llm a(P^, f^) < M as t -> oo (5.8). 

Hence L(A, T) < + 00 and, as a consequence, 

V(A, T) < + 00, V(A, T^) = W(A, T^) < + 00, 

r = 1 , 2 , 3 , ( 9 - 4 , 11 ; 9 - 1 , D- The mappings 

(T^, A), r = 1 , 2, 3, therefore, are BV and the 
functions N(p; T^,, A) are L-lntegrable in 
r = 1, 2, 3 - As In (12.6; 21.1) let B^ be 

the compact sets B^^^ = S'q*, B^ = T^(B^) = 

Tp(s'q*) where s' ranges over all qsSj!^, q C F^^. 

By (21.3, 1 ) there exists a finite system [Q] of 
^ o 

non-overlapping simple closed pol. regions Q C A 

such that 
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(i^) 


T. u(Q, T) > U(A, T) - , 


Qe[Q] 


z 


Qe[Q] 


|u(Q, T^)| > U(A, T„) - 4 -’e, 


i* = 1; 2, 3 . 


For each Qe[Q] let us denote by \ ^ (Q) the 

system of all regions qeSj!^ such that q C q'* 
any). 


(if 

Let K be the number of regions Qe[Q] and 


.0 


and 


any integer such that Q C for all n > n 

^ r ^ , n - O 


Let o - ( 20 K) and let N be any integer such 
that No > M + 1. Since the functions N(p; T , A), 

^ * l> 2, 3, are L-integrable, there is a number 
T] > 0 such that (h)/N(p; A) < a for every 
r 2, 3, and all measurable sets h C E, 

|h| < T). As usual let 


2 r 


(B^) denote the 
p-neighborhood of the compact set B* C E and 

(B» ) - B' _» 0 

(m ) \ ■" p ^ ^ ' 

Ko —; - » 0 as p -> 0 +. Consequently, 


observe that 


nr 




for every pair of integers n > i, k > i, 
is a number p = p(n, k) > o such that 


there 


l(®Ar)3p - ^Arl < 2 

r ' 1 , 2 , 3 - 


-k 


T); hence 


<®Ar>3pl < IBirl * 




n 




Since d^, m^^, > 0 as 

and Note) we can define by 1 
integer k = i, 2, ..., an index n 
number p, such that 


by (21.3, 1, 

for each 


^ and a positive 


{ 5 a) 


-1 


n, ^ < 2 ■n,n, > n^, p, 


p (^^ f 


1 ), ^ u(q, T) 


(Q) 


> U(Q, T) - a, 


X T^)l > U(Q, T^) - a, 


q«S (Q) 
1 


= 2 , 3 , 


(5b) 


< min [p 


n 


k-i 


m^ < 2 '^Ti,n 


^>n 


k-i 


= P(n,,, k) 






k = 2 , 3, 


• • • 
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By definition of we have thus 


< l\ri " ^ X < 2-^+’ 


k = X 2 , 

H* * H* * ’ 
"kr^ ^kr ^ 


• « 


We shall denote by ^kr^ 


I 




) 


respectively, the sets 

'V^Pk' 'V’3»k' “ 


• • • 


r = 1, 2, 3. For each Qe[Q] let 

and let 


5 „, ■ =„,(«) 


^ok " ®ok'®^ 


the subcollection of all regions which are 

^k 


'o,k-i * 


completely interior to some regions q^eS^ 
k = 2, 3, ... . Thus if we denote by 
k = 1, 2, ..., also the set covered by the regions 

qeSok we have ^ ^ ^ ^02 ^ 


’^”^01' ^ok ^So,k+r 2, ... . Again by 

applying for each k = 2, 3 } the statement 

( 21 . 3 > i and Note) to each region qcS^ and 

observing that U(q, T) > u(q, T), 

U(q, T^) > |u(q, T^)|, r = 1 , 2 , 3 > we can deter¬ 
mine the integers n^, k = 2, 3 ^ 


• • • 


in such a 


way that, besides (5b), also the further require¬ 
ments are satisfied: 


( 5 c) 


I 


qeS 


u(q, T) > 


ok 


qeS 


Z 


u(q, T) - o , 


o,k-l 


Z lu(q, T„)| > Z 


|u(q, T )| - 


qeS 


ok 


qeS 


o,k-l 


r = 1, 2, 3 ^ ^ov each qeSo^l^_i and k 
Rv ( 5 a) and ( 5 c) we have immediately 


= 2, 3 , 


• • • • 


(6a) 


Z u(q, T) > Z u(q, T) 
'l^Sok 


- (2"^ + 2”^ + ... + 2“^'^’ )a > U(Q, T) - 20 , 


(6b) 


and analogously 


q€S 


Z |u(q, T^)l > U.(ft, T ) - 20, 


ok 
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r = 2, 3, for every Q€[Q], and k = 1, 2, 3 , ... . 

The sets F^ are compact and F C A° while 

k 

T A as t ->00. Therefore, for each k, there 

exists an index t, such that F C f? for all 

K ^k 

t > t^. Since d(T, f^) - > o as t —> 00 we 

can take t-^ so large that d(T, P^, f^) < niln[pj^, e] 

for all t > t^. Thus F„ C f° for all t > t, 

K I, - k 

and hence the mappings for t > tj^ are defined 

on each of the regions qeS^j^ (q C Q, Qe[Q]), and 
we have |u(q, P^^)| < u(q, P^) < U(f^, P^) = a(P^, ft^ ^ 

for every t > tj^. Since all the regions qeS^j^ 

(q. C Q, Qe[Q] ), k = 1, 2, ..., form a countable 
collection, we can define, by means of Ascoll's 
diagonal procedure, a subsequence [tj of integers 
t = 1 , 2, ..., such that all limits 11m u(q, P^^,), 

lim u(q, P^-j,), r = i, 2, 3, exist as t * co, 

te[t], for every qeS^j^, (q C Q, Q£[Q] ), where, 
for each k, we consider only the terms with t > tj^. 

We shall prove that for each QefQ] and r = 1, 2, 3, 
we have 



lim 

t€[t] ft —> w 


|u(q, P^^) 


> U(Q, T^) - (AKj-’e 


for all but finitely many k. Suppose indeed that this is 
not true. Then there would be some Q€[Q] and 
^ 2, 3, say r = 1, such that 



lim 

t€[t] ,t 


|u(q, P 


00 


ti 



< D(Q, T, ) - (1+K)-’£ 

for infinitely many k. Let us consider the first N 
values of k for which (8) holds and, for the sake 
of brevity, suppose that these values are k = 1, 2, 3, 
N. Let t^ = max[t,, tg, • • •, tj^] . Then for ' 
each t > t^, t£[t], all numbers u(q, P^^) exist, 

‘l^^ok' •••> N, r = 1, 2, 3. 
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For each Q€[Q] let 

S" - ='1 (Q) = 0 ^ 


= s 


11 T (Q) - 

2 ^ for every k = 2, 3^ 

let us define as follows the collections 


• • 




^ 2 k " ” ^ok ” ^ik‘ 


21 


k-1,1 


Ik’ 


other hand, for every ^"^2k = ^Ok - ^1k 


eS 


and then 


have either q C ^k-i ,k-l 

k_1 ^ <lk-2' 

2,k-i' '^k-2^Sl,k-2 and then 

T,(q) C or q C C qj^,^ C qi^_ 3 , 

'lk-l®®2,k-r ‘^k-2®^2,k-2' 'lk-3®^l,k-3' 

then T(q) C ••.; or 


T,(q) C or q C q 

'^k -1 ®^ 2 ,k-i' 'lk- 2 ‘"i,k -2 


q Qk-l %-2 •” ^ 'll' '^\3‘^2 u' 


o = k-1, k-2, ..., 2, q-€S,,. and then 


1 ^11 ^ 

T(q) C H] I ' • If denotes the set 

Hok = ^ ^ •” ^ «kt',i' ''® 


have T^ (q) C H 


• ; 


N, 


Ik 


be the subcollection of all which are con¬ 
tained in some region qeS^ and that 

T,(q)[E^^ - + 0. since 

diam T^ (q) < diam T(q) < d^ < Pv i j we have 

T^(q) C E^, - , for all qeS,,.. On the 


21 "‘ok 


for every qeS^^^ and, by 
(8.6, ii), also o(p; C) = 0 for all peE„. - H 
where C: (T^, q*), other hand, 

IH^iJ < lHj{'l + ••• + < 2(2-’ + 2-2 + 


■ • 


•ok' - 

+ 2 < 2t\, and finally 


Z |u(q, T)| = Z l(Ep / 0(p; C)| = 

qeSgk ‘^^^ 2 k 


z 


qcS 


l(Hok) / 0(p; C)| < 


2k 


< (Hq^) ; N(p; T, A) < 2(7 


By (6b) we have now, since ^ik - ^ok - ^2k' 


z 


Ik 


ok 


Z |u(q, T, )| > U(Q, T, ) - 4a , 


qeS 


Ik 


k— 1, 2, N • 


Since 3^^^ C Sok' by (8) we have also 


lim 
t€[t] ,t 


00 


|u(q, P^., )1 


< U(Q, T,) - 


( 4 K)-’€ , 
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and, by comparison with (9), 


I 


lim 


00 


lu(q, ) 


u(q, ) 


< 


-1 


< - (^K) € + ho = - '^a + k 


a = - a 


^ 2, N. Since the limits above exist 

also without absolute value, we deduce 


z 


qeS 


Ik 


lim 

t€[ t] ,t 


u(q, P 


00 


tl 


) - u(q, ) 


> cr , 


^ > 2, N. By (8.7, ii)we have now 


s 


qeS 


Ik 


lim v(q, P.,) - v(q, T,) 


> 0 , 


( 10 ) 


k= 1, 2, N. For each 1 : = 1, 2, N, 

we can now apply (22.1, 1) to every region qeS^,^, 

with e = . Then, for each k, there exists" 

Ic 

a finite system of non-overlapping simple 

pol. regions n€[n], such that 


lim 


Z 


t€[ t] , t 


» n €[ n ] 


v(n, P^T ) > cr 


In addition each is contained in a region 

qeS^^ and T^(n) C . On the other hand, the 
regions are contained also in some 

regions qeS^^' and T(q') C Therefore 

the regions are in the regions qcS 

outside of all the regions q'eS 


Ik 


, l,k+i' 

2 , ..., N - 1 , while the regions 
are interior to the regions Consequently 

all the regions ne[ir^]^ + [n]^ + ... + 

are non-overlapping and we have, for all t > t 
t€[t), ■ 


M > a(P^, f^) = v(f^, P^) > v(f^, p.,) > 


N 


> z z 

k=l ite[n]j. 


vCn, 


^tl ^ ' 
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and hence, as t ->«., t 6 [t], and by (lO), 


aj.so 


N 

M > 11 m S 

“ -k=i 

> Z 11 m 
" k=l - 


Z V(rt, ) 

«e[ jc]^ 

?i 


> Na > M + 1 , 


a contradiction. Thus we have proved that for each 
Q and r relation (?) holds for all but finitely 
many k. Since the collection [Q] is finite and 
r = 1 , 2, 3, there exists an index k^ such that 
relation (?) holds for all Qe[Q], all r = i, 2 , 3 , 
and all k > k^. By ( 4 ) and (?) we have now for 
each k > k and all t large enough, t€[t], 


Y' |u(q, P. ) I - S 

,.S', qCF“ 


tr'' _ “ ^tr^^ - 


> X X |u(q, P. ) I > X 

Qe[Q] qeS^j^ 


Qe[Q] L 


U(Q, T^) - (4K)"’6 


(11 ) 


> X 


Qe[Q] 


u(Q, T^)| - 4 


■'e > U(A, T^) - 4 “’e - 4 ”''e > 


> U(A, T^) - €, r = 1, 2, 3 


(12 ) 


Analogously, by (2.io, c), we have, for the same t, 

3 


X'u(q, Pp- ) > X X 


Qg[Q] 


L r=i 


X u^(q, P^^) 


X 

2 


X 

2 


> z {z 

L r=i 


Qe[Q] 


X 


-qeS 


|u(q, P^^)I 


ok 


I = X I(Q) , 


Q£[Q] 


where each sum in brackets is > U(Q, - ( 4 K) ^e, 
and the same sum Is also non-negative. Therefore, 
if b^ = min [U(Q, T^), ( 4 K)"^e], i 

a^ = U(Q, T^), we have I(Q) > - b^)^] . 

By (2.10, b) we have now 
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a^) 

r r 




"r<“r - '’r * ’’r* 


. [ 




I(Q) > 


2 (a 

r 


b^) 


> (VP 


(2 ) 
r r 


T^) 


(2 b^) > 

r r 


T^) 




Therefore, by (U) and (12), 
y'u(q, Pf) > S I(Q) > Z u(Q, T) - 3 (WO 

^ ^ ■ Qe[Q] " Qe[Q] 


-1 


> U(A, T) - It - 3(‘^"’0 = U(A, T) - € . 


By (ii) we conclude that relations (3) hold for 
eajh n = n^, Ic > and, correspondin'^ly, for 
all t large enough- Thereby (i) is proved- 


(ii) Under the same conditions as in (i) the 

sequences considered in (i) 

can be required to have the following further 
property: for each r = 1, 2, 3, and 
k = 1, 2, ..., there is a subsystem 3 (k, r) 
of simple pol - regions qeS^!^ , 0. ^ 

such that 


lim 


Z 

q€S(k,r) 


u(q, Tp)| = U(A, T^) , 


11 m Z lu(q, ) - u(q, T )| = 0 
k -^ qGS(k,r) '^k^ 


PROOF. Let us suppose r = i. It is enough to 
prove that, given e > o, there exist some integers 
n and t, as large as we want, such that relations 
(3) of the proof of (1) hold, and, furthermore, 

|L|u(q, )| - U(A, T^)| < € , 


2|u(q, P^,) - u(q, T^ )| < e , 


(13) 


rolM 
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( 14 ) 


where z ranges over a convenient subcollection 3 
of simple pol. regions q C F°. 

First of all the same argument of the proof of (i) 
may be repeated. Let be the integer determined 

in the proof of (i) such that relation (?) holds 
for all Qe[Q], r = i, 2 , 3 , k> and let Ic 

denote any integer !?> k^. 


For each of the values k = k + i^ k + 2 , 
k + N and for each Qe[Q] let us define the 
collections = ^ 2 k^^^ 

the proof of ( 1 ). Thus 

^ 2 ,k+i = °> ^hlle - S^j^, 

lc + 2 <k<I< + N, are defined as in the proof 
of ( 1 ). Finally, let 

S(k) = S S (Q)^ k + i<k<lc + N . 

Q€[Q] “ - 

Let us prove that for at least one value of k, 
k + 1 < k < Ic + N, we have 


Z 

qeS(k) 


lim 

te[t],t 




) - u(q, T,) 


< cr . 


Indeed, suppose the contrary is true. Hence 


Z 

qeS(k) 


11m 

t€[t] ,t 


00 


u(q, ^ '^1 ^ 


> a 


for all k + 1 < k < k + N. Then by ( 8 * 7 , ii) we 
have also 

X r lim v(q, Pti) - v(q, T. ) > cr 

qeS(k) [ te[tJ,t —>00 J 

for all k+i<k<k + N, and we can apply 

(22.1, i) to each region qeSCk) while we take 

for € the value e = . Then we obtain N 

^k 

systems Ic + i < k < Ic + N, of non¬ 

overlapping simple pol. regions n for which 
( 10 ) holds, as in the proof of ( 1 ). Finally, we 
can repeat the fiarther argument of the proof of 
(i) till the contradiction is shown- Thereby we 
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have proved that (i ) holds for at least one value 
of k, Ic+i<k<Ic + N. Thus there is a t 
large enoiigh, telt], such that we have also 

Z |u(q, P^-, ) - u(q, T )| < a < € , 
qeS(k) 

and, therefore, the second relation ( 13 ) is 
proved. On the other hand, for each Q€[Q] and 
the same nimber k, relation ( 9 ) holds. By 
addition of such K relations and by (4) we have 

Z |u(q, T, )1 > Z U(Q, T ) - 4Ka > 
q€S(k) Q€[Q] 

> Z lu(Q, T,)l - 5'^c > U(A, T ) - 4-^e - • 

" Q€[Q] ’ 

Thus we have 

U(A, T.) > Z Iu(q, T )| > U(A, T ) - € , 

' ■ q€S(k) ' 

i.e., the first relation (i3) is also proved. 

The same argument as for (!) assures that rela¬ 
tions ( 3 ) are also satisfied. Thereby (ii) is 
also proved. 

22.3. Invariance of The Areas V and U For 
Orthogonal Linear Transformations 

(i) For every c. mapping (T, A) from an admissible 
set A C into the function V(A, T) is 

invariant for linear orthogonal transformations 
in E^ (change of orthogonal cartesian 
coordinates). The same holds for the function 
U(A, T) provided V(A, T) < + «. 

PROOF. Let T be an orthogonal linear transforma¬ 
tion of the p-space E^ into the p'-space E^ , 

P* = (it n, ?)• (T*, A) be the mapping 

T* » tT from A into E^ and let (T^,, A), 

(T^, A), r=i, 2 , 3 , be the plane mappings 

which are the projections of (T, A), (T', A) 

on the coordinate yz, zx, xy, ^6, -planes 
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®22^ ^23^ ^21^ ®22^ ^23’ (18.10, Note 2) 

V0 know thnt V (A, T) < + » pp end. only IP 

V(A, T') < + =». Therefore, we have to consider only 
the case V(A, T) < + «,, v(A, T') < + »; hence 
V(A, T^), V(A, Tp < + 00, r = i, 2, 3. 

Let [P^] be any sequence of figures P C A°, 

^n ^ ^n+1 ^ ^n ^ ^ ^n ~ ^n ^n' 

finite subdivision of P^ Into simple pol. regions 

qeSj!^ and non-slmple pol. regions ReSj!^' such that; 

'^n' ‘^n' '^n’ "Vi' '’A Indices of S 

with respect to T and T', we have 

*^0' °n’ ^n' ™n’ °n *■ ° ^ —* °° 

(21.1, 11). Then, by (21.3, 1), we have 

(15) 11 m s'uCq, T) = U(A, T), 

n —► 00 


where 





Is extended over all regions qeS^, 


Let us consider now the sequence of q.l. mappings 
defined by (18.2, 1), say (P^, f^), t = 1, 2, ... . 
Then for the figures f^ we have f^ C A, 

f^ C f^^^, f° t A°, and d(T, P^, f^) -> 0 

as t -> 00, i.e., P^ - > T. In addition, if 

^^tr^ ^t^^ ^ = 1^ 2, 3, are the plane mappings 

which are the projections of (P^, f^) on the 

coordinate planes, we have a(P^^, f^) -»■ W(A, T^) 

as t s- 00, p = 1, 2, 3. and a(P^, f^) < M 

where M = S^W(A, T^). Let (P^, f^) be the q-l. 
mapping P^ = tP^, t = i, 2, ..., and let 

(P^r' ^t^^ = 1^ 2, 3, be the corresponding 

plane mappings which are the projections of 
(P^, f^) on the coordinate planes E^^. Since 
L is invariant for transformations t (5.11) 
we have L(A, T) = L(A, T*), and, by ( 5 -T), we 
have also a(f^, P.^) = a(f^, P^), t = i, 2, 
hence a(f^, P^) < M for every t. Since 

a(f^, P^p) -> N(A, T^) as t -,.00, 

r = 1, 2, 3 ^ we can apply (22.1, 1) and we deduce 
that for each n = l, 2, there is an 

integer t(n) such that 
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( 16 ) 


lim 2'|u(q, P. ) - u(q, T )| = 0 , 
n-► 00 


r = 1, 2, I, uniformly with respect to t > t(n), 
where £* ranges over all ^ ^ ^n’ Since 

a(P^, f^) < M, t = 1, 2, we can apply 

( 22 . 2 , i, and Note 2) to the mapping T* and we 
deduce that there exist two sequences 
of integers such that n^ — 


> 00 , t 


00 




and 


(17) 


lim 5;'u(q, P' ) > U(A, T' ) , 
k -»00 ^k ■ 


where z * 


ranges over all regions 


q C F 


Finally, since the mappings 
( 8 . 11 , i) we have 




ft) 


k 
are 


o 

n 


k 


q.l., by 


( 18 ) u(q, P') = 


V ('l' ftr) 


1 

2 


Z^u (q, P^) 


1 

2 


= u(q, P^) 


By (i7) and (i8) we have first, as k -> «> 


U(A, TM < lim Z»u(q, P; ) = lim Z*u(q, ) = 

- Lk 

1 . 

= lim Z' [ i;^(u(q, T^) + 6^)^ j ^ , 


where = &p(q; t^^) = u(q, P^ - u(q, T^). 
By inequality (2.10, b) we have now 


U(A, T* ) < lim Z‘ 




(q, T 






< Z'u(q, T) + Z^|5^1 . 


Since ^ (i6) we 

have ^ 0 as k-► while the ex¬ 

pression iinder lim is < U(A, T) ( 9 . 9 ). Thus 
we conclude that U(A, T') < U(A, T). 

By exchanging the use of T and T' in the 
previous proof we have also U(A, T) < U(A, T') 
and hence U(A, T) = U(A, T'). B/ (21 . 3 , ii) we 
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have also V(A, T) = V(A, T'). Thereby ( 1 ) Is 
completely proved. 


22 . 4 . The Indices d, m, u 

Let (T, A) be any c. mapping from an admissible set A C into 
let A)^ r = i, 2, 3, be the plane mappings which are the pro¬ 
jections of T on the coordinate planes r = i, 2, 3, and let us 

suppose that the mappings (T^, A), r = 2, 3, are all BV. 


Let S be any finite system of non-overlapping simple pol. regions n C A 
and let d = max diam T(jt) for all neS. Let 2 denote any sum extended 
over all JteS, let be the point set B^ = 2T^(n*) = T^(Zjt*) C 

^ 2, 3^ let m^ = Ib^I, i.e., m^ is the (two-dimensional) 

measure of the compact set B^ in the plane E^^^ and let 

m = max [m^, m^^ ^3^‘ Obviously, the indices d, ra now defined coincide 
with the indices d, m defined in (21.1) when S is the system of all 
regions qeS*, q C for a subdivision S* + S** of a figure P, as 

in (21.1). Now let \i = max [U(A, T) - 2u(n, T), U(A, T^) - 2|u(n, 
r = 1, 2 , 3]' The non-negative numbers d, m, 4 are said to be the 
indices of the finite system S of non-overlapping simple pol. regions 
jt C A. 

(i) For any c- mapping (T, A) from an admissible set 
A C E^ into E^ such that the plane mappings 
(T^, A), r = 1, 2, 3 ^ are BV, given any 
positive number € there are finite systems S 
of non-overlapping simple pol. regions n C A, 
whose Indices d, m, m are < €. 


This statement is a consequence of (2i.i, i) and (21.3, i). 

(il) For any c. mapping (T, A) from an admissible 
set A C E^ into E^ such that the plane 
mappings (T^, A), r = i, 2, 3, are all BV, 
and for every finite system S of non-over¬ 
lapping simple pol. regions n C A of Indices 
d, m, \i, there exists a B-measurable set 
on each plane E^^i r = i, 2, 3 , such that 


(a) 

(b) 


s|o(p; C^)| 

p"®2r : ^ 

for N and 

IH^I < r 


= N(p; T^, A) at each point 
and the same relation holds 
N“; 

= 1, 2, 3 - 


This statement is a consequence of (12.13^ !)• 
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(111) Under the same conditions of (11) we have 

0 < V(A, T) - Zv(k, T) < 11, 

V(A, T^) - Zv(it, T^) <4, r = 1, 2, 3 * 

PROOF. Since U = V (21-3^ 11) and 0 < u < v 
( 12 . 9 ), we have 0 < V - Zv < U - Zu < ii, and an 
analogous argument holds for V(A, T^), 
r = 1 , 2 , 3* 

NOTE. As in (21.1, 11 ), If t is any orthogonal linear mapping from the 
p-space E^, p = (x, y, z), into the q-space E^, q = (|, r\, O 
(change of orthogonal cartesian coordinates), let (T*, A) be the mapping 
T' = tT from A into E*. Let (T^, A), (T^, A), r = 1, 2, 3 > be the 
plane mappings which are the projections of (T, A) on the yz, zx, 
xy-planes ^22^ ^23^ (T', A) on the t)^, ^ii-planes 

^21^ ^22^ ^23’ Then a system S of non-overlapping simple pol. regions 
n C A has indices d, m, m with respect to (T, A) and certain 
analogous indices d*, m*, m* with respect to (T', A). The following 
statement holds: If the mappings (T^, A), r = 1, 2, 3, are BV, 
then, given e > 0, there are finite systems S of non-overlapping 
simple pol. regions n C A such that d, m, ii, d*, m', ii* < e. This 
statement is a consequence of (21.1, li) and (21.3, i). 


22 . 5 . Further 


1 


m 


Let (T, A) be any c. mapping from any admissible set A C 

r = 1, 2, 3, are BV; let 
S = [n], S' = (n*] be any two finite systems of simple pol. regions 


such that the plane mappings (T^, A), 


2 into E^ 


jt 


C A. Suppose that the regions 


overlapping 


are non-overlapping, and let d, ra, n, d*, m', ^ 


B^ = T (iTt*), 


that the regions n' eS * 

be the indices of the two systems S, S'. Let 

2, 3, where z, z* are sums ranging over all 
«eS and n'eS*. Let C, C^, C, C^,^ r = 1, 2, 3, be the curves 
tniages of n*, n'* under the mappings T, T^, T', T^, r = 1, 2, 3. Hence 

®r “ = E*[C^], r = 1, 2, 3. Let H^, H^ be the sets defined in 

(22.it, ii) relative to the systems S and S'; let p = d* = max dlam T(n') 

for all n'eS' and B^^ be the set of all points peE^^ at a distance 

<P from B^. For any neS let S*(«) denote the subcollection of all 

o 


n'eS' such that it* C n°; let SJ' be the subcollection of all 

_ « . ^ 


ir 


such that 


Jt'n* + 0 for 30 me neS and let be the (remaining) 

subcollection of all n'cS' such that n'(zn) = o. Thus the subcollections 

Let 


S*(jr) for each neS, Sj, S* are disjoint and ZS(jt) + 3* +3* =3*. 


1 
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be the set + H^). Let 

any sum extended over all it'eS()t) and all 

(i) Under the conditions above we have 


,(«) 


and z 


jt'eS] + S^. 


( 1 ) 


( 2 ) 


( 3 ) 


(i^) 


( 5 ) 


0(p; C^) = E 


,(«) 


o(p; Cy) 


every 


p€E 


for 

jtcS and for almost all 


- J. 


2r ''r" 


r = 1; 2, 3; 


= 0 for every it*€Sj + 
and for almost all P^E^r ” '^r^ 

N(pj T^, A) = E| 0 (p; C^)| = E'| 0 (pj CpI 


for almost all P^E^p - = i 


2 , 3 ; 


n(pj T^, A) = E 0 (p; C^) = E' 0 (p; C^) 
for almost all peE' - J : 

,(«r ^ 


if u(>t, T^) = E 
for each neS and 


u(n', T^) + 6 ^(rt) 
6^ = E"v(«', Tp), 
we have E| 5 ^(n)| < 2 (Jj,)/N(p; T^, A), 

0 < si < (J^);n(pj T^, a), r = 1 , 2 , 3 


This statement is a consequence of (12.13, ii and iii) 

(ii) Under the same conditions of (i), if 

a = a («) = u(n, T^): u(jt, T), r = 1, 2, 


3 , 


[u(it', T) - E^a^u(«', T^)], 


for every iteS and 
D(fl) = E' 
then we have 

0 < E^D(«) < 4 + 2E^(Jp)/N(p; T^, A), 
E"v(«', T) < E (Jp);N(p; T^, A) • 


NOTE. In (ii) and (iii) below we suppose u(it, T) + 0, u(n', T 
all jteS, Jt * €3 ^ . 


PROOF. The last Inequality is an immediate con¬ 
sequence of the statement (5) of (i) above. By 
the Schwarz inequality (2.10, a) we have now for 
each jt*€S(n) 


s^a^uCjt*, T^)| < 


[ 


2 

r 




1. 

2 


= u(nS T 


and hence D(j() > 0 for each JteS. On the other 


hand 


0 < j;^D(>t) = 


n 


.(«) , 
z u(it ' , 


T) - 2 . j: 


An) 




< U(A, T) - z:pap 2: 


(«) 


u(it', Tp) , 


AREAS 
*' denote 


) ^ 0 for 


) 

) < 
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and, by (i). 


0 < £ D(n) < U(A, T) - 


T^) 

u(n, T) 


T^) - 5^(n) 


where we have used the definition of 

r = 1, 2, 3. Since |a^| < 1 and 

u^(n, T) = Z u^(n, T ), by (i) again we have 


0 < Z^D(n) < U(A, T) - | 2 :^u"(n, T^) 


u(jt, T) 


-1 


^ [u(A, T) - z^u(n, T) 


+ 2^|6^(n)| < n + 2 E^(J^) / N(p; 'r„, A) . 


r r 


(iii) Under the same conditions of (i) and (ii) 


we have 


'(n) 

Z^ Z u(n', T) Z^ 


U(n, T^) u(n', T^) 

U(n, T) u( n *, T } 


. 2 


< 


< 2ti + J+ Z^(J^) f N(p; T^, A) . 


PROOF. We shall denote by A the first member of 
this inequality. For every system a^, 
r = 1, 2, 3, of real numbers such that 
z^a^ = 1, z^^p^ = 1 we have 

= 2-’(E^a2 + = 

' ■ if" “r = Tp): u(n, T), 

r = 1, 2 , 3 , Pp = u(n', T^): u(n', T), 
r = 1, 2, 3, we have 



I 


(n) 


E 2 u(n', T) 


1 - 


u{n, T^) u(ii', T^) - 

^ uRTTr" u(n', t; 


» 


(it) 


2 Z Z 
n 


u(n', T) - 


T^) 


Thus statement (iii) follows immediately by (ii). 


*22.6. Bibliographical Notes 

For the theorems of the present section see L. Cesari [12]. 
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23.1. A First Analytical Property of c. Mappings 

(T, A) be any c. mapping from an admissible set A of the w-plane 
w = (u, v), into the p-space E^, p = (x, y, z); let (T^, A), 

3 , be the plane mappings which are the projections of T on 
the coordinate planes E^^, of E^, r = 1, 2, 3. We shall denote by S 
any finite system of non-overlapping closed simple pol. regions n C A 


Let 

r = 1, 2, 


and, for each 
formation 


n C S, 


jr 


an orthogonal linear trans- 


^ + 


5 + or,2 


«32y + a33 


y + a,3Z, 


21^ + «22y + a 23 Z, 


we shall denote by 

T] = a 

z, depending on n, from the p-space E^, 
p = (x, y, z). Into the p*-space E^, P^ = (l, n, 5) (a change of 
orthogonal coordinates depending on «). For each neS and 

(T*, Jt) be the new mapping from n Into E^ and let 
r = 1, 2, 3, be the plane mappings which are the projections of 
on the coordinate ^rj-planes E^^ of E^, r = 1, 2, 3. 

denote by z any sum extended over all regions jt€S. 




= T 


n 


T = 


let 


(T*, It) 
We shall 


(i) Given any c. mapping (T, A) from A C E^ into 
E^ with V(A, T) < + 00, and any positive number 
e > 0, there exists a 6 > 0, 6 = 6(T, A, e) < e 
such that any finite system S of non-overlapping 
simple pol. regions n C A having indices 
d, m, [i all < 6 has the following property: 
to each neS we may associate an orthogonal 
linear transformation t such that 

jt 

Zv{n, T^) > V(T, A) - e; ZV(>t, Tp < €, 
i = 1, 2, Zv(n, T) > V(T, A) - €. 


PROOF. By (9.1) and (i2.8, ii) the plane mappings 
(Tj,, A), r = 1, 2 , 3 , are BV. Thus, if 
M = SpW(A, Tj,) = Zj,V(A, Tj^) < + 00, we have 
V(A, T) < L(A, T) < M (18.10, i and v). Let 
a = (6M + 825)~'€. Since the fvinctions 
N(p; T^, A), peEgp, r = 1, 2, 3 , are 
L-integrable, there exists t > 0 such that for 
all measurable sets h C E^j,, |hl < t, we have 
(h)/N(p; A) < r = l, 2, 3 * Let 

8 = min [t, a, e] and let In] be any 

finite system of non-overlapping simple pol- 
regions n C A^ with indices d<8, m<8, 

^ < 8. Thus d = max dlaxn T (n) < 8 < e • Let 
z denote any sura extended over all ncln]. 

It is not restrictive to suppose that 


. SOME ANALYTICAL PROPERTIES OF CONTINUOUS MAPPINGS (23.1 ) 
u(jt, T) > 0 for all «€[«]. 

If a = u(n, T ): u(«, T), r = 1, 2, 3, then 

^2 2 2 

“ 1 1 > c£^ + cc^ + ^ and we can choose 

the 3x3 orthogonal matrix in such a 

way that = oc^^, r = i, 2, 3. Thus, for each 
jt, the linear transformation t is defined as 

K 

well as the mapping (T*, n), T' = tT. 

JT 

For each ne[jt] let C, be the closed curves 
C: (T, Jt*), C^: (T^, n*), r = i, 2, 3. Let 

®r " r - 1, 2, 3, and C be 

the set defined in ( 22 . 4 , ii). By ( 22 . 4 ) and 
(22.4, ii) we have |B^| < m < 6 < t, and 
|H^| < 4 < 6 < min [t, a^]. 

For every p > 0 let i*® ih® p-neighbor- 

hood of in E^^, r = 1, 2, 3. Then, since 

is compact, we have (B^)p —^ ^p^ 

l(B^)p| -> |B^| as p -»• 0 +, and, therefore, 

we can determine p > 0 in such a way that 
|(B^)p| < |B^| + T. Thus l(B^)p| < 2 t, 
r = 1, 2, 3. 

By the definition of p we have (22.4) 

Z„u(n, T) > U(A, T) - M, Z„|u(jt, T^)| > U(A, T^) - m, 

!■ = 2, 3, where u(n, T) = T^^)]'^. 

Since V=U, 0<u<v (i2.9)jwe have also 

V{A, T) = U(A, T) > T) > L^u{n, T) > 

> U(A, T) - 4 = V(A, T) - 4 , 

V(A, T^) = U(A, T^) > £„v(n, T^) > T^)| > 

> U(A, T^) - 4 = V(A, Tp) - 4 , 

^ 2, 3, where 4 < 6 = rain [t, , o, e]. 

For each jte[n] let 4^^ > 0 be the maximum of 
the following non-negative differences 
U(«, T) - u(n, T), U(n, T^) - |u(n, T^)|, 
r = 1 , 2 , 3; let = [C^] = T^(n*), 

^ ^ 1 , 2, 3; let C E^^ be the set defined 

in (22.4, 1) relative to the mapping (T, n) 
and the system of simple pol. regions constituted 
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by the only region n. 
and we have also H 


Then C B , 


(B_) C 


nr 


(B.) 


«€[«]. In 


■jtr ^ 

order to prove this let us recall from the proofs of 
(22.4, 11) and ( 12 . 13 , D that where 

where 

and Is a count- 


Is the set of all 
N(p; T, A) - £jO(p; C^)| > 0 
able set defined In (10.5, Note 2). Analogously 




where H 


Jtr* 


Is the set of all 


p where N(p; T, it) - | 0 (p; C„)| > 0 and D, 


r'' ' ' - "'Jtr 

Is the countable set relative to (T, it) defined 
In (10.5, Note 2). Thus On the other 

hand, by (12. l 4 ) we have N(p; 

>0, r = 1, 2, 3, and 


A) - z:J 0 (p; C^)| 


£„N(p; T , 


fl) - |0(pj C^) 


thus C 

In addition we have 


Therefore, C for each it 


^jt^ito " ^jt tU(«, T) - u(jt, T), U(jt, T^) - 

“ |u(jt, T^)|, r = 1 , 2, 3 J < 

< [U(n, T) - u(n, T) + [U(n, T^) - |u(n, T^)|] < 

< [U(A, T) - t^u(n, T)] + Ej, [U(A, T^) - i:^|u(n, T^)|]< 

< + 3cr^ = 4a^ • 

For each n€[n] let us apply ( 18 . 2 , 1). Thus there 

exists a sequence (P^, n), t = 1, 2, of q-l. 

mappings from n into E^ such that d(P^, T, n) < t , ^ 

a(«, P^) < T^), W(n, P^^) - >W(n, T^,) as 

t -> 00 ^ and thus we may suppose also 

W(n, P^^) < W(n, Tj,) + N"''t"’, r = 1, 2, 3, where 
N denotes the total number of regions jre[it]. Let 

^t " "^it^t ^tr^ r = 1 , 2, 3, be the correspond¬ 

ing q.l. plane mappings from it Into 

r= 1, 2 , 3 , t= 1^ 2 , ... 

For each JtG[it] let us apply ( 21 . 1 , 11) to the 
mappings (T, it) and (T*, it). Then there Is a 

sequence n = i, 2, - of 

finite subdivisions of it Into simple pol. regions 
qeS* and Into non-slmple pol. regions R^S** 

'i iiii 

such that ► 0 as 

n-^ “ where d^^^, ci*^^ are the indices 
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( 21 . 1 ) 

Let us 


qeS' 


jrn 


with respect to (T, it) and (T*, it) 


of S^„ 

jtn 

denote by 
By (21.3^ 1 ) we have 


2: any sum extended over all 


n 


llm T) = U(n, T) , 


00 


lim 

n-» 00 


^q|u(q, T^)| = U(«, T^) 


r = 1, 2, 3. For each 


and let H' 

itr 


let 
C E 


(Tp, q*), 


r f . 

Lp- 

be the set of 


®nr " - “nr ' “2r 

points defined in { 22 -^, ii) relative to the 


mapping 

regions 


(T, n) and the system (S) of the 
qeS' 


Hir' < 


nn 

, where 


Thus 


l^ir' < %n^ 

nn' ®nr " 

denotes the maximum of the non-ne^cative differ¬ 


ences U(n, T) - 2:^u(q, T), U(n, T^) - Z^\u(q, T^)| 
r = 1, 2, 3- 


For each n€[n] we shall now apply (22.1^ li) 
each mapping (T^^, n) where we consider the 
sequence of q.I. mappings (P^r^ ^ ^ 

n = 1, 2 , ..., of sub- 

nil 

divisions of n. Then there is an integer 
t(n; r, n) such that 


and the sequence 3 ^^, 


to 


• • 


(3) lim ^ lu(q, - u(q, T^)| = 0 

unlfoxTnly with respect to t > t(n; r, n). 

Finally, by (22.2, i) applied to each mapping 
(T*, n), and the sequences n = 1, 2 , 

and (P^, n), t = 1, 2 , there are two 

sequences [tj,] of integers n and t 

such that 


U(n, T^) < lim Z |u(q, P^^)| , 

r = 1, 2, 3. As we observed in (22.2, Note 2) for 
each k we may suppose t^, as large as we want, 
namely t^, > tCn^,, r, n) for all r = 1, 2, 3, 
k « 1, 2, ... . For convenience we may suppose 
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that the sequence t^^ is the same for the N regions 
n€[jt]. Indeed, first let t(n) = max t(n; r, n) for 
all r = 1, 2, 3, and «€[«]. Then let us apply 
(22.2, Note 2) successively to the N mappings 
(T*, Jt) by taking each time t^ > t(n^). By N 
successive extractions we obtain a unique sequence 
[n^] and correspondingly a unique sequence Ity] 
with tj^ > t(n^) satisfying the above conditions 
for all n€[i(] . 


( 10 ) 


In such a way we can now determine a unique n = n^^ 
and a unique t = t^^ such that, for each «€[«], we 
have 

'^jtn ^ ^jtn ^ t ^ t(n, r, n), 

(6) 2;^u(q, T) > U(«, T) - N"’t, 

(7) EqluCq, T^)l > U(>r, T^) - N“^, r = 1, 2, 3, 

(8) z;^lu(q, P^^) - u(q, T^)l < N'^a, r = 1, 2 , 3 , 

(9) U(«, Tp < 2 ;qlu(q, P^^)l + N"’ 0 , r = i, 2 , 3- 

The relations (6) and (?) above simply state that 

[I „ < N“^t, and hence IH* I < < N"^t. On the 

jtn * ** * 

other hand < m^^^ <N"t, r = i, 2, 3. 


Obviously we may suppose u(q, T) = 1 = 0 for all 
For each jte[n] and let = u(q, T^): 

u(q, T), r = 1, 2, 3 ; hence - 1 < ^ r = 1, 2, 3 ^ 

and ^3 " esich n€[n], let 

be the set By 

(22.5, ill) applied to the mapping (T, it) and the 
system S' we have, for each it, 


f.qU(q, T) 


L (P 

r' r 


- “r^ 


< 2U.„ + I* 


itO 


^ (J ) 

r' itr' 


I N(p; 




) 


Therefore 


i:qU(q, T) < 2 + 4 Z^(J„^) / N(p; T^, «)• 

Now we have C (Br)p +.Hp + 

Is J I < 2T + T + N(N"’t) + N(N ’t) = 5T, and 

K rtr 

finally 


Z^ Z^u(q, T) 


Zr(3r - < 2 • ka^ + k z^( z^J^^) I N(p; T^, 

< 80^ + 4 • 3 • 50^ = 680^ 


It) < 
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For each let us consider the decomposition 

of S* into two subcollections S „ = S , + S 

Jtn nn n 1 n2' 

where qeS^^ if 1< a, r = i, 2, 3^ and 
q€S^2 “ OTpl ^ ^ ^or at least one r. Let 

^4^ ^4* ^®^ote any two sums extended over all 
qeS^^, or ci€Sj^2 * Then for each have 

- c£^)^ > and, therefore, 

a^ZjjZ^^uCq, T) < 68cr^, i-e-, Z^Z^'u(q, T) < 68cr. 

Now the mapping (P^, n) is q.l. in n; hence for 
each the curve C: (P^, q*) is a closed pol. 

line. By (8.1i, i) we have then 

u(q, P^i) = ' 

i = 1 > 2, 3, Q.£S^^, and, by the identities 
a(q, T^) = 3pU(q, T), and 

P^r^ " T) + - Qfp)u(q, T) + [u(q, P^^) - u(q, T^)] , 

r 2, 3^ we have also 


u(q, = u(q, T) ■*■ 

+ 5;paj^p[u(q, P^.^) - u(q, T^)], 


i = 1, 2, 3 


Here |a^^| < i, 
""r^ir^r = ^r“lr“3r 


i, r- 1, 2, 3^ 

= 0 for both 1 = 
hence |u(q, P{j^)l < u(q, T)slPj, - 0^,1 
+ £plu(q, P^^) - u(q, Tp)|, i = 1, 2. 

By (9) we have now 


and 
^ 2 ; 
+ 


t t 


^„U(n, T|) < 3a ^ ^q T) + Ua < 


< 3a Z^U(n, T) + 6.68g + Ua < 


< 3tyU(A, T) + 4120 < (3M + 4i2)o < e , 


i = 1 , 2 . 
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Since V= U (21.3, ii; 12.9, 111 ) we have finally 

(11 ) T|) = S^U(:t, T|) < ( 3 M + lH 2 )a < € , 

« 

i = 1, 2, which proves the second part of the state¬ 
ment (i). Now, for each n, we have ( 9 «i) 

V(t(, Tp < V(Tt, T') < Y(n, Tp + V(it, Tp + V(jt, Tp , 

r = 1 , 2 , 3, and also v(jt, T) < V(n, T) = V(Tr, T*) 

(22.3, i). Therefore, 

V(jr, Tp > V(iT, T') - V(rt, Tp - V(n, Tp > 

> v(n, T) - V(n, T| ) - V(n, Tp , 

and also, because of (i ) and (ii) 

£^v(n, Tp > T) - T| ) - Z^V(n, Tp > 

> V(A, T) - a - 2 ( 3 M + h^ 2 )a = 

= V(A, T) - ( 6 M + 825 )a = V(A, T) - € 

which proves the first part of the statement (i). 

Thereby (i) is proved. 


23.2. Some Elementary Properties of Rectifiable Curves 

(i) If C:p=p(u), 0 <u<i, is a continuous curve 
of finite length L in any Euclidean p-space Ej^ 
and if 3 = PqPi denotes the se.gment of length 
D = IPq " pJ < L joining the end points 
Pq = P(o)^ Pi = P^i) then 

{p, 3} < 2 "’(L^ - for all p£[C]. 

PROOF. Let p be any point p€[C], p = {p, s), 

and let p* be the point of 
s such that |p-p'l = (P^ ^ P* 

If p* is the orthogonal pro¬ 
jection of p on the straight 
line containing s then we have 

L > IPo - Pi + IP^- Pi I = 

(p^ + Ip' - PqI^)? + 

[p^ + Ip' - PiI^J^ 
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and, by squaring and using the Schwarz-inequality 
(2.10, a), also 

> 2p2 + Ip' - + Ipi _ pj2 ^ 2fp2 ^ Ip, _ P^|2j2^p2 ^ Ip, _ p^|2j 

> 2p2+ Ip' - p^|2 + |p. _ pj2 ^ 2[p . p ^ Ip, _ p^iip, _ pjj ^ 

= i)-p^ + [ Ip' - PqI + |pi - p^ I ]^ = 4 p^ + ; 

hence 4 p^ < - D^. If pp' is not orthogonal to 

PqP^, then either p' = p^, or p' = p^. Say, e.g., 

P' ' Pq^ and let a be the angle PPqP^ • Then 

^ 2*^ 2 " '^os a <^o, and L>Ip-Pq| + |p-p^|=p + 

[p + D - 2 pD cos cr] ^ > p + (p^ + D^)^. By simple 
computation we have 4 p^ < (L^ - D^)(i - D^L"^) < - D^. 

Thus (i) is proved. 


NOTE 1 . Since D ^ L and = 2"^ 

also {p, 3) ^ [ 2 -iL(L - D)]? for all peiC]. 

equality sign holds only if D - L and C = s: 

(i) equality sign holds if C is the polygonal 
segments p p + pp . 


1 i 

(L + D)^(L - D)^ we have 
In this last relation 
in the relation given in 
line sum of two eaual 


(ii) If C: X = x(u)j y - y(u), 0 < u < 1, is any 
continuous curve of finite length L and 
D = |x(i ) - x(o)|, then 

|y(u) - y(o)| < (L^ - for all 

0 < U < 1 . 

PROOF. We can suppose x(o) * y(o) = 0. Let 
z - max |y(u)| . Then there is a number u, 

0 < u < 1, such that z = |y(u)| . Let 

Pq = 0)^ Pt = tx(i), y(i)], p = [x(u), y(u)], 

and let us consider C as the sum of the two 
arcs a = (p n), p -(pp, ). If u = ,, then, 

by x^d ) + y 2 (, ) = ip^ - P, 1 ^ < L^ it 
follows <= y^(i ) < - x^(0 = and 

(ii) is proved. If u+ i, then |y(i)| < |y(u)| 
and we can consider the curve C still of length 
L, which is the sura of the arc a and of the 
arc 0' symraetric to 3 with respect to the 
straight line y = y(u). Then, for the new curve, 
say C: X = x'(u), y = y'(u), 0 < u < i, the 

maxlmura of |y'(u)| is assumed for u=i and 


hIcm 
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hence z = |y(u)| < |y'(i)| < (L^ - D^ by virtue 
of the argument above. Thus ( 11 ) Is completely 
proved. 


f h— 2^ •••> N; are 


NOTE 2. In the next article we shall need the following ele¬ 
mentary statements: (a) If 

real numbers, then Imacc - max bj^| < max |a^ - b^^l; 

(P) If a, b, c are real numbers, then 
11 a - c| - |b - c|| < la - b| - 


PROOF. Let A = max a^, B = max b^^; hence A = a^,, 

B = bj^,, for some h*, h* ' = i, 2 , .. ., N. If 
A > B, then A-B=a^, - B= (a^, - b^^, ) + (b^^, - B) < 
^ t - b]^, < max I ^ I; If A < B then 
B - A = b^, , - A = (b^,, " - A) < 

bhti “ 1 1 ^ “ • Thus (or) is proved. 

Since |a-c|< |a-b| + |b-c|, and 
|b-c|<|b-a| + |a-c|, v^e have 
- |a-b| < |a-c| - |b-c| < |a-b| and thus 
( 3 ) is proved. The statement (p) is a well known 
property of the distance in any metric space. 


23.3. A Second Analytical Property of c. Mappings 

(i) Given any c. mapping (T, A) from A C into 

with V(A, T) < + « and any number e > 0 
there exists another c. mapping (T*, A) with the 
following properties: 

(1 ) d(T*, T, A) < e; 

(2) V(A, T*) < V(A, T) + e; 

(3) there is a finite system [q] of 
closed disjoint squares q C A such 
that T* is linear on each q and 
Q = T(q) is also a square Q C E^ 
of diameter < e; 

(^) SIQI > V(A, T) - e, where S|Q| 

denotes the simi of the areas of all 
squares Q. 


This statement (i) is contained in the following statement (ii)- 

apply (!) in the next §24, while we shall apply the more detailed suatemenii 

(ii) in Chapter X. We shall make use in (ii) of the notations of ( 23 -w- 
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(ii) Given any c. mapping (T, A) from any admissible 
set A C into E^ with V(A, T) < + 00; given 
any number € > 0, there exists another number 
6 = 6(T, A, e) > 0 such that each finite system 
[k] of non-overlapping simple pol. regions 
It C A° of indices d, m, m < 6 has the following 
properties: 

(1) to each jt€[it] we may associate an 
orthogonal linear transformation 
from the p-space E^, p = (x, y, z), 
into the p'-space E^, P = ( 

such that 2„v(it, T^) > V(A, T) - e; 

2:^V(n, T|) <€, 1 = 1 , 2 ; 

^^v(it, T) > V(A, T) - €, where E 

It jt 

denotes any sum ranging over all 
It € [ It ], where T * = t T, and 

Jt 

T^, T^, r = 1, 2, 3, are the pro¬ 
jections of T, T' on the coordinate 
planes E^^, E^^, r = 1, 2, 3; of 
E^ and E^. 

(2) there are two c. mappings (T^, A), 

(T*, A) such that dCT^, T, A) < e, 
d(T*, T, A) < €, T = Tq = in 

A • £ It • 

ji 

(3) in each nclit] there is a finite sys¬ 
tem of disjoint simply connected 

open sets G C n and a corresponding 
system of the same number of 

simple closed pol. regions c C G 

such that each G contains one and 
only one c and such that T = T^ = T* 
in It - EG, Tq = T* in n - Ec. 

(^) for each netn] and C€[c]^ the curve 
C: (Tq, c*) = (T*, c*) has finite length 
and its projection C^ on the 4 t)- plane 
E^2 is contained in the boundary Q* of 
a sqiiare of the same plane E^^ and 

of diameter < e; C^ is homotop in Q* 
to Qq Itself counted a certain number 
m > 1 of times (clockwise, or counter- 
clocln/lse); l.e., 

( 5 ) In each ccLc]^ there is a system [q]^ 
of m disjoint equal squares q C c^; 
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T* is linear on each q and maps 
these m squares onto m equal 
squares Q C E^ parallel to and pro¬ 
jecting on the squares of the 

plane E^^. 

(6) if s|Q| denotes the sum of the 
areas of all squares Q, then 
V(A, T) - € < 2|Q| < V(A, T*) < 

V(A, T) + €. 

PROOF OF (ii). The proof begins in this article and is completed in the 
following articles (23.4 - 16). 

If V(A, T) = 0 let T* = Tq = T and 5 > 0 arbitrary. Then for each 
system [tt] and for every region neln] let be an arbitrary 

orthogonal transformation and let all collections mentioned in (li) be the 
empty collections. 

Suppose now V(A, T) > 0 and let = max [i, V(A, T)], 
o = min [i, (138 Mq) 3 (10 hence 0<a<i<MQ< + oo. 

By (23* i) (where we replace e by ci^) there exists a 6, 

0 < 5 < a < €, [thus 6(T, A, ) of (23.1, i) is the number 5 (A, T^ e) 
of the present statement] such that any finite system [n] of non¬ 
overlapping simple pol. regions n C A having indices d, m, ^ < 6, has 
the following property: for each there exists an orthogonal linear 

transformation from the p-space E^^ p = (x, y, z), onto a 

p'-space E^, p* = r\, s^ch that 

V(A, T) > i;„V(n, T) > T) > V(A, T) - 

(12) Tp > 2 „v(n, Tp > V(A, T) - , 

S„V(n, Tp < a'* , 

1 = 1, 2, where T' = t^T, and Tp r = i, 2, 3 , are the projections of 
T' on the t\^, -planes. 

Let [jr] be any finite system of simple pol- regions as above, and let M 
denote the number of regions For each jte[jr] with V(jt, T^) = 0 

let T* = Tq = T in n and suppose that the collections mentioned in (Ji) 

relative to it are all empty. For each Jte[it] with V(jt, T^) > 0 let 
T = = min 2 ^ [M ^ci, M , V(it, T^)cj]. 

For every «€[«] and by ( 23 * 3 ) have V(jt, T^) = V(jt, T) < + oo and, by 
(12.8, ii),(i 2 . 3 ; 9 - 1 ). also (E^^)/N(p, T^, it) = W(it, Tp = V(it, T^) < 

V(it, T') < + °°* Therefore the fimction N(p; T^, it), peE^^, is 
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L-integrable, and there exists a > 0, 6 ^ = such that 

(h)/N(p; T^, jt) < T for every measurable set h C E^^, |h| < We may 

suppose 0 < &^ < 2"^ . 

Let P* C E^^ be the set of all points peE^^ where N(p; T'^ ) > 0. 

Thus P* is bo\inded (since P* C T*(jr)) and open (i 2 . 2 ) and thus 

0 < |P» I < + 00. 


Let t(p)> denote the characteristic function of the set P'. Let 

Di C E^^ be the countable set of points P^E* defined in (10.5^ Note 2) 


relative to the plane mapping 


(T*, n); 


let D 


be the set of measure 

all 


zero defined in (16.lO, Note) such that for each point peE' - D 
the components of the closed set T^-'(p) C n are continua^of constancy 


for 


and 


points peE' 


let be the set of measure zero of all 


where N(p; T', n) = + co. 


Given any compact set I C and a point p^E' we denote by parameter 

of regularity r of I with respect to p the ratio r = |I| : |R| 

where R is the minimum square R C E^^ of center p and sides parallel 

to the coordinate axes covering I. Thus if, for every t > 0, we denote 

by Q and Q' the closed squares of center p, sides parallel to the 

I- and n-axes, and side-length 2t, 2(1 - a)t, respectively, then the two 

compact sets Q and Q - Q'° have parameters of regularity 1 and 

2a - o with respect to p; hence independent upon t. As a consequence, 

by [ 3 . Saks, I, p. 117, 6.1; 6.3], almost all points peE' have the 
following properties: 



(13) 


IQP'I +(p), IQr' • (Q) / N(p, T^, n) —> N(p; Tj, n) 

IQ - Q'l ’ • (Q - Q' ) ; N(p; T^, n) —► N(p; T^, n), 

as t —» 0 + . 


be the set of measure zero of all points pcE, 


where at least 

+ Dg + D + ) 


Let D,^ 

one of these relations does not hold and let P = -^(D 

Then^ |P| = |pi|, iPQi = ip.Qi for every Q, and hence ^ 

1 ' ° Thus for each 

xetn] and corresponding x>o we have detemlned a number o<5 <2 

and a set P C E^^ with the properties described above ° ' 


and corresponding x > 0 we have determined a number ^ . „-i 

X---x--- cLuuvt?. By (1 ) and fon 


IQI 


-1 


(It) 


• IQPI >1 - 6q, 


-1 


IQI • (Q) ; N(p) - N(p) 


< 


-1 


IQ - QT' • (Q - Q') / N(p) - N(p) 


< (2|P| + 1) X, 

< (2|P| + 1 )-’ 
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Since the fimction N(p) = N(p; T^, it) is lower semicontinuous in E^^ 
and takes only integer values we can determine d^(p) > 0 so small that 
N(p) > N(p) for all |p - p| < d^(p). 


23.4. Continuation 


For each point pcP there is (i 4 . 4 , iii) a finite collection [g] = [g]p 
of continua g€r(p, T^) C n, non-separating n nor the w-plane Eg, and 
there is a corresponding collection [U] of non-overlapping simple pol. 
regions U, one for each g€[g], with the following properties: 

(1 ) g C U°, U C n; 

(2) if U' is any simple closed pol- region with 
g C U'°, U' C U, and r': (T^, U'*), then 
| 0 (p; r')l = m> 0 and o(p; r') depends only 


Let 

r. 



on g and not on U'; 
s^m = N(p; «) where 
extended over all ge[g]p- 


denotes any sum 


r: (T^, U*); hence 10 (p; r)l = m> o and p 
Let dg = d2(p) = (p; 


is not on the curve 


We may suppose that diam T(U) < 2 ct. Indeed, if C A i 
reo-lons above, then T is uniformly continuous in and 


any 


such that lT(w) - T(w*)| < 
does not belong to D^, hence E 

set 

such that U* 
as well as all points we/ 


for all w, w'eU , |w - w'| < 5 '. 


Now p 

- g is a connected open (mbounded) 


r containing U.. By (n-i, ii) there is a simple pol. region 

separates U from g, and all points 


U, g c u°, U c u^, 


well*, 


not separated from g by U*, are at 
a distance < . free. 8 - Henoe' T(D) belongs to the .-neighborhood of 
T (e). Since p does not belong to D,, g Is o continue of constancy 
for TJ as veil as for T' and T, and T(g) Is a single point. 

diam T(U) < 2a. 


Thus 



For each nein] we have detemined in ( 23-3 ; a nuuiu... ^ ^ 

PeE> having the properties described in ( 23 - 3 )- e^ch p€ we 

d^Llned in (23-3) and (23-*.), two positive numbers d,(p), d,(p). 

^ 4 4- tviP family of all squares Q C E* , 

Let us associate to each point peP the family ^ 23 

of center p, sides parallel to the I- and n-axes, and side-leng 

Id, (P), d,(p),. Ihen by VltalLs coyer^ “““t p“ ' 

p. 109, 3.1], there a finite family [p] P 


family [ Ql 


7C 


•overlapping 
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side-lengths 2p < 2“’ min [d,(p), dgCp)], of centers the points pefp]^^, 
such that IQI”’ • iQP| > 1 - 6^, |P - z^QI < 6^, where denotes any 

sum extended over all pe[p]jj; hence ^plQI Is the sm of all Qe[Q]^. 
have here |Q1 < (1 - 6 q)"''|QP|, where 8^ < 2"’; hence (1 - 8^)"’ < 

1 + 28q< 2 . Finally, Sp|Q| < (1 - 8 q)"’z|QP| < (1 + 28 q)|P| < 2|P|. 

If ^ denotes Xp = |Q| ' • (Q)/N(p) - N(p), we have 

iplQIN(p) = Zp(Q) ; N(p) - ZpXpIQI = Zp(PQ) ; N(p) - i:pXp|Q| , 

since N(p) = 0 for almost all peQ - PQ. Therefore we have successively 

£plQ|N(p) = (P) / N(p) - (P - ZpPQ) ; N(p) - ZpXpIQl , 

I SplQINCp) - (P) / N(p)l < (P - 2 pPQ) / N(p) + ^pl^pMQI- 
Here |P - EpPQ] = (P - EpQ| < 6 ^ and 

^l^pllQI < (2|P| + i)~\ • z IQI < (2|P| + i)-\ ■ 2|P| < T . 

Therefore we obtain | 2 :p|Q|N(p) - (P)/N(p)| < 2 t. 

Since (P)/N(p) = (E^3);N(p) = W(«, T^) = V(n, T^), we have also 

UplQ|N(p) - V(n, Tpl < 2 t and, by using the definition of t in (23.3), 

we have ^ 


(15) 


|i:p|Q|N(p) - V(it, Tpl < min [M V(ix, Tpa] , 
Q - Q'l ’ • (Q - Q') ; N(p) - N(p)| < M”’(2|P| + 


for every point P 6 [p]„ and for the corresponding squares Q = Q and Q' 
of center p and side-lengths 2p and 2p'=2p(i_a). 


23>6. Continuation 

For each point pe[p]„ and corresponding squares Q = Q and Q' let us 
consider the family (ij^) of all concentric squares of side-length 

2t, 2p' < 2t < 2p. For each such t the set np=T'-'(Q?) is open in 

* and, since T'(g) = p for each g.[g] we have ^ C n.. Therefore, 
for each g€[g]p ^there is a component of containing g. Here 

r- r ^ ^ ° curves 

r. (T^, U ). Consequently, each a is an open set completely contained 


In UO, and g C a- C a C a C U°, where a' = a', a =~a 
assures that the various sets relative to dif^lrent 


and this 


P 


We 



376 CHAPTER VII. IDENTIFICATION OP LEBESGUE, GEOCZE, PEAWO AREAS 
and different points pe[p]„ are all disjoint. 

We may also observe that, by (i 4 ), we have 

\\<\\~^ • (Qt) / N(p) - N(p)| < ( 2 |P| + 

where p' < t < p, t < a, (2 1 P| + i < i . Since 2 t < 2p < d, (p) 
we have also N(p) > N(p) for all peCij., where peEpJ^j, peP. We have also 
N(p) = z m where z is extended over all gefg] and each number m 

00 P 

is >0 and hence m > i . Consequently 

ZgralCi^l = N(p)|^| > (^) / N(p) - ( 2 |P| + l)"^|Citl ^ 

> (Ci^) / N(p) - a\Q^\ > (Q^) ; N(p) - a(q^) J N(p); 
that is, for every 2 p* < 2 t < 2 p we have 

(16) ZgHilQ^l = N(p)|^| > (1 - a)((^) f N(p) > (1 - a)IQ^IN(p). 

Since IQ^I > (l - Q = Qp^ we have also, by the first relation (^^), 

(17) SgZpmlQ^I > (1 - a)^ZgZpm|Q| > (l - aflYU, T^) - 

as well as (see definition of x) 

(18) ZgZpm|Qj.| > (1 - a)^Vin, T^) • 

Analogously, again by the first relation (15), also 

(19) ZgZpm|(i(.| < z;gEpm|Ql < V(n, Tp + M"^p, 

as well as 

(20) ZgZpmlQ^I < (1 + a)V(«, Tp. 

23.7. Continuation 

For each point pe[p]^, p€E^3, let p = ti^) and hence the square 

^ of center p and side-length 2 t is characterized by 

[maxdl - In - tIqI ) < P'eE*, be the 

fimction defined in the whole space by f(^, 0 = t whenever 

(l, Ti)eQ^. We shall prove that f(p* p*eE^/ is Lipschitzian in E^. 

For any two points p^^E^, pj_ = (lj_^ n^^ i - 1 / 2 , where f 
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has the values t^, we have = max[ 

i = 1, 2 y and, by (23.2, Note 2, a, we have also 


iti - t^i = 


max 


1^11, - SqI ^ hi - t]q| - max 1 5 


- 5 


TI2 


< max 


1^1 ^ 0 ^ " ^ ^2 ^ I^ 


^2 


< max 


il - 12'^ 


^2 




+ (t)^ - 


2I i 


Thus we have proved that 


Ip, - Pol for all 


t, - t I < Ip - p 


P,. P2^®3- 


1 -e., If(p^ ) - f(pg)! < 


The equation f[T'(w)] < t, wen, is equivalent to T^Cw) C wen, 

and, as In (23.6), defines the set whose components are the sets a. 

For each gelglp, we shall consider, therefore, the compoi.ent a^. of 

(ll- which contains g as In (23.6). if we suppose p' < t < p, ^then 

a- C a, and the equations p' < f[T'(w)] < p, wea," Is equivalent to 

T^(w)£Q - Q' and defines an open set C a such that all components 

(contlnua) k of a*, p' < t < p, are completely contained In a . All 

sets ofQ, as well as all sets a, C a C n, are disjoint. By (20.5, l) 
we have 


(21 ) 


n P 

I l(t) dt < L(a , T'). 

V D * ~ U 


We have an Inequality (21) for each ge[g] where p Is any point pe[pl 
and for each ireln]. 


23 - 8 * Continuation 

For each g€[g]p, pctp]^, neln], and by (2i ), 

have L(cc^, T') < z^WCa^, T^), where W(ct^, T^) 

V(Qfo, T^), r = 1, 2, 3, and N(p; T', ) = 0 

Hence ^ ° 


(18.10, 1), (12.8, 11) 


we 


■ «lr> 

for all 


f N(p; T^, a^) = 
pe(E^^ - Q°) + Qi. 


Kt) dt < V(ar^, T') . V(a^, T^ . (Q - Q-) J N(p, T', ). 

The sets or^ C „ are non-overlapping; hence by (12.it), and by addition 
with respect to all g€[g]p, pe[p]_^, we have 

Vg|, 'it < V(«, Tj) + V(n, T^) + SpCQ - Q') J N(p, T^, „). 


ro 


• » 
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Since Q - Q* C Q, zlQl < 2|P*h (i5) we have successively (see also 23.5 


(Q - Q') ; N(p) < IQ - Q'|N(p) + M"^( 2 |P| + 1 )■’IQ - Q'la^^, 


- P 


-1 4 


- Q*) / N(p) < S^IQ - QMSgin + 


Therefore 


(22) 


z z 
P g 



l(t) dt - ralQ - QM 


Lt/p 


< V(«, T] ) + V(«, Tp + 


We shall denote by z* any sum ranging over all ge[g]p, pe[p]j^/ 
hence z* == ^jt^p^g* ^ (^ 2 ), and by addition with respect to all 

jt€[ n] , we have 


(23) 


Z I^J ^l(t) dt - m|Q - Q* I 


< Z^V(rt, Tp + Z^V(«, Tp 


M(M < 


+ a + cT = 3a 



2 3.9« C ontinuation 

The first implication of (23) is that for each ge[g]p, petplj^^ «£[«]/ 

the function l(t), < t < p, is finite for almost all t. If t Is 

such that p* < t < p, l(t) < + 00, let us consider the corresponding set 

g C a* C C a C U°* Let k denote the component of which 

separates cc^ from U*. Let k) be the simply connected open set 

containing g and separated by k from U*; let (t)), (to) be the 

collections of all ends and prime ends of = k in 3 (i 9 - 7 ) and, for 

every a)€{oD), let E^ be the continuum C k relative to to ( 19 » 3 )' 

Then (20.2, ili) T* Is constant on each set E^ and. If C^: (T*, fE^) ), 

(20.2, iv), then C^ is a continuous closed curve in Ej whose length Is 

certainly < the number l(t) considered above. By (i 9 - 5 ; Note) we can 

also define a sequence C^: (T*, r*), n = 1, 2, of continuous curves; 

each C being the image of the boundary r* of a simple pol. reg. r^ 

with g'^c CP, c r° T P. 11 ^ C^|| —y 0 as n—If 

C ; (T', (Ty rp also Is a continuous curve and 

||Q^ ^ Cq ,|1 ->0 as n->”• Since o(p^; ) = o(p; r) (23-6), 

an? lo^p^j 0^3)1 = |o(Pq,- 0^3)1 = m > 0 for all n, we have oCp^; 0^3) = 
m > 0 . On the other hand ^^03^ ^ hence is homotop in to 

the boundary counted m times. Consequently l(t) > 8mt for almost 

all t, p* < t < p, since 8t is the length of If l(t) = 8mt + 

A(t), we have A(t) > 0 , and, by direct computation, j 
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l(t) dt - mlQ - Q'l = J 



A(t) dt. 


P I 


Therefore, by (23), we have l* A(t) dt < 3a'*. Here p - p' = 

p - (1 - a)p = (jp; hence In each interval (p', p) there must be at least 
one point E, p' < t < p, such that crpA(E) = (p _ p> )A(t) < A(t) dt. 

Hence, if t = t, A = A(t), we have E*trpA < 3a'*, and also finally 


(21*) 


E*tA < E*pA < 3a^. 


25.10. Continuation 


Thus for each p = p^ctp]^, «€[«], we have determined the numbers 


and p' = p 


I 


< t < p. If C 


(1 - a), and for each gelg]^, a further 


> 0 


o 


corresponding 


its projection on e; 3, then [0^3] C Q^, l(t) = 8mt + A, A = A(t), 

0 < A < + =0, and |o(p^; 0^3)1 = m > 1. if we denote by (| , ,1 ) any 

one of the four vertices of Q^, we may divide C^ into m arcs 

^ 1 = 1. 2, •••, m, p^ = p^, 

1, 2, ..., m. Let X^3 be the projection of on the |,i-plane 

E . Then is a curve of end points (5,, ,,, ), (5 . ) 

and X^3 C £^3 is a curve whose end points are both in (|,, r, ) (and 
hence can be thought of as a closed curve) and [x. ] C Q*. UeVay per¬ 
form the subdivision of C^ into arcs x^^ in such a way that 

lO(Po; x^3)| = 1 and the numbers X. ) = + 1, i = 1, 2, ... m 

have all the same sign of 0(p^; c^3) = 0(p^; r). if e, = maxU -VI 

or all points p = (5, ^)gX^, we denote by x also the length of 

we have 


(25) 


> 8t, i = 1, . • m, X, + Xg + 




+ = 8mt + A 


^Ch C^ve X, is contained in the cylindrical shell of right section q* 

®d, if we apply the same cylindrical shell on a plane, then the end polSs 

Z ,0^. into two points whose abscissas have a difference D, = £ 
oy 123.2, ii) we have now ^ 


Si < - d|)^ < [x| 


1 

2 


- (8t)"] , 1 = 1, 2, ..., m 


Let X. = 8t + 6^; hence 


( 26 ) 


i>0, 6^ +6p+ ••• + 6 


2 ■ ••• ^ 
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1 

P 2 

and 6^^ < + 5 ^] . By (2.10, d) also 

i 1 . 

(27) < (I6t5j_)2 + < 4(tB^)2 + 6^. 

By (19) where N(p) - m and V(rt, Tp < ¥(«, T*) = V( 3 t, T), T*) = 

z:^V(n, T) < V(A, T) < Mq, 0<ct<1<Mq<+oo, ct< we have 

(28) 4 z*mt^ < 2 :*m|Q| < + a < 4 • 

Finally by ( 24 ), (28), and (2.10, a) we have 

(29) = Z*tA < 2 :*pA < 30 ^ < 30 ^, 

= 2Z*Z^t(t&j_)^ < 

o - i 

< 2i:*[mt^]^[tA]^ < 

( 30 ) o i i 

< 2 [L*mt ]^[Z*tA]2 < 

1 - O i - 

< (4 • 3”^Mq)^(3ct^)^ < < 2M^o. 


23-11 Continuation 

For each gelglp, nefn], we have determined the numbers p, pS 

t, p' < t < P, the open set or^, g C C C n^, the open simply 
connected set g C C p C U°, with = k, where k is the 

component of separating g from U* in U^- Then T' is constant 

on each continuum C k relative to the prime ends co of k in P- 
Then also the set z*p, sum of all sets p, is open, and A - is 

closed in A. For the sake of simplicity we shall denote by a the sets 
and by the total collection of all sets a C n. We have already 

proved (23.6) that the sets a are disjoint. 


Sets cCf oc'^ia]^ relative to different continua g, g'e[g]p and the same 
point p€[p]„ are contained (with their boimdaries or*, a**) in the in¬ 
teriors of non-overlapping simple pol. regions U, U*. Hence a + oc*, 
or' + a** are disjoint. If 3 , 0 ' are the corresponding sets we have also 
p C 0 * B* C u*°, B’* C a**, and hence 0 + 0* C 

pt + pi* c U^, and thus also 0 + 0’ + 3 ** are disjoint. 


Sets a, a'eia]^ relative to continua g€[g]p, g'€[g]pM 
collections, that is relative to distinct points p, p'€[p] 
images T»(a) C Q, T* (a* ) C Q* in closed squares Q = 0 ^, 
centers p, p* and certainly disjoint (since P* < t < p 


of distinct 
, have their 
"" Q* C Q^, of 

and the 
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corresponding concentric sqiiares of side-lengths 2p are non-overlapping). 
Hence or + a*, a' + a'* are disjoint. Here the corresponding sets p, 
p' are not necessarily disjoint, but, since p* C a*, p'* c a'* we have, 
either (P + P*) (p' + p'*) = 0, or P + p* C P', or p' + p>* c P. 

We shall point out here that regions U relative to different points 
p€[p]^ are not necessarily disjoint. 

For each let us consider the subfamily [or]' of all sets Qr'6[Q:] 

which are contained in some regions p relative to some other region 
ae[a]^ (if any). Thus or' C p' C P' + p'* C p, where p' is the set 
relative to a'. If [a]° is the complementary collection we have 

0 t ^ 

We shall prove in the present article (23.ll) that 
(31 ) T» ) < 7 a^. 


where z , r' range over all «€[«] and cr€[a]*. 

” Tt 

Let us consider the collection of the disjoint squares, say Q = in 

and let K be the compact set which is the sum of their boundaries 
Q*. Then |K| =0 and we shall denote by Kg the 5 -neighborhood of K. 
We can choose 8 > o so small as to have |Kg| < 8 (n), where 8 (n ) 
is the positive number defined in (23.3). Finally let us define a°number 
5 ,(«) > 0 such that |T^(w) - T^(w')| < 8 for all w, w'€„, |w-w'|< 


For each a€[Qf]° let us consider the finite collection [k] of those 
components k of a* which separate g C or from either U*, or some 
set a'e[a]; (if any) with a' C p' C P' + p'* c P, where p is the 
set p relative to a. Thus [k]^ contains the continuum k = k = p* 
(23.9) which separates g from U* and may contain some more contlnua 


By ( 19 - 7 ) and for each Qf£[a]° we can now define a closed pol. reg. R 
v'lth g C R°, R* C a, such that, if R^ = (r^, ^ then r“ 

separates g from U* and each r,, . .., r^ separates g'' from one con¬ 
tinuum k€[k]^ - k^ and hence from the regions a'€[a]' considered above. 
We may also suppose that each point wer is at a distance < 8 ,(„) from 
the corresponding set k€[k]^. Por every region r = r , let 

C" be the image of r* under T^. Then c" - c Kg, \amely 
contained in the set (Q*)g and we must have 0(p; c''') = 0 where p 
is the center of Q, p£[p)^, since, otherwise (it.3, il) there would be 
another set g€[g]p in U relative to the same point p. It follows 
that o(p; c'") = 0 for every p'eE^ - (Qg )* (8.t, l). 


Let us denote by 






[r]^ the total collection of all regions r = r , 
relative to the pol. regions R^ of the sets a€[a]°. 


• • « 


382 CHAPTER VII. IDENTIFICATION OF LEBESGUE, GEOCZE, PEANO AREAS 


Then the regions r€[r]^ are all disjoint and hence R = it - zr is a pol. 
reg., where Z ranges over all r€[r] . 

It 

We shall now consider an arbitrary finite subdivision S = S* + of R 

into simple pol. regions q*GS* and non-simple pol. regions q'US** 
whose indices d, m, a with respect to T' are < min[6, 

(12.6; i). If we denote by B the set B = Z’T^(q**) - T^(jr*) where z* 
ranges over all q*eS'^ we can suppose also | B| < (12.6, Note 1). 

Finally if B^ is the set B^ defined in (12.6), we have also 
|Bol < Here B^ is the finite sum of circles y C each con¬ 
taining at least one curve, say c**, image under of a boundary curve 

of the regions q'^eS*'. Thus 0 (p*; c**) = 0 for every p*eE^^ - B^ 
and every curve c * *. 


I 


some q’' = (q^, q.^, q^)€S**, which are not interior to any other 

region as 


Let us consider those regions q'eS 

' * - w. 

•o 

X ^ L X J ^ • X.X f 

of the boundary curves q**, q*, r*, 
[c**] C [c*'M C Kg 

* * ) + L* » *0(p; * * 


alone and regions q^ relative to 


Thus we have a finite subdivision of n into regions 

I I ! ^ 


q'eS*, q^ and rG[r]^. If c*. c**, c*'* 


denote the curves images under 
we have [c *] C B + [C], 

By (8.6, i) we have also 0 (p; C) = Z^ 0 (p; c*) + 


L' *0(p; c 
®o " ^6^ 


c ■■) at least for all points - [C] - B - 


where z*, z* S z' ' * 


range over all q*, q^, r 


of S 


0 


Since 


0(p; c* * ) = 0, 0(p; 


I I t 


) = 0 for the same p and curves 


c**, 


we have | 0 (p; C )1 < z'| 0 (p; c*)| and finally, since 0 (p; C) = 0 in [C], 
also | 0 (p; C)| <■ zMO(p; c*)l for all peE^3 - B - B^ - Kg. By integra- 

we have 


tion in 


v(«, Tp = (£^3) / | 0 (p; 01 < (B + Bq + Kg) / | 0 (p; C)| + 

+ (E^3 - B - Bq - Kg) / Z| 0 (p; 01 < 

< (B + Bq + Kg) / N(p; T^, «) + J N(p; R), 

4 

and since + Kg| < 5 q + ^ ^^o^ ^o ' 

V(R, Tp = V(R, T^) (12.8, li), we have 

v(n, Tp < 6 M"’cr‘' + V(R, ). 

On the other hand, by (12.1 4 )', we have 


V(R, Tp + Z'V(a, Tp < V( 7 t, T^), 

where Z' denotes now any sum extended over all sets a€[a]^. Finally 
we have 
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S'V(a, Tp < VU, Tp 

< Yin, Tp 


= [V(«, T^) 


V(R, T^) < 
[v(«, Tj) - 
vin, T^)] + 


By (12) we conclude that 


Z^rvia, Tj) < T^) - v(n, T^)] + 

< V(A, T') - 2; vin, T') + 60“* 

J TT 3 

^ r h 4 

< cr + 6a = 7a . 


Thus we have proved relation (31). 


23»12 Continuation 


we have already associated to each point p.[p] and corresponding con¬ 
tinuum gc[g]p with T-(g)=p, an Integer m > 0, a square 

^ ®23 of” center p and side length 2t, and an open connected set 

a€[a^, «=at, with T'(a) c Q°, T^(a*) C Q*, g C a C a + a* c U°. We 

shall now prove that for each ae[a] we have 


We 


( 32 ) 


Yia, T') > m|Q| 


Let 


fv 


any 




vading a; thus R C a, I? C R ' t ^ ' S'"' ' 

o ^ ^ \ ^ can also require the 

g R^, that each point wcr^^ Is at a distance < n"’ from that 
component k = k of a* which separates g from U* (In U), and 
that all points wer^^ are at a distance < n"’ from a». if 6 > o 

13 certainly contained in the 

°° ^*4 ^11 ^ large enough. If c and c' 


nv 


is at a distance < n"^ 


We can also require that 


in- 


from that 
(in U), and 


denote the curves Imac-es of r* 
m. . . _ no 


and 


r* 

^ } 


we have [C], [c".]c(Q^)g and aSo 

a-3 in (23.11 ). We have also l0(p*; c)l = m, 
point P*€Q - (Q*)^. 


’ge enough. If 

i 2, .. 
I0(p; c)| = m. 


and c 
under 


111 


UllUtJI* 

0(p; c'* * ) = 


0(p^; c* * * ) = 0 for every 


^n ‘ ^n ^n* subdivision of R into simnip -nni i 

.« pel. P,,. whoselnSloeTV ^ r ' 

and let us define the sets n r o ^ ^ 

IR I ^ ' o ^ ( 23 . 11 ). Then |B| < n'Z 

y < '‘a and also l(Q.)g| < ,6tB, |q . (q*) i > iq, _ gts t ^ 

C denote the curves images under T* of any of thp h h ' ^ 

G" • Then as in 11 ^ u ^ boundary curves o 
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all points p'eE^^ “ ® Therefore, by integration in 

Q - (Q*)^ - B - Bq, we have successively 

miQ - (Q*)5 - B - BqI < [Q - (Q»)g - B - Bq] / S'lOCp; c')|, 
m[|Q| - 8t6 - 5 n“^] < (E^^) ^ = W(R^, Tj) < W(a, T^). 

As n->00, we have ni[|Q| - 8 t 5 ] < v(a, T^), and, as 5 —^ o, also 

ralQl < V(Qr, T^). Thereby (32) is proved. By comparison with (31) we 
have also 

(33) L^Z^mlQl < Z^Z»V(a, Tp < Tcr^, 

where z* is extended over all sets ore [or] . 

jt 

23. 13. Continuation 

For each nel-n] we shall consider in the following articles only the dis¬ 
joint open connected sets ae[a]^ (23.11). Thus if [p]° is the 

Jt It 

collection of the corresponding open simply connected sets p, a C 3 C U, 
also the sets pe[p]° are disjoint (23. ll). 

Let c be any simple, closed pol. reg. c C p. We shall define a mapping 
H of p onto itself which is Identical on P* = k, maps p - c° onto 
p* and c*^ onto p; in particular H(c*) = p* = k- Let t be the 

mapping defined in (19.5) from p onto the unit circle R of an auxiliary 

w-plane in polar (r, e)-coordinates; let R* be the concentric circle 
of radius 2"^ let J be the simple Jordan region J = t(c) C R^. Let 
H be any homeomorphisra in R* onto Itself identical on R* and mapping 
J* onto R**, J onto R*, R - J onto R - R*; let h be the mapping 
from R onto itself which maps each point (r, e)eR into the point 

(rS e), r' = r'(r), where r' = 2r if 0 < r < r* = 1 if 

2"^ < r < 1. Then the mapping H = T'^hHx has the required properties. 

Let us observe that H is one-one and blcontinuous between c° and P, 
and defines a one-one continuous mapping between the single points wee* 
and the collection (a>) of the prime-ends o) of k in P (or the con- 
tlnua C k)• 

Let Hq be the mapping from A onto itself which is identical on A - zp 
where z ranges over all Pg[P]° and coincides in each set P with the 
corresponding mapping H. Let (T^, A) be the mapping T^^ - THq- 

We shall prove that T^ is a c. mapping and that V(A, T^) < V(A, T). For 
this purpose let h^, n > 3 ^ be the homeomorphlsm from R onto Itself 
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which maps each point (r, 0) into the point (rS r' = r^(r); where 

r^(r) is the q.l. function which maps [0^ 1] onto itself, which maps 
r = 0, 2 \ 1 into r* = 0, i - n”^, and which is linear in the in¬ 
tervals [0, 2 ^], [2 **, i]. Let = T be a homeomorphism from 

p onto itself which is identical on P*. Finally the mapping from 

A onto itself which is identical on A - zp and coincides with in 

each 0 is a homeomorphism. Hence, if T^^ = TH^, then T, T^ are 
Lebesgue equivalent (6.3) and, by (9.1, Note 3 ), V(A, T^^) = V(A, T). On 
the other hand we have |h^(w) - h(w)| < 2n"^ for all weR. Indeed 
Ih^(w) - h^(w)| = |r' - the values r = 0, 2“\ 1 divide [0, ^] 

into intervals of linearity for r* - r^, and r* - = 0, n~\ 0 when 

r = 0, 2"^, 1. Thus h^-> h uniformly in R. Consequently TH^^ -^ TH 

uniformly in P and TH^^-vTH^ uniformly in A. This implies that 

(Tq, A) is continuous and, by (9.2, ii), also that V(A, T^) < limV(A, = 
V(A, T) as n >00. Thus (T^, A) is a c. mapping and V(A, T^) < V(A, T) 

Now we have T(w) = Tq(w) for all weA - zp and, since the values taken 
by T, Tq on each ^ are the same, also |T(w) - Tq(w)| < diam T{0) for 
all W€0. By ( 23 ' 3 ) and since 3 C n we have also diam T( 0 ) < diam T(jt) < 

B < €. Therefore |T(w) - T(w^)| < e for all weA and dfT^,"!, A) < €. 


23. iJ*-. Continuation 


By the definition of T^ the Image C^: (T^, c*) of each c* under T 

^o* considered in (23.9) and we may divide 


is the same curve 
c* into m arcs 


•^1 = w^) C c*, 

, m. 


1 = 1 , 2 , 


• • 


m. 


such 


Wm = w^, 

that (Tq, Tj^), 1 = 1, 2, ..., m, where are the arcs defined in 

(23.10). On the other hand, if T' = x T 

o jr o 


and T 


or 


T* 
or 




^== 1 . 2 , 3 , 


have also C^^: (T* 

>0^ 


' 2 r* 


W3 


are the projections of T^, T^ on the coordinate planes E 

for all peQO. Hence N(p;T^3, c)>m In Q^, W(c, T' ) > tn| CL | and, 
since W(c, ) = V(c, ^ < V(c, T^) = V(c, T^), by (l?) we have also 


03 ' ^^03^ ^ ^03)1 = | 0 (Pq; 0^3)1 = m 


lv(c, 

cCjt 


> (I - <j)^i;gZpm|Q| - Z'm|Ci^ 

> (1 - of [Yin, T^) - M’^o] 


- Z 




where L' is extended over all a£(Qf]L If we denote by [c] the collec¬ 
tion of all regions c C n for all then by (12), (33), and (1), 

we have successively * 
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Z V(c, T^) > Z V(c, T' ) = Z Zv(c, T' ) > 


C€[c] 


C€[c] 


cCrt 


> (1 - af Z [V(«, T') - M"’c] -Z 

IT e [jt ] ^ 

> (1 - a)^[V(A, T) - Cj'*] - a - -Ja^ > 


„2'ni|Q^| 


> V(A, T) - 2ctV(A, T) - 9a > 


> V(A, T) - 1 iM^a. 


We have proved here also that 


( 34 b) 


z 


C€[c] 


\Q^\ > V(A, T) - 


23. 15 • Continuation 


Let SS be the collections of all those arcs 


or 5 ^ > at, respectively, and let 
all Then, by (29), 


Ively, and let denote any sum extended over 

Then, by (29), we have L*L^tb^ = (zl + Zi*)t6j_ < 3a^, 


such that < at, 


and, as a consequence, also oZ 


< 2i*t6. < 3 ct^. 




Therefore 


(35) 


in-2 ^ o.,2 


z;'t 


< 3 <j 


On the other hand, by (28), also 


(36) 


kZ't^ < 4z*z,t^ = 42:*mt^ < + a < 4 

* — 1 — O — 


3 ^M, 


X. €S* 


For each X^eS* we shall denote, as in (23.10), by = (^T^ ?i-l 

Pi = (4^, T]^, ^i) the end points of Xi, by Xi^ the projection of Xi 
on the plane C = tiy ^io the segment Pj^_-|Pj^ parallel to the 

^-axis joining the end points of and contained in the straight line 

[5 = li> n = Ti^]- Then is homotop (8.13) to x^^^ ^he cylindrical 

shell Y of right section and axis [5 = t ^13 

be the polygonal line [max(|| - | |, . h - nol ^ ^ ^ " ^1-1^' l-e., 


13 


and axis 


U = 


Let 


[max(|I - IqI , 


^o 


I ) = t, 5 - 5 i_.j ], 


\ i 

H3 

i.e., 


Xi^ is the boundary Q* of a square Q identical with and parallel to 

in the plane ? = ^i-l* ^^13^ ^ ^^13^ ^ 

both Xi^, x|^ have the same end points, all coinciding with ( t)^/ 

In addition, if we consider both Xi^, xj^ as closed curves (of the plane 

^ = 5i_., ), they have both topological index +1, (-1) with respect to 

the point (l^, Thus Xi^ is homotop to Xi^ in = 0 -* 


( 17 - 2 , i). Let us now r 

mapping Xi: (T^, Ti), 
c* of one of the simple 


Iq, T|q, THUS A^i^ J.3 IlUIUUbUiJ ou /^i^ xii 

Let us now recall by (23.1o) that Xi is given by the c. 

(Tq, Ti), where Xi = (Wi_.,Wi) is an arc of the boundary 
if* t.hfi siiirnle nol. res. c C Jt* Let c* be any new simple j 
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and let us divide the polygonal (annular) region c - o' 


^1 = 


I ^ u 

reg. c*C c , 

into m simple pol. regions s^ by means of disjoint arcs 
joining the points to points w|ec**, i = 0^ 1, ..., m, 

= Vq, = w^. Let us define the mapping T* as follows. Let 
c* and let T* be constant on each arc d^^ = (Wj_w|) with 
T*(dj^) = T*(w^) = (^^, ^^). Thus T* is defined at the points 


m 
on 


T* = T 


w 




i-l 


of the arcs t| = ^^i-l^l^ interior point of 

(also interior point of a side of the polygonal line t|)^ let T* 

be constant on the arc / Q-nd let T* 

give a q.l, representation on (w.wi) of the segment 



Thus T* is defined on the whole boundary of 


^i‘ 

s* * 


Let 

I 


1 


t I 


any 


regions 


^ C C s^ whose boundaries have the point w. 


in common - and only thl 
We may also suppose that 


all = 

^i 


having 


[^3^ = (17.2). 

3 1 ' 1 Inearly onto 
mapping which maps 
in and since 


one vertex in w^^. Let us define T* as the con¬ 
tinuous mapping performing in s^ - (sj)*^ the homo- 
topy above from into in Y (17.2), and 

in 3| - (s|*)° the homotopy of x^^ into in 

We may suppose that T* is linear on sP and maps 
Q*. Finally let T* be defined in s** as the linear 


3 [* onto Q. Let us observe that now T* is defined 


performs a homotopy from 
Cl-, < C < Cl] = Pi_,Pi- 

(21 •'*), 


(T 




(T 


yi.~, t|), ve conclude that T* 
into the sesment >^j_q C [| = r, = 

We have now, by ( 9 - 4 , i), (17.8, Note l) and 


Since 

(29), 


V(s|', T*) = Ut^, V(s| - s|', T) = 0, V{3^ - s|, T») < 

V( 3 j^, T*) = V( 3 |', T*) + V( 3 | - 3 j^, T*) + V( 3 j^ - 3^, T*), 

£iV( 3 ^, T*) < z;( 4 t^ + 

= 8 t + and 6 ^ < at for all x^eS', by (27), (19), (30), 
(36) we have now 


ZiV(3^, T*) < Z*L^kt^ + z'(8t + 6^)[4(t6^)^ + 6^] < 

< 4Ennt2 + I'[32t3/25^5 + 8t6j_ + ^ ^ 

< L*m\q,\ + £'[32t3/28^i + 888^ ^ 4a3/2t2 + ,, 2 ^ 2 ^ ^ 

< Z^{n, Tp + a + 3211^0 + 8 • 30^ + ( 4 a + a)( 3 ~'MQ) < 

< V{A, T) + 59MQa. 


(37) 
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For each X. €3** let = (e . n . - (t ^ \ 

^ r\^} Vi - T)^j he the 

end points of x^, let x^^ be the projection of x^ on the straight 
line r^ = [| = t] = ti^], be the segment joining the two points 

^i -1 " ^^o^ ^o^ ^i-l ^ ^o^ ^i^^ Ho segment of end 

points p^_^ and p^, both on the straight* line r- = [g=|,n = n] 

mt_ r,iT^ r i- • 1'n 


X.€3* * 


let 


line = [| = 5 ,, 


let be the projection of X. on the straight 




X! 


Then 


[H3J c r^. 


[Xj_^] C Tq and both X^ , 


have the same end 


points Pj__i> p|' Thus X^^^, x^^ are relatively homotop in ( 17 . 2 ). 

On the other hand x^ is homotop to its projection x^^ inside the 
cylinder of right section ( 17 - 8 ) and each point of x^ is at a dis- 

tance < ^ 2 t from its projection on Xj,^, Finally we shall 

consider the homotopy ( 17 * 8 ) between the two equal and parallel segments 


Hi ^ 


io ^ height < and distance /st. 


If s^ is the simple pol. region s. C c - c*, whose boundary is 

+ H- 1 ^ define T* on the arcs d^^, d^_^ as 

above, and let us divide s^^ into five simple pol. regions 
h = 2 , 3 , 4, 5 , (see illustration) by means of arcs (w^^ 

^ couple of arcs 



(w, ). 


^ couple of arcs 

Then we shall define T* on s^ as the 


mapping performing the homotopies above from 
into X. ^ in s^., from X_. ^ into XJ« in 


i2 


from 


13 


^13 


■ *"ir 

into 


in 


13 

s. 


Lto X|^ 

Since T* 


is now defined in s|j^, 
constant on d^_^ wltt 
maps the arcs (w^ ,> i 


s|h^ h = 4, 5 ^ and T* is 
with T*(d^_^) = and T* 

.. wi). (w!. w! .) of s?t. 


maps the arcs H -1 ^ ^14 

onto the segments (Pi_iPi_i ^ 1 * 1-1 H -1 
may define T* on s^^^^ in such a way that 


T*(Sj_ 4 ) = (Pi-iPj-i 


T* in s^^ in such a way that = PiPi^* suppose 

T* is q.l. on ^14^ ^i 5 ' Thus T* is defined in s^ and since 

X^i (T*, x^), x^^: (T*, Tj), T* performs in a homotopy from x^^ 


analogously we can define 
). We may also suppose that 


into the segment 


Ho ^ 


= [| = I 


By ( 9 . 4 , i), (17-8, i) (5-9, Note 2 ), and (21.4) we have 


now 


V(Sj_^, T*) < /2tX,, V(s,^, T*) = 0, V(s^^, T*) < ^2td^, 


12 


13 


V(3^i^, T*) = v(3^^, T*) = 0, V(s^, T*) = V^^ih^ 


Since x^ = 8t + 6^^, 
we have 


> at for all Xj^eS", by ( 27 ), (35)^ (29), (3°), 


(38) 


1 . 

z;;'V(s3^, T*) <^ 2 Zl'ti\^ + e^) <>f 2 Zl<tl 8 t + SjL + 4(t6^)2 + 


< z 


(i 6 t^ + 4t6j_ + <16 • 30 ^ + ^ 


3a^ + 8Mq(T < 68M^cr- 
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Thus T has been defined on all regions s^^, 


c - and T maps each arc of onLO a segmenL = Pj__-,P^ 

of the straight line = [| = n = t)^]. Then, by (19.5), the poly¬ 
gonal line (T*, c**) is contained in r^ and nul-homotop in . Let 
T* be defined in c* in such a way to perform such horaotopy. Obviously 
V*(c*, T*) = 0 and, by (21.if), V(c, T*) = V(c - c*, T*) + V(c', T*). By 
( 37 ) and (38) we have now 


hence on the annular regions 

ent \ 


cJ* onto a se 


Z 


V(c, T*) < V(A, T) + 59 M„o + 68M„a + 0 
C€[c] ° ° 


= V(A, T) + 127 MqCt. 


23.16. Continuation 

Since T* = on each c* we may define (T*, A) as a c. mapping from 
A into by putting T* = in A - Ec. Thus T*(v) = for 

all w€A - £c°. Now for each c if we consider the circular cylinder r 

(solid) of axis r^ = [| = n = ti^], radius dlam T{n) <6 and lying 

between the planes 5 ^ where are the min and max of 

C in n (for the mapping T), then all T(c), Tq(c), T*(c) are contain¬ 
ed in r. Thus |T(w) - T*(w)| < dlam r < 36 < 3 <J < € for all wee. 

Therefore |T(w) - T*(w)| < e for all weA and d(T*, T, A) < e. Finally 

by (23.13) and (21.1*) we have 


V(A, Tq) < V(A, T), 

( 40 ) - EC, T^) + EV(c, T^), 

V(A, T*) = V(A - EC, T») + EV(c, T*), 

V(c, T^3) < V(c, T^) = V(c, Tq), ce[c], 

where T« = T^ in the admissible set A - Ec, and where E ranges over 
all c€[c]. By (to), (31+) and (3Q) Wft hAVo nnu- 


V(A, T*) = V(A, Tq) 


- z:V(c, T^) + EV(c, T*) 


< V(A, T) - [V(A, T) - IIM^a] + [V(A, T) + 
= V(A, T) + 138 M„a < V(A, T) + e. 


127MqO] 


On the other hand by (12.it) we have 
V(A, T*) > Z V(c, T*) > Z 

C€[C] C£[C] 


now 


Z V(s'', T«) = Z Z 

11^^ -i. _r^ 


si 'Cc 


C€[c] 3j*Cc 


ift^; 


that is V(A, T*) > ElQl where e|Q| denotes the area of all squares Q 
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which are the images under T* of some squares 
there are as many regions s^ * as arcs 


« M 

q = Sj_ . 


PEANO AREAS 
Since in each c 


last expression of the formula above can be extended over all 


the interior sum in the 

1 = 1 , 2 , 


• • 


m, provided we subtract the contribution of all the arcs x.eS". 


Therefore, by ( 35 ) and ( 34 b) we have 

V(A, T*) > Z V(c, T*) =ZlQI > Z m|Q| -Z" 4 t 


C€[c] 


C€[C] 


> V(A, T) - IlM^a - 3 tT > V(A, T) - i 4 MqCJ > V(A, T) - e. 


Thus statement (23.3, ii) is completely proved. 


* 23.17* Bibliographical Notes 

The theorem (23.1, i) shall be used in the proof of the equality P = L 
( 24 . 2 , i); theorem ( 23 - 3 ; D in the proof of the equality V = L ( 24 . i, 1 ); 
theorem ( 23 . 3 > ii) in the problem representation (37-3^ i). 
applications are in [L. Cesarl, 50]. The theorems (23*1, 1 ), (23.3, i), 

(23 * 3 ^ ii) are proved here for the first time. Theorem (23.1, 1 ) can be 
thou^t of as a tangential property of the c. mappings (surfaces) of finite 
Lebesgue area. Other tangential properties are referred to in ( 30 . 4 ). 


§ 24 . THE EQUALITY V = L = P 

24 . 1 . The Equality L = V 

(i) THEOREM. For every c. mapping (T, A) from any ad¬ 
missible set A of the w-plane w = (u, v), 

into the p-space E^, p = (x, y> z), we have 
V(A, T) = L(A, T). 

PROOF. Since V < L ( 9 - 4 , ii) the statement is trivial 
if V = + «. Let us suppose V < + «>. We have only to 
prove that L < V. To this end we must only show that 
given e > 0 and any closed figure F C A*^, there is 
a q.l. mapping (P, F) such that d(P, T, F) < €, 
a(P, P) < V(A, T) + €. Let a = By ( 23 - 3 , D 

there is a c. mapping (T*, A) such that: 

(1 ) d(T*, T, A) < ct; 

( 2 ) V(A, T*) < V(A, T) + a; 

( 3 ) there is a finite system [q] of N disjoint 
closed squares q C A^ such that T* is 
linear on each q and maps each q onto 
squares Q C E^ of diameter < cr; 

( 4 ) L area Q > V(A, T) - Let L^ be the sum 
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of the lengths of the hoimdaries of all 
these squares Q. 

For each q let q*, q*' be the concentric squares 
1 ** C (qM°, q* C (q)*^, with the only requirement that 
each q* be so close to q that, if Q* is the square 
image of q>, then area (Q - Q>) < a. Nov 
A' = A - z (q*) is an admissible set and, by (21.4), 
we have V(A, T*) = V(A*, T*) + ZqV(q>, T*). Conse¬ 
quently 


V(A*, T*) = V(A, T*) - z^ area Q* < V(A, T) + 


tj - Zq area Q 


+ CT < V(A, T) + 2 a - [V(A, T) - a] = 3a, 
2 :rV(A*, T*) = Z V(A*, T*) < 3 V(A', T*) < 9 ct, 


where T*, r = 1, 2, 3, are the projections of T* on 
the coordinate planes r = i, 2, 3. 


We may suppose that the figure P covers all 
q, l.e., q C F°, and we put F' = P - z 
(18.2, 1 ) there is a q.l. mapping (P', p*^) 


squares 

By 

such that 


d(P', T*, F') < a, a(F', 


P' ) < 2 pW(A', T*) < 9 a. 


The definition of the mapping (p', pt) given in (18.2) 
depends upon a number a > 0 which we shall suppose so 
small that 6a < a, 91>^a. + 18Na^ < a. We shall suppose 
a small enough in order that each cube r C E con¬ 
sidered in (18.2) of side-length a, containing points 
of the boundary Q'* of some square Q' does not con¬ 
tain points of the boundary of Q* and contains at 
most one of the four vertices of Q'. We recall 
(18.2) that for each q' the mapping (P', q'*) cein 
be thought of as the product HT* of T* byaq.l. 
mappli^ H such that |H(p) - p| < 3a. In addition 
we may observe that each side 1 of Q' crosses at 
most 3(1/a +2) of the planes parallel to the co¬ 
ordinate planes in E^ defining the cubes r; hence 
1 is mapped by H into a polygonal line 1' sum of 
at most 3( 1 /a + 2) edges of cubes r, where by 1, 1' 
we shall denote also the lengths of 1 , 1 '. We shall 
now consider the homotopy ( 8 .i 4 ; 17.8) from 1 into 
1' obtained by joining each point pel to the point 
H(p)€l' by a simple segment of length |H(p) - p| < 3a. 
We shall define on each annular region q' - q'' a 
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q.l. mapping P (17*8, i) performing such homotopy 
of the four sides 1 of Q,* into the corresponding 
polygonal lines 1 ». Then a(q* - q**, P) < 3 a(l/a + 2) • 3a, 
and we may suppose that P maps linearly q*** onto 
Q**. Finally let us define P in each q* * as the 
linear mapping which maps linearly q* * onto Q* and 
let P = P in F - zq*. Thus we have defined a q.l. 
mapping (P, F) such that 

a(F, P) = a(FS P*) + 2 a(q* - q**, P) + z area Q* < 



< 9 c + (9LQa + l 8 Na^) + V(A, T*) < 

< 9a + a + V(A, T) + a = V(A, T) + €. 

On the other hand diam P(q* ) < diam Q+ 6 a<a + a = 2 a, 
diam T*(q* ) < diam Q < a and since T* and P co¬ 
incide on q**, also d(P, T*, q) < while 

d(PS T*, F') < 0, d(T, T*, F) < a. Hence 
d(T, P, F) < ^0 < e. Thus P has all the required 

properties and (i) is proved. 


2k.2. The Equality L = P 

(i) THEOREM. For every c. mapping (T, A) from any ad¬ 
missible set A of the w-plane E^^ w = (u, v), 
into the p-space E^, p = (x, y, z), we have 
P(A, T) = L(A, T). 

PROOF- By ( 9.11 ) we have P < D and by {2.k.^, 1 ) also 
V = L- We have only to prove that V < P. First suppose 
V(A, T) = + 00. Then by ( 9 -l> i) we have 

00 = V(A, T) < 2pV(A, T^); hence also V(A, T^) = + “ 

for at least one r = l, 2, 3, and, by ( 9 -li)^ also 
V(A, T^) < P(A, T). Hence V(A, T) = P(A, T) = + “• 

Suppose now V(A, T) < + oo. Then by (23. 1 , 1 ); given 

€ > 0, there exists a finite system S of simple non¬ 

overlapping pol. regions jt C A° and for each neS, 
an orthogonal linear transformation such that, 

if (T*, Jt) = It) and (T^, n), r = l, 2 , 3^ 

are the plane mappings associated with (T*, it), 

we have 
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i;V(n, T^) > 2 v(«, T^) > V(A, T) - €. 

Thus, by the definition of P(A, T) ( 9 -li ), we have 
also 

P(A, T) > Ev(jt, Tp > V(A, T) - €. 

This proves that P(A, T) > V(A, T) and thus 
P = L = V. Thereby ( 1 ) is proved. 

24.3. A Limit Theorem for Lebessiue Area 

(i) If (T, A), (T^, A^), n = 1, 2, are c. mappings 

from admissible sets A, C into E^ and 

^ ^ '^n ^ - * L (A, T), L (A, T) < + <», then 

'^nr^ -^•LCA, T^) as n -><», r = 1, 2, 3, 

where T^^, T^ are the projections of T^^, T on the 
coordinate planes. 


NOTE. Under the same hypotheses of (1) we have also, by (18.10, ill), 

"^nr^ » W(A, T^) as n >00, r= 1, 2, 3, and, by (12. n, ill 

and Note), the m\iltipllcity functions N(p; T^^.; A^^), peE , n = 1, 2, 

r = 1, 2, 3, satisfy Vitall's condition for complete Integrablllty 
(12.11, Note). 


• • 


• > 






PROOF OP (i). If the mappings T^ are q.l. mappings 

figures then, because L(A, T) = 

V(A, T) ( 24 . 1 , 1) and a(Pj^, P^) = L(P^, P^) (8.12, i), 
we have a(P^, P^) > v(A, T), and hence, by (9.9, 1 ), 


a(Pnr^ 

r = 1, 
T 

n 


^n^ 

2 , 3. 


T 


V(A, T^), and finally P 


nr 


) -> L(A, 


Let us discuss now the general case 

o 


By 


Tp). 


we deduce that A, A^ C A^^ ^, A^ f 

dj^ - T, A^) ^ 0 as n - >00. Let us prove 

first that there is a sequence [K^^] of compact sets 
^ 3uch that C K^^,, C A^ C A°, T A°. In¬ 
deed let us consider any sequence [Kj!^] of compact 
sets (for instance figures) with K' C A°, K' C A° 

K* r TTI TTfO f aO , 1 1 h ^ 

h ^ ^+1' ^ T A as h —> 00 and let us observe 

that, for each h, there is an integer n = n(h) 
such that C A^ for all n > n(h). We may 

suppose n(i) = i, n(h) < n(h + i), and then we shall 
define the sequence [K^^] by putting = Kj 


and 
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provided n(h) < n < n(h + 1 ). Then [K^^] 
has all the required properties. 


Let us observe now that, for each n, there is a se¬ 
quence F_). rn = 1, 2, of q.l. mappings 


Fnm)' m = 1, 2, 


such that 

Thus 


»T^, a(P 


n 


nm 


F_„) 


^ L 




T ) 
n' 


as 


m -> 00 


^nm ^ ^n,ra+1^ 


P -^ T 

F° T A^ as 


nra 


implies 
m 


00 


suppose that F^ C 


Thus P™, C C A 


^nm ^ 
and we may 

for all 


o ^ aO 


ra and n. Now for each n let us consider the 
smallest integer m = m(n) such that m > n, 

^ ^nm ^ 'nm ^ 

T . F_.„) < n . Since L(A^, ^ 

00, we may suppose m(n) 


C F... C a; C A°, a(P.., P„„) < U\, T_) ♦ n'', 


■iffnm' 


n 


^ 


-1 


T 


n 
) < 


) as m 


^^^nmr' ^nm ^ t? 

large enough in order that E(A^/ ^nr^ ^ "^nm 

r = 1 , 2 , 3 - Finally, by defining m(n) successively 

for all n = l, 2, ..., we may also suppose that 

. If we define the 


) + n 


-1 


F . / 1 \ C F„^, m = 2, 3 > 

n-i ,m(n-l ) nm" 

^ 4 - . ■ A 


• • • 


mapping (P^, oy puLi^ing -n' ".^nm" ‘ 

ra = ra(n), we have C Pj^ C A°, Pn t A , 

_ _ X -1 J _ ^ A f R - 




F ) 
n^ 


by putting 




F^) = P 




d(Pn, 

1L(A^ 




and if 8 = 


T, Fj^) < n 
T^) - L(A, T)|, 

L(A, T) + n"^ +8^ with d^A 8^ 


also 


-n 


P„) < 


> 0 as n 


->■ 00 


Thus 
a(P 
P 


n 


Tn- 
Pn) 

■>T, a(P , 


>T, L(A, T) < F^) and hence 

L(A, T). By ( 24 . 3 , i) we have 

>V(A, T) and, by ( 9 - 9 , D, 

as 




n 


■> 00 


a(Pn, 


= 1. 
-1 


V(A, T^) = L(A, T^) 

T ) < 
nr^ 


n 

also a(Pj^p> ^nr 

2, 3. Since L(Aj^ 

p ) + n”' we conclude that lim L(A^, IjQp) S 
L(A, T ^ while, by ( 5 - 10 , i), we know that 
L(a', T^) < llin L(A^, T^^). Thus we have L(A, T^) = 


lim L(A^^ "^nr^ 
(1) is proved. 


as n —> 00, r = 1 , 2 , 3 * Thereby 


* 2 h . h . Bibliographical 


The equality L - T, In the caee In which “ c!oLd''ioila„'’“ 

wS es^ihuiuy pro“a hj 0 . B. Morrey ^,3) (though 

S“S”DlAchlet integral ( 3 t., ) a^ Horre ,.3 ^ ^ 

non-degenerate surfaces ( 3 ^* 6 > ii 3 'J' «oin ht* a 2-3'Dhere). Indeed 

closed surfaces defined as mappings from 2- whybiorn? that the cyclic 

the hypothesis that A is a 2-cell ^•(T 10.8) are all 

elements 7 of the hyperspace T associated to ( 1 , 0 ^ L < + ” implies 
open or closed 2-cells; on the other hand, the hypotnesis 
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that the relative non-degenerate siorfaces a (30.8) have finite LebesRue 
area. Then Morrey's theorems assiare that each surface a (cyclic ele¬ 
ments of S) has a representation satisfying the conditions of (5.13, 1 - 
9-8, IJ ^ hence L(ct) = V(o). By making use of the cyclic additivity’ 
theorem ( 10 . 8 ) the equality L(S) = V(S) can be deduced. These are the 
main lines of the process followed by C. B. Morrey. The same process is 
used by T. Radd (II) for the proof of the analogous equality a = L 

(a is Rado s interior area). On the same subject see also J. W. T. 
Youngs [2, 4 , 12]. 


The hypothesis L < + « was removed by L. Cesari [18] by uslnp the first 
theorem 08 .10, 1), more precisely the corollary of it (l8.io, 5), which 
assures that L is finite if and only if V is finite. The s ^4 process 
abOTe can be used under the hypothesis alone that A is a simple closed 
Jordan region. Under the same hypothesis on A, J. Cecconl [ 4 , 5] has 

general statement concerning 
the axiomatic definition of area mentioned in (9.15). ^ 

The properties of the cyclic elements 7 of the hyperspace T associated 

/ compact 2-manifold have^been deeply in-^ 
vestlgated for other purposes (J. Vf. T. Youngs [i 4 ]; cf. 31.1) and it is 

cyclic elements 7 may have a structure com- 

^ mentioned paper also for references). 

Thus Morrey s theorems could not be used for a proof of the equality 

L - V - P when M is not a 2 -cell or a 2 -sphere. 

The proof of the equality L = V = P given in the present §24 (24.1, i; 
24 . 2 , 1 ) is published here for the first time and is independent of the 
representation theory. Such a proof is also Independent of Prfechet 
equivalence and Dlrlchlet Integral, is based solely on set-theoretical and 

Si33ibi?ser^A'^®^^^^°''®' (T, A) from any 


§25. 


liElBESGUE AREA AS A MKA STJRE FUNCTION 


retSal^concents f ^ebesgue area with measure-theo- 

Shall prove first various further properties of 
function V ( 9 -l) and then we shall Introduce concepts Lid notat-ionQ 


—Some F\n?t her Properties of The Function V 

(i) If (T, A) is any c. mapping from the admissible set 
A of the w-plane into the p-space E , 

w = (u, v), p = (x, y, z), and V(A, T) < + », if 

Aj^» n = 1, 2, .. ., is any sequence of admissible 

sets, Aj^ C A, 11m Aj^ = 0 as n -> <», then also 

V(A^, T ) —> 0 as n —> 00. 


^KOOF. Let (T , A) r - i . . 

r - 1, ue pne plane 

mappings which are the projections of (T, A) on the 
coordinate planes (5.4). By (9. 1 , 1 ) we have 

V<A, TP < V(A, T) < rV(A, Tp, r . 3. 

lore it is enough to prove that V(A, T ) _^ o as 
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n 


> « for each r = 2 , 3. Let us consider the 


mappings (T^, A), A^) from A and A^^ C 

into the p-plane E^^, p = (y, z)- Then we have (a) 

0 < N(p; T^, A^) < N(p; Ty A), n = 1, 2, where 

all these functions are L-integrable in E^^- Let 
be the countable set O0.5, Note 

and by the set of measure zero of all p where 

N(p; A, T.j) = + 00. Then |D^ + | =0. For each 

point peE^-i - (D^ + ) there is a corresponding 

finite system {g]p of k = k(p) < N(p; A, T^ ) of 


continua (l 4 .ii-, iii) ger, g C having the prop¬ 

erties listed in (l 4 . 4 , iii). For each ge{g)p let 
us fix a point weg. Since —> 0 , there will be 

an integer v = v(p, w) such that veE^ - A^ for all 
n > V(p, w). Since the collection 
let v(p) be the maximum of the integers v(p, w) 
for the k points w chosen, one for each gelg)^. 

As a consequence we have g(E2 ~ ^ ^ 

n > v(p). If n > v(p) and n is any simple pol. 

reg. rt C A^ then, necessarily, g(E - n) + 0 for all 
ge{g] . Then by (i 4 . 4 , ill) we have 0 (p; C) = 0 
where C: (T^, n*). This proves that we have also 
N(p; T^, A^) = 0 for all n > v(p) and hence 
lim N(p; ^ for all peE^^ - (D^ + B^ ), 

i.e., almost everywhere in E^^* By (at) and 
(12.8, ii) we deduce V(A^, T^ ) = W(A^, T^ ) = 

(E21 ) / N(p; T^, A^) —^ 


{g)p is finite, 


0 as n 


00. 


2 ) 


(li) If (T, A) is any c. mapping from A C E^ into 

E^ with V(A, T) < + 00; if (T^, A), r = 1, 2 , 3 , 
denote the plane mappings associated to (T, A) 
( 5 . 4 ), if K is any set K C A, such that all 

three sets T^(K) C E^^^ r = 1, 2, 3f have 
measure zero, then for every sequence of ad¬ 
missible sets A^ C A with lim A^^ = K as 
n > », we have lim V(A^, T) = 0 as n ^ “• 


PROOF. The same proof as for (i) where for each r 
we consider the set B^ + + T^(K). 

(iii) If (T, A) is any c. mapping from the admissible 

set A of the w-plane E^ into the p-space E^, 
w = (u, v), p = (x, y, z), and V(A, T) < + «>; 
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if A^ C A, i = 1, 2, .- -, is a sequence of sets 
open in A and each A^ is a sum of sets g€r(T, A) 
(1 4 .1) then we have 

V(Z^A^, T) < S^V(A^, T). 



PROOF. 

(a) Let us consider first only two sets A^, A^ as 
above. Since V(A, T) < + co and A^ + A^ C A, 
we have V(A^+A2, T)<+oo ( 9 * 1 ). By ( 9 . 1 ) 
there is a finite system of 

simple closed non-overlapping simple pol. reg. 

C A^ + A^, such that 

N 

^ v(n^, T) > V(A, + A^, T) - €. 

1 = 1 


Let us consider the sets = A(A^ - A^A^) = 

A(Ai - A^), closed in Aj and let F = F^F^ 
Let us prove that Pn^ =0, 1 = i, 2, 

Indeed, if Fn^ f o for some n-., take a 


N. 


point W€pn^, i-e., hence 


wcF^ n-,, 


weF^^i- Then wcA, weA^ - A^, 


not in A^, i = 1, 2, 


w 


what contradicts C A^ + A 


w not In A^ + A , 


that Fn^ = 0, 1 = 1, 2, 


• • • 


We have proved 
N. From 


Fni = F^F^n = 0, 


It follows F^ n. 


F^Tti = 0, 


1.0., the sets F^n^, are disjoint (for 

and 1). 


Let us prove further that P^n^, F^n^ do not 
contain points belonging to the same set 
ger(T, A) (i 4 .i). Let us suppose that there 
are two points w^eP^n^, w^eF^n^, w^, w^eg, 
ger; gF^ 4 0 , 1 = 1, 2. This implies gA^ = 0 
because, if gA^ 4 0, then, since the sets 
Aj_ are sums of sets g, we would have g C A^ 
and hence gF^^ = 0, a contradiction. Thus 
SA^ = 0^ i = 1, 2, and as a consequence, 
g(Ai Ag) = 0, = 0, which contradicts 

^l^”l' 1 = 1,2. We have proved that 

Firtl> do not contain points belonging 

to the same set g€r(T, A). 
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For any 1 let us consider the mapping (T, it^); 
i*e., the c. mapping from the compact set 
induced by (T, A) on Let r(T, jr^) be the 

corresponding family of maximal continua g* of 
constancy for T in Then each continiia 

g*er(T, it^) is contained in a set g€r(T, A) 
[which may be larger than g* and contain even 
infinitely many disjoint sets g*€r(T, 
Consequently, for each 1 , the two sets 
Fgjt^ cannot contain points belonging to the 
same continuum g*€r(T, jt^). Also let us point 
out that both sets -^2^1 both open in 

and sums of continua g*€r(T, it^). 


Let C the minimum set ^ ^i”l^ 
i = 1 , 2, which is sum of continua g'er(T, n^) 
( 10 . 2 , Iv). The sets M^, i = l, 2 , are closed 
( 10 - 2 , iv). Let us prove that ^ 2 . 

Suppose for instance M^A^ = 1 = 0 and take a point 
weM^A^. Then W€g*, g*€r(T, ir^), and since 
both M^, A^n^ are sums of continua g', we have 
g’ C M^, g' C A^, and by the definition of 
also g*(F^ 7 t^) + 0; hence g»F^ + 0 . This is 
impossible since, from g* C A^, we deduce 
gtp^ = 0. 


Let us prove that = 0 . Suppose + o 

and take wcM^M^. Then weg*, g*er(T, ) and, 
since both are suras of continua gS 

also g* C M^, g* C and g’F^ + 0 , g'Fg + 0 / 

that is F^jt^, have points belonging to the 

same g*€r(T, jt^), what has been excluded before. 


By = 0 where both M^, Mg are sums of 

continua g*€r(T, it^) we deduce ( 10 . 7 > vl) that 
= (M^, Mg}^ > 0 where, for the sake of 
simplicity we have used a subscript 1 Instead 
of the more complete subscript (T, 
let € be any positive number. By (21.1, i), 
( 21 . 2 , i) there exists a finite collection of 
non-overlapping simple closed pol- reg. 


C k = 1, 2, 


Ik 


• • 


m-.. such that 


dlam k = 1 , 2 

also 


m- 


and 


• « • 
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T) < V(n^, T) - W’e. 



We have C n° C k = 1 , 2, ..., 

Let us prove that for each k and 1 we have 
either C or C A^, or both. First 

if then C A^; analogously if 

^lk^2 ^ then C A^. Let us suppose now 

that ”lk^2 ^ "ik ~ ■^i ^ Then 

^ll/i + 0> + 0 and diam T(n^^) < 2~\^, 

> 0^ where is surely 

connected. By (10.7, viii) we have ^ 

From here it follows = 0 and, since 

’'lk^2 ^ also C A^. Analogously, if we 

suppose + 0, + 0, - A^ + 0, 

we prove C A^. Ve have proved that, for 

any k, we have either C A^, or C A^, 

or both, k = 1, 2, 1^ and this statement 

holds for any 1 = i, 2, ..., N- 


Let us divide all the pol. reg. 

k = 1, ..., m^^, 1 = 1, • . ., N, into two 

classes putting a reg. in the first class 

"ik ^ ■^1' otherwise in the second class. 

By the above statement we have C A^ for 

all of the second class. Denote by z', 

z'* any sura relative to the regions of the two 

classes, respectively. By (2), (3) and (9.1) we 
have 


N N 

V(A^ + A^, T) < T) + € < T) + 


1=1 


1=1 


N ^ 

^ < S 2 rv(n,, , T) + 

T — 1 < XA 


1=1 k=i 


2 € = 


= (Z- + £' ' )v(n^j^, T) + 2€ < 

< V(A^, T) + V(A^, T) + 2€. 

Since € > 0 is any arbitrary number, we have 
V(A, + A^, T) < V(A,, T) + VCAg, T). 
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(b) By applying (a) a finite number of times, we have 

n n 

A ZAv t) < Zv(A., T). 

^ '" 1=1 ^ 

(c) Let A = A^ + A^ + -.. • By repeating the first 
part of the argument in (a) we can define a 
finite system of simple closed non-overlapping 
pol. reg. C A, 1 = 1, 2, ,.., N, such that 

N 

Z T) > V(A, T) - e. 

1=1 

The set J = Jt^ + compact, 

J C A, and each point wej belongs to at least 
one of the sets A^, i = 1 , 2 , ... . Hence by 
Borel*s theorem, there is a finite m such that 
J C A^ + ... + A^. By ( 9 - 1 ) and (b) we have now 

m 

V(A, T) < Z^(^V T) + e < V(A^ + . . . + A^, T) + e < 

1=1 

m «> 

< Zv(A., T) + e < Z^(A., T) + €. 
i=l 1=1 

Since e > 0 is any given number, (iii) is 
proved. 


NOTE. The statement (ill) does not hold necessarily if the sets are 

not sums of sets g€r(T, A) as we can prove by using the same mapping 
(T, Q) of the example (i 3 -i^ A). 

Indeed, using the same notations of A), if 

[0 < u < 4 / 7 , 0 < V < l], Jg ^ [3/7 < u < 1 , 0 < V < 1 ], 

J = J ^ + J2 ” 

V(Ji, T) = |r°l, T) = |r°|, V(Q, T) = k/ 7 , 

|r°| + \t°\ + m = 4 / 7 , m > 0 ; 

V(J,, T) + VCJg, T) < V(Q, T). 


then 

where 

i.e., 
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A family SI of sets is called a RING if SI is closed with respect to the 
operation of finite sum and finite intersection; is called a FIELD if 
SI is a ring and Si is closed with respect to the operation of subtrac¬ 
tion; SI is called a a-ring, or a a-field, if si is a ring, or a field, 
and SI is closed with respect to the operation of countable sum. 

A set function (p(A) defined in a family si of sets A is called 

MONOTONE INCREASING in SI if (p(A) < (p(B) for all A, Be Si, AC B; 
ADDITIVE in A if (p(A + B) = q)(A) + (p(B) for all disjoint sets A, B^ St 
such that A + Be St ; totally additive in Si if = ^j_cp(A^) for 

all sequences lA^J of disjoint sets A^eSi, 1 = 1, 2, ..., such that 
l^A^eSi . In the present section we shall denote by A the empty set. 


25-I- The Concept of Content Function 

Given a set E, let si be the collection of all subsets A of E, the 
empty set A included. A function 9(A) defined for all AeSi is called 
a measure function, or briefly a measure, if 

( 1 ) 9(a) = 0; 

(2) 9(A) is monotone increasing in si; 

(3) 9(ziA^) < £9(A^) for all sequences A^ of sets A^e si . 

A set AeSl is said to be 9-mea3urable (in the sense of CarathSodory) pro¬ 
vided that for every set Me SI we have 

9 (AM) + 9 (A - M) = 9(A). 

If we denote by ^ the subfamily of all 9-mea3urable sets of E then 

^ C SI, 5 is a ff-field and 9 is totally additive in J? [H- Hahn and A. 
Rosenthal, I, p. 64 , 6 .i. 4 i, i. 42 ]. 

A measure function Is said to be continuous if 9(A) = 0 for all countable 

3et3 A€ « , it i3 said to be REGULAR if for every set Ac« ve have 

q>(A) - Inf 9(B) for all Be 3 , B ^A [H- R., p. 83, 7 - 13 , and p. 72 , 
6 . 4 . 1 ]. 


If E is a metric space, then a measure function 9(A), Ae« , is said to 
be an ORDINARY measure function if every closed set Aeis 9-measurable 
(H. R., p. 81, 7.1]. A necessary and sufficient condition in order that a 
measure function 9 be an ordinary measure function is that for every two 
sets A, Bcfl whose distance in E is positive, we have 9(A + B) = 

<!>(A) + 9(B) [H. R., p. 82 , 7 -1 ■ 1 ]. If 9 is an ordinary measure function 

then all set^ Ac« which are closed, open in E, Borel sets, analytic 

sets, are 9-mea3urable [H. R., p. 82. 8^ 712 1 on a__ 

^ ^> f.i.2, 1 . 21 J. An ordinary measur© 
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function 
a (jg-set 


cp is 
B 3A 


ailed a OOmmU FUNCTION if foi 
such that 9 (A) = 9 (B) [H. R., 


every set Ae SI there is 
p. 84, 7 - 2 ]. 


25-4. The Collection of Subsets of A 

Let (T, Q,): p = T(v), weQ, be any c. mapping from an admissible compact 
set Q of the v-plane v = (u, v), into the p-space p = (x, j, z 

and let (T^, Q), r = 1, 2, 3, be the mappings which are the projections 
of T on the coo3?dinate planes. By (4.1 ) Q is either a closed Jordan 
region of any finite order of connection, or any finite sum of disjoint 
Jordan regions; in particular, a closed pol. reg. R, or a finite sum of 
disjoint closed pol- reg. R (of any order of connection). 

Let r(T, Q) be the family of all maximal continua of constancy for T in 
Q. Let us denote by iK, 6*, ® the collections of all sets M C Q, or 

of all sets M C Q which are open in Q, or closed, or Borel sets in Q, 
respectively. Let us denote by the collections of all 

sets Mq€ 9K, ©, S which are sums of continua ger (io. 4 ). We suppose 
that the empty set A belongs to all the mentioned collections. The 
families aw, <8^ are a-flelds, are a-rlngs, are 

rings. 

As we have already observed in (10. 4 ) <8^ can be thought of as 

the collections of all sets, of all open, closed, Borel sets, respectively, 
of the hyperspace r; i.e., of the collection r itself when the continua 
ger are considered as points and where the topology in r is defined by 
means of the sets The hyperspace f is a metric space (10.2, v; 

10.4, v), and the distance {g, g*] defined in (10.6, Note 1) gives an 
example of metrization of r. 


25.5* The Measure Function 9 


For every set 
G is a set open in 
fined /for all Ge 


let us consider all sets Ge©^ with G D Since 
Q, G is an admissible set, hence L(G, T) is de- 

and we put 



9(M, T) = Inf L(G, T) 


for all G 5 M, Ge©^. Obviously 9(G, T) = L(G, T) for all Ge©^. In¬ 
deed for all G*€©q, G* DG we have L(G*, T) > L(G, T) ( 5 - 8 ) and since 
G can be taken as a set G* we have 9(G, T) = L(G, T). 


( 1 ) THEOREM. For every continuous mapping (T, Q) from 
the admissible compact set Q of the w-plane 
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w = (u, v), Into the p-space E^, p = (x, y, 2.), with 
L(Q, T) < + «>, the function (p(M, T) is defined for 
all Mei^Q, 0 < (p(M, T) < L(Q, T), and 

(1) (p(M, T) Is a content fmction; hence, in par¬ 
ticular, is a regular ordinary measure- 

(2) (p(M, T) is totally additive in the a-fleld 

of all 9-measurable sets and con¬ 

tains 

( 3 ) <P(G, T) = VfG, T) = L(G, T) for all sets 
in particular <p(Q, T) = V(Q, T) = L(Q, T). 

( 4 ) <p(M, T) is continuous in l-e-, 

cp(M, T) = 0 for every countable sum of contlnua 
ger(T, Q). 

(5) 9(M, T) = 0 for every such that 

|T^(M)| = 0 , r = 1, 2, 3. 

(6) For every GeO^, if F = 5 - G and F^ is 

the minimal set F^eu;^, F^ D F, if 

ITp(Fq)| = 0, r = 1, 2, 3, then 

<p(G + Fq, T) = 9(G, T). 

PROOF- By ( 24 . 1 , l) we have L = V and hence (1) may be 

replaced by ^(M, T) = Inf V(G, T) for all G :> M, GeQ)^. 

By ( 9-1 ) the function V is monotone Increasing and by 
( 9 - 3 , 11 ) V is additive In the a-rlng @q- By (25-4) 
the empty set A belongs to and we put V(a, T) = 0- 

Henoe by (1) also <p(a, T) = O- By (25-1, 111 ) the rela¬ 
tion V(r^Gj^, T) < T) is verified for any 

sequence Gj^ of sets G, G^e©^. As a consequence, by 
IH- R-, § 4 , 7-5; 1] <p(M, T) is a continuous function in 

IKq- The properties (1), (2) are general properties of any 
content function as we have pointed out In (25-2, 25-3). 

®y__^25-4), cp(M, T), McSHq, represents a function 

9(M, T), Me^, In the collection lui of all the subsets 
of the metric space r (middle space)- 

The statement (3) Is an Immediate consequence of the 
definition (l) and of (1') since we can take M = G- 
The statements ( 4 ) and (5) are consequences of (25.1, 11 ). 
The statement (6) is a consequence of (2) and (5). There¬ 
by ( 1 ) Is proved. This argument Is essentially due to 
A. Rosenthal (see 25.7). 


IT Ti To. extension to all sets of the function 

L(G, T), Oea^, used above and defined by (,), I3 the same procedure of 
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[H. Hahn and A. Rosenthal, p. 88, The theorem above shows that such 

extension is really possible in such a way that cp is a measure function 
in i.e., in the collection of all sets M C Q which are made up of 

whole continua geP. 

NOTE 2. A fiirther extension to all sets Me 9 K is really feasible in some 
cases as we shall show in (25*6), but not always as the following example 
proves. 

Let (T, Q) be the plane mapping defined in ( 13 - 1 ; A), where Q is the 
closed unit square. Let s be the segment s = [u = -^, 0 <v<l] and 

0,^, 0^ the intervals = [0<u<i, 0<v<l], Q2 = [i<u<l, 

0 < V < i]; let I, I^, be the intervals I = [ 3 /T < u < k/ 7 , 
0 <v<i], = [ 3 / 7 <u<i, 0 <v<l], l2= 0 <v<l]. 

We have seiB, Q,, I, 126®, and V(Q, T) = h/ 7 , V(Q^, T) = |r°|, 
V(Q2, T) = |r°|, V(I, T) = V(I^, T) = VU^, T) = 0, as It can be easily 
shown- If cp(M, T) where additive In ® and coinciding with V(G, T) 
in ® then by the decompositions Q=Q^+s + Q2^I = I^+s + l2^ we 
would deduce the equalities 

i */7 = Ir°| + cp{3, T) + Ir^l, 0 = 0 -h cp(s, T) + 0, 

l-e., cp(3, T) = 0, cp(s, T) = k /7 - |rj - I r^ | = m > 0 ( 13 - 1 , (A)), a 

contradiction. 


NOTE 3. It must be pointed out that if J is any closed Jordan region 

_ _ _ . _ ±. T J^, Vir^-hVi Hn nnh nnff tO • 


J C Q, it may happen that J, or 


or both, do not belong to 


For Instance, In the example ( 13 - 1 , A), the rectangle J = [0 < u < 2 
0 < V < 1 ] does not belong to TOg and neither does J° belong to 


2i 


o 


If 

have 


then and by the statement (3) of theorem above we 


.0 


Bi, B^ 


cp(J^, T) = V(J°/t) = L(J°, T). Even in the case where both J, 

we may have (a) cp(J, T) > <p(J°, T), [though 9 (J, T) = cp(J°, T) 

for every component J of Q] as we shall see by the following example 

Let (T, Q) be the same mapping defined In ( 9 - 5 j Note 2). Then if s 

J. r n ^ ir ^ 1 n - if 0-. 0^ are the closed 

is the segment 3=lo<v<i,u-2 i, ±i 

rectangles separated by s In the square Q = [0 < u, v < 1 ], 
the Jordan regions which are the Images of Q, and Q2, we have sea , 
Q°, oSe® , V(Q, T) = |B| = 1, V(Qj^, T) = |B°|, 1 = 1, 2, 

ib?i - ib»i t) .»,.(%, t) . 

<p(Q^^ T)+ 9 (Sj T)= |B?| + m, 1 = 1 , 2- 

It may happen that does not contain intervals. For Instance this sit 

nation occurs if <p(t) is any continuous strictly increasing function of 
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the real variable t 
[0<u, v<i, u + v 
rQ where r Is any 
Intervals. 


and (T, Q): x = y = z = (p(u + v), (u, v)eQ = 

< 1 ]. Indeed all sets are sm of segments 

straight line u + v = a, and does not contain 


Finally, it may happen that 9 is not lower semlcontlnuous. Indeed, in 
the last but one example, s is a segment and 9(3, T) = m > 0. On the 


other hand, if 




we have (p(s, P ) = 0 


Q) is any sequence .of q.l. mappings wit: 
and thus 9(3, T) > 1 ^ q)(s, P ) as n 


n ” 

^ 00, 


m 


g^-6. The Function 9* 

A first case where V can be extended to a measure function additive in 

W is when T is light (5.2) since then all ger(T, Q) are single points 
and 

A further case is when T is REGULAR ( 9 - 6 ). Then V is additive in the 

collection « of all sets M which are sums of rectangles re[I] and 

V satisfies (9-6, 1 , 11, Hi). As a consequence [H. R., p. 91, 8.1] V 

satisfies necessarily the relation (a) V(j;G^, T) < Z^V(G^, T) for all 

sets G^€«. For every set Mc'jjf let us define the function 9'(M, T) as 
follows 

q>' (M, T) = Inf L(G, T) 

for all G ) M, GcOJ. 

(i) THEOREM. [A. Rosenthal]. For every c. regular 

mapping (T, Q) from a compact admissible set Q 

the function 9'(M, T), MeiUi, has the following 
properties: 

(1) 9'(M, T) is a content function; hence 
in particular 9' is a regular ordinal^ 
measure function; 

(2) 9'(M, T) is totally additive in the 

a-fleld (f of all 9'-measurable sets 
yim, and ? contains at least «^ i.e., 

all Borel sets Me'JUi; 

(3) •P^CG, T) = V(G, T) for every GeOJ; in 
particular 9 ’(Q, T) = V(Q, T) = L(Q, T) 

and 9 '(J°, T) = V(J, T) = L(J, T) for 
any Jordan region J C Q; 

(^) If L(Q, T) < + 00, then 9'(M, T) is 
continuous in m, i.e., 9'(M, T) = 0 

for every coimtable set; 


4 o 6 


CHAPTER VII. 


IDENTIFICATION OP LEBESGUE, GEOCZE, PEANO AREAS 


( 5 ) If L(Q, T) < + 00, and for some Ge@ we 
have |T^[ 5 (G)]| = 0 , r = l, 2 , 3 , 

5 (G) = G - G, then q)*[G + J(G), T] = 

9 *(G, T). 

In particular, cp»(l°, T) = <p*(I, T) = V(l, T) = 
L(I, T) for every interval l€[I]. 


PROOF. The proof is the same as for (25.5, 1 ) by using 
(a) above instead of (25. 1 , iii). (See ( 25 - 7 ))• 


Another case where the extension of V to all sets MeSW is possible is 
when (T, Q) is AC [i-e., all plane mappings (T^, A) ( 5 -^) are AC 
(13*1 )]• In such a case cp* is the Lebesgue integral on M of an 
L-integrable function 


*2^.7. Bibliographical Notes 

The Theorem (25.6, 1 ) concerning regular mappings is due to Professor A. 
Rosenthal in the course of a seminar on surface area and measure theory I 
jointly directed with Professor Rosenthal at Purdue University in 
By using surface area theory the author has then proved (25* ill) [for 
all c. mappings and in @q], from which ( 25 - 5 / O follows naturally by 
essentially the same argument of Rosenthal. The results of this section 
are here published for the first time. 

For further details on the functions cp and cp' see L. Cesarl [^ 5 )* In 
particular the following theorem is there proved: For every c. mapping 
(T, Q) with L(Q, T) < + “», a necessary and sufficient condition in order 
that (T, Q) be AC is that cp'(M, T) is L-continuous and additive in « 
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REGULAR APPROXIMATE DIFFEIRENTIALS 
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26.1. Approxlmate Limits and Differentials 


A measurable set J of the p-plane 
be dense In a point p^ = (x^, 
density i for j], provided IqJI : 


J of the p-plane E^, p = (x, y). Is said to 
t Pq = (Xq, that Pq Is point of 

provided |qj| : |q|-as 1-^0+, wh 


where 


q Is any square q=[a<x<a+l, b<y<b+l],peq, and 
k ^ k o 


IqJI, lql 


are the L-measures of qj and q in E . 


Po' 


Let F(p), peG, be now a single-valued, real function, measurable 
in an open set G of the p-plane E^ • The function P is said to 
have an approximate limit m [briefly an ap-limit] at a point 
Po^^a Provided there exists a set J C G of density i in p 

such that lim f(p) = m as p p^, pej. Such an ap-limit, 

if it exists, is necessarily unique. By making use of this defi¬ 
nition, the concepts of ap-continuity, ap-derivatlves, ap-differ- 
entials can be introduced as usual [Cf. S. Saks, I, p. 218 and 
p. 300]. In particular, F(p) is said to have the ap-dlfferential 

(1) A = A(x - Xq) + B(y - y^), (A, B real numbers) 

at the point p^ - (x^, if there exists a measurable set 

J C G of density 1 in p^ such that 


set 


( 2 ) 


lim [P(p) - P(p ) - a] : Ip - p I = 0. 


Po'PeJ 


The ap-dlfferentlal (i) of P(p) at a point p , if it exists, 

J ^ _^ . u ^ 


Is unique [S. Saks, I, p. 300]. 


If we suppose J = G then we obtain the concept of ordinary total 
differential. Any Llpschltzlan function P has a total differ¬ 
ential a.e. In G [H. Rademaker, 2], but there are functions 
P, even BVT and ACT which have total differential at no point 
of G [S. Saks, 5 ; see also L. Cesarl, 5]. However, the exist¬ 
ence a.e. of an ap-dlfferentlal can be proved under very large 
conditions as In the following statement: 

( 1 ) If the measurable function P(p), peG, has 
ap-derlvatlves (P^) ,■ (P ) a.e. In G, 


ap-derlvatlves (P^) ,■ (P ) a.e. In i 

., „ ap ^ ap 

then P has an ap-dlfferentlal a.e. In G 


and A = (P ) 


ap 


B = (Py) 


ap 


a.e. in G. 


408 


CHAPTER VIII. GEOMETRICAL PROPERTIES AND THE SECOND THEORM 


Every BVT function P(p) has ordinary partial derivatives a.e. 
in G and hence satisfies the conditions of (i). Nevertheless, 
for application to surface area, a somewhat stronger theorem is 
needed and is given in (26.2). 


26.2. Regular Approximate Differentials 

A function F(p), peG, is said to have the regular ap-dlffer- 
ential (i ) at the point p^ = (x^, yQ)eG provided there exists a 
measurable set J C G of points p = (x, y), of density i in p^, 
such that (2) holds and J is the sum of the boundaries q* of 
squares q of center p^. Note that such a set J is necessarily 
of linear density 1 with respect to x and to y at the point 
(^o^ Yo^ Saks, I, p. 298]. The following theorem holds: 

(i) If F(p), peG, p = (x, y), is measurable in 

the open set G and has ordinary partial deriva¬ 
tives F^, Fy a.e. In G, then F has a regiolar 
ap-differential a.e. in G and A = F^, B = F^ 
a.e. in G. 

PROOF. The proof we give in the following lines is only 
a variant of [ 3 . Saks, I, pp. 301-304]. It is enough to 
prove (i) for some measurable set H C G, with 
|H| > |G| - e [or > if |G| = + 00] where e > 0 

is any given number. It is also enough to prove that, 
given € > 0, T > 0, there is a measurable set H C G 
such that |H| > |G| - € [or > e"^] and such that, 
for every (5, Ti)eH, there exists a set J as above 
vrith |F(p) - F(Pq) - A| < rip - p^l for all pej. 

By [S. Saks, I, p. 298] we know that F^, F^ as well as 
F are measurable in G. Hence there is a closed bomded 
set H C G, with |H| > |G| - e [or > e"''] such that 
F^, F exist at each point of H and F, F^, F^ are 
continuous In H. Therefore the same functions are uni¬ 
formly continuous in H and thus, given t > 0, there 
is a 8 > 0 such that |F^(p) - F^(pMI < t for all 
p, p*€H, Ip - pM < S- and analogously for F^ and F. 

For every integer n, let A^, be the sets of all 
points (1, T))eH such that, respectively, 

1P(X, n) - n) - 

for all i - n ^ + n \ 
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|P(|> y) - F(|, T)) - Py(i; n)(y - ti)| < n”’ ly - | 

for all T| - n"’’ < y < ,1 + n"'' . 

Since F, F^, F^ are continuous in H, both A^, B are 

closed subsets of H. In addition C A , B C B 
. „ _^ n 1' n n+1' 

^ There must be, therefore, an n such that 
for all n > fi we have |H - A^|, |H - B^| < € and, if 

*^n ~ ^i^n' |H - < 2e. Let n be the smallest 

integer such that n > h, n“’ < 6, and let a = n"’, 

^ ® ^ ^ *^n' C C C denote the set of 

all points (1, ti)€C which are points of density 1 for C 
as well as points of linear density 1 with respect to x 
and to y. By (S. Saks, I, p. 298], C is measurable 
and Id = |C|. For each (|, ,,)£C' denote by 1 the 

set of all numbers h > 0 such that (| + h, ,i)eC, 

(1, T) + h)€C, |h| <6. The set 1 is of density 1 in h = 
and symmetric around the same number. Denote by 

J = J(|, T,) the set of all points (x, y)eG such that 
X = d h, ly - Til < h, or |x - 11 < h, y = n + h. J 
has all properties above and is of density 1 in (|, t]). On 
other hand, for every p = (x, y)£j, say p = (x, y) = 

(1 + h, y), we have peG, (|, ti)€J, (|, ,,)eC', and 

|P(P) - P(Po) - A| = |F(x + h, y) - F(5, ,1) ; hP^(|, y)| 

yi 

+ \FU, y) - F(i, n) - (y - n)Py(lT 01 + |f^( 5, y) 

- Px( 5 ^ r,)|h < Th + T|y - nl + Th < 3t|p - P^l . 

The statement ( 1 ) is proved. 


(ii) If P^(p), pcG, 1 = 1, 2, ..., N, are N < + oo 
functions all measurable in G and each having 
ordinary partial derivatives a.e. in G, then 
for almost all points (|, t|)€G the set J of 
the definition of regular ap-differential (26.2) 
can be chosen to be the same for all functions. 

For the proof of this statement it is enough to take for J 
the product of the corresponding N sets J. relative to 

Pl7 1 = 1, 2, ..., N. 
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* 26.3. Bibliographical Notes 

The concept of regular approximate differentiability is due to 
R. Caccioppoll, G- Scorza Dragoni and T. Rad6, as a refinement 
of the concept of approximate differentiability of W. Stepanoff. 
See^on this topic R. Caccioppoll and G. Scorza Dragoni [ 1 J, T. 
Rad 5 [19]. See also W. Stepanoff [3], R. Caccioppoll ll, 8], 

L. Giuliano [I] and the already quoted book [S. Saks, I, pp. 
218-300]. 


§ 27 * INTERVAL FUNCTIONS 

We give in the present section a brief but self-contained account 
of the Banach theorems on the derivatives of normal interval func¬ 
tions (not necessarily additive). We shall apply these theorems 
to the functions V ( 9 'l> 12.1 ) in §28. (See Notes 1 , 2 below.) 


27.1. Normal Functions 

We shall deal in this section with a subset A of the xy-plane 
E^^ with certain collections (G), (I)^ (q)/ (Q.) C (1) of 
subsets of A and with a set function F(I) defined for all 
led), - CO < F(I) < + 00 . We shall refer to A as an open set 
of E^; (G) as the collection of all open sets GCA; [1} 

as the collection of all closed intervals I = [a < x < a + 1 , 
b < y < b + IM, I C A; (q) as the collection of all Intervals 

led) which are squares, i.e., 1 = 1*; F(I) any real single- 

valued interval function defined for all led). (See Note 1, 

below.) 

The function F(I), led) is said to be subadditive, over¬ 
additive, additive in G if for every l€[I) and every finite 
subdivision S of I into (non-overlapping) sets I'€{I) we 
have, respectively, F(I) < , or ^ or =ZF(I'), where E 
ranges over all I'eS, where we use the usual conventions for 
the sum of real numbers (even + «> and - ®) and where we 
suppose explicitly that never may happen to add + » and 

cxj. All subadditive, overadditive, and additive functions are 
said to be NORMAL functions. Obviously the additive functions 
are both subadditive and overadditivej if F is subaddltlve 
[overadditive] then - F is overadditive [subadditive]. 


NOTE 1 . More generally the set A above men 

m^cJa^■h^p fG) the collection of all sets GCA open 

irissible t^ collection of 

Si VS oSaS pS. raglona « C A, or of .11 .1^1. 
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non-sin^jle pol. regions « C A. 
the collection of all Intervals 
such that 


The collection {q) could be 
16(1} of side-lengths 1, i' 


1/x < 1/1', 1/1' < 


^ given number. In this case we shall 
collection of all Intervals led) of co- 
of regularity \ [Cf. S. Saks, I, p. loe].^ The 
collection (I) could also be the family (1)^^ of all Inter- 

glven Lts^ b.b + 1' are elements of 

Swi Hahn ?nd A. Rosenthal, Set Fun ctions! irChSSr V 
dSSy SvSgaLd!’ 'iiff^^-^tla^ion of general set functions Is 


note 2. For numerous previous applications of normal functions 
of interval to questions connected with length and area, see the 
ooks of L. Tonelll [i] and of S. Kemplsty (I). Consistent use 

bv questions of surface area has been made 
by T. Rado [19, II] and by L. Cesarl [12, 28]. 



F^inctlons 


uiven any function k(i;, ie{l), as in 27,1, let S 
finite system of non-overlapping sets led}, I c A. 
variation of F(I) in A we shall denote the number 


V(A) = V(A, F) = Sup XlP(I)|. 

3 leS 


denote any 
By total 


setr Gdor" ^ - -Pl-e A by any of the 

Ge(r) defined a set function V(G), 

. ’ ^ led). Obviously we have |F(I)| <V(I) and 

111 ' 13 

as theLr? / function V(I) 

as the total variation of F(I). 

The ^°tlon^ P(n is said to be of BOUNDED VARIATION in A, 

to be ARqnTTmr^ ^ ^ f^nctlon P(I) I3 said 

to be ABSOLUTELY CONTINUOUS In A, or AC In A, if 
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(a) given e > o there is a 6 > 0 such that for all 
finite systems 3 of sets Ie{I) we have 

siF( 1)1 < €, provided Sll| < 5 ; 

(b) P(I) is additive in A. 


NOTE. The case where (I) is the collection of all simple pol. 
regions :t C A and F is the function v associated to any c. 
mapping (T, A) has been considered in ( 9 - 3 )• For other par¬ 
ticular cases see ( 9 * 4 ), (9-6), (i2.l). 

In the definition of absolute continuity S. Banach [l] requires 
only condition (a), but the condition (b) is added explicitly in 
the main statements [we have seen in (l3*l ) that the conditions 
(a) and (b) are independent]. In the account which follows of the 
Banach theorems of derivation (and only for the sake of brevity), 
we have associated both conditions (a), (b) to the concept of 
absolute continuity of an Interval function, in harmony with the 
definition of AC c. plane mappings given in ( 13 ' 1 )* For a more 
detailed account of Banaches theory, in connection also with the 
concept of Burkill*s integral, see the book of 3 . Keii5)l3ty [I]. 


27 - 3 . 3 ome Preliminary Statements 

(i) If F(I) is any arbitrary Interval function and 
V(I) the corresponding total variation, then for 
every sequence G, Gj^, i = i, 2 , of sets 

G, Gj_G(G} (27.0 with G^Gj = 0, i =f= j, C G, we 

have S^V(G^) < V(G). 

(11) As in (i), if G = then Z^YiG^) = V(G). 

(ill) If F(I) is any arbitrary fmcfclon, then the 

corresponding total variation V(I) is over¬ 
additive. 

The same proofs hold as for ( 9 ' 1 ^ i^ ii> ill)* Note here that, if 
a function F(I) Is non-negative and overadditive, then F(I) = V(I)- 

(Iv) Each BV normal function F(I) is the difference 
of two non-negative overaddltlve functions. 

PROOF. If F(I) is overaddltlve, then F(I) = [V(I) + F(I)] 
V(I) where both F + V and V are non-negative over- 
additive. If F(I) is subadditive, then - P(I) is over¬ 
additive and F(I) = V(I) - [V(I) - F(I)], where both V 
and V - F are non-negative and overaddltlve. 

(v) A function F(I) satisfies (a) if and only 
if V(I) satisfies (a). 

(vl) Any AC function F(I) is BV, provided 
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The same proofs hold as for (13.1, 1 , 11). 


27 - 4 . Derivative of An Interval Function 

Given the Interval function F(I), l€{I), (27.1), let n be 

any point , let q denote any closed square qe(q) with 

p^eq and let 6 = 6 (q) be the diameter of q. Then by upper 

and lower derivatives F'(p^), F'(p^) of F(I) at the point 
pQ we denote the numbers 


F'(p ) = lim 

6 


F'(Po) - 
0 |q| o 


TIE IM 

5 -- 0 |q| 


00 < pi < pi < + „. If pi = pi their common value Is de 

noted as the derivative P'(Pq) of F(I) at p 


o 


LH'II-IA 1. If a set J of points p = (x, y)eE 

has the property that for each point pej there 
is a closed square K with peK, K°J = o, then 
J Is measurable and has measure zero. 


PROOF. If ptj, then peK* since K°J = o. Thus the 
outer density of J at the point p Is <3/4 or 

<1/2, according p Is a vertex of K* or an Interior 
point of a side of K. As a consequence J has no point 
of outer density 1. This implies |J| = 0 [s. Saks, I, 

P- 129]. 


LEMI 4 A 2. If the set J of points p = (x, y)€E 
has the property that for each point pej there^ 
is a closed square K(p) with peKCp), K(p) c J, 
then J is measurable. 


PROOF. Since J° (subset of all Interior points of J) 
is open (or empty) and hence measurable. It Is enough to 
prove that J, = j - jO measurable. Let pej be any 

point of J,. Then p£K(p) for at least one squire K(p) 

and the following statements hold: 

(1) p is a boundary point of K(p); 

(2) all points p' Interior to K(p) are not 


in J,; that Is peK*, K°J = 0. 


By Lemma 1 the set J, has measure zero; hence 
•T. as well as J = jo ^ j. g^g measurable. 
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(1) For every fimctlon P(I) the upper and lower 
derivatives P'(p), F'(p) are L-measurable 
functions in A°. 


n = 1 , 2 , 


• / 


of squares 


H = J.J, 


PROOF. For every a > 0 let J denote the set of all 
points peA° where F'(p) > a. Then for each peA° 
there is a sequence K^(p), 

I^(p) . such that peK^Cp), I^(p) c A°, F[K^(p)]: 

|Kj^(p)| > a - n~\ |K^(p)| < n“', n = 1, 2, ... . 

For each n let denote the set = 21^ (p) 

where Z ranges over all points pej. Let 

•. . Obviously J C for every n; hence 
J C H. Let now p be any point of H. Then 
for all n and hence least one point 

Ve have F[K^(p^)] : ^ ^ ~ 

since have P*(p) > a. Thus each point 

peH is also a point of J, that is H C J. Thereby 
we have proved that H = J. Now each set satisfies 

the condition of Lemma 2, and hence is measurable. 

As a consequence, also, H = J is measurable and 
FMp) is measurable. Analogously for F*(p). 


■^n n 


(ii) Each BV normal function F(I) has derivative 


F* (p) a.e. in A 


o 


PROOF. By ( 27 . 3 , iv) we can suppose F overadditive and 
non-negative. Therefore o<F* <F' <+«> everywhere 
in A*^. By (i) the set J C A of all points peA*^ 
where F* < F* is measurable. Suppose, if possible 
|J| >0. If (u^, v^), n = 1, 2 , ..., is any sequence 
containing all couples of rational numbers 
o<u^<v^< + oo, and is the subset of J of all 

peJ where 0 < F* < "^ < < + «>, then J = 

As a consequence there is at least one n such that 
iHj^l > 0. Let H = |H| = \E^\^ = m > 0, u = u^, 

V = Vj^; hence 0<F* <u<v<F* < + » for all peH, 
and |H| = m > 0 . By [S. Saks, I, p. 218 ] there is in 
H at least one point p^eH of outer density 1 . If q 
is any square with Pq^Q.^ Q. ^ have 

11m IqHl : Iql = 1, F(q) : |ql < u as 6(q) - 0. 

Therefore given e > 0 there is a square q = K with 

the following properties: (a) ^ ^ f 

IKHI : |K| > 1 - e, F(K) : |K| < u. For every point 
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peK°H let us denote by q any square such that peq, 

q C A°; thus llm F(q) : | q| > v as 6 (q) -►o. 

Therefore there is a sequence qj^(p), n = 2, 

of squares with p€q^(p), q^(p) c K°, 6 [q^(p)] -^ 0 

3-3 n-.-=0, P(qj^): | q^| > v. By Vitali's covering 

theorem [S. Saks, I, p. 109] there is a finite system 
of non-overlapping squares K,, , ..., Kjj such that 

(P) C K C A°, F(Kj^) : |Kj^| > v, i = 1, . . n, 

ilKj^l > |K°H| - e|K|. The system [K^, i = 1, . .., N] 
can now be completed by some system of non-overlapping 
intervals (Ij, j = 1, 2, ..., M] in such a way that 
[%] + [Ij] is a subdivision of K into a finite sys¬ 
tem of (non-overlapping) intervals. Since F is non¬ 
negative and overadditive, and because of (or) and (p) 
we have now, successively, 

ulKI > F(K) > Z^F(K^) + zFdj.) > £j^P(Kj^) > Z^v|Kj^| 

> V|KH| - £V|K| > (1 - 2 e)v|K| . 

As a consequence u > (1 - 2 £)v, where e is any 

positive number, and hence u > v, a contradiction. 

Thus it is proved that |J| =0 and thereby (ii) 
is proved. 

(iii) For each BV normal function the set of 

points p€A° where F* = + oo, or F^ = - 
has measure zero. 

PROOF. (27.3, iv) we can suppose F non-negative 
and overadditive. We have only to prove that the set J 

of the points p£A° where ?■=+», has measure zero. 
By ( 1 ) we know that J is measurable. Suppose 

|J| = m > 0, if possible. For each point pej and 
any number a > 0 there is a sequence qj^(p), 

n = 1, 2, ..., of squares such that peq (p), 

6 [q^(p)] -0, F[q^(p)] : |q^(p), > a. ^Vitali's 

theorem, given c > 0, there is a finite system of 
non-overlapping squares K^, 1 = 1, 2, ..., n, such 

that (Qr)_^K^ C A, P(Ki): |k^| > a, zlK^] > |J| - . 

or > £ If |j| = + o„], Consequently we have 
^ » >^V(A) > x;^p(K^) > j;^a|Ki| > a(|J| - £], (or 

> a£ ), a contradiction, since a, £ are arbitrary 
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numbers. Thus we have proved that 
(ill) is proved. 


|J| = 0 and 


2 7 • 5 • Banach * s Theorems 


(i) Theorem. 


Theorem . For each BV normal function P(I), 
the derivative F*(p) exists a.e. in A° 
and is L-integrable in A*^. If P(I) is 
overadditive and non-negative then 
V(a‘^) > (A*^) / P*(p), and for every l€{I)^ 
also V(I) = P(I) > (I) / P*(p). 


PROOF. By (27*3; iv) we can suppose F(I) overadditive 
and non-negative in both parts of the theorem. Let Q 
denote any closed square of the p-plane and m any 

positive number. Let g(p)> peA'^^ be the function de¬ 
fined as follows: g(p) = m if F*(p) exists and 
P*(p) > m; g(p) = P*(p) if P*(p) exists and 
0 < F*(p) < m; g(p) = 0 otherwise. Thus g(p), peA, 
is bounded and measurable in A and g(p) is also 
L-integrable in the bounded set QA*^* Let U(I) be 
the additive interval function U(I) = (I) / g. For 
almost all points peQ^A° we have: 11m U(q): |q| = g(p); 
limP(q): |q| >g(p) as &(p) - ^0 and q denotes 


almost all points peQ A 
lim P(q): |q| > g(p) as 


any square with peq^ q C A*^. The first statement is 
proved in [3. Saks, I, p. 118 ]; the second one is a 
consequence of ( 27 *4, ii) and of the definition of g. 
Let J denote the set of the points peQ^A which have 


both properties; thus | J| = IQA"^! • Given e > o, for 
each point pcj there is a sequence of squares 
n = 1, 2, ..., such that U[qj^(p)]: < g(p) + 

F[qj^(p)]: Iq^^P)! > s(p) “ 

n_,^ 00 . By Vltall *3 covering theorem (applied to the 

set J C Q^A°) there is a finite family [pj_] of 
points p^, 1 = 1, •••, N, and a corresponding system 

of non-overlapping squares such that (of) 

Pi^K^, C QA°, U(K^): |%l < g(Pi) + 

F(Kj_): |K^I > g(Pi^ -€,1=1, ..., N, and (p) 

\Q^o . EK^l < m”^e. By (or) and (p) we have now, 

successively. 


set 


(J) 


g(p) = z^U(K^) + iQA° - / S(P) < 

< + e < V(A°) + 


€|A°Q| 


+ € 
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where e > o is any number. As a consequence we have 
(J) ; g(p) < V(A°), where J C QA°, |J| = |QA°|. 

Hence (QA°) f g(p) < V(A°), where Q denotes any 
square of the p-plane • If Q is made to invade 
E2 we have also (A°) / g(p) < V(A°), where g 

depends upon the number m > o. As m-► + °° we 

have (A°) / P'(p) < V(A°). Theorem ( 1 ) is proved- 

(li) Theorem . If F(I), Ie(I) is a non-negative, 
overadditive, BV interval function, then a 
necessary and sufficient condition in order 
that V(A°) = (A°) / F'(p) is that F(I) 
is AC in A°. In these conditions we have 
also V(I) = F(I) = (I) ; F'(p) for all 
led). 

PROOF. By Theorem (i) the fianction F^(p) exists a.e. in 
A and is non-negative and L-integrable in A^; hence 
the interval function U(I) = (I) / F'(p) is non¬ 
negative, additive and AC in A^. By Theorem (i) we have 
also V(I) = F(I) > U(I) for every Ie[J). 

NECESSITY. Suppose V(A^) = (A°) / P' and let K be 
any closed interval, K C A*^.' Let [M^, n = l, 2, ... ] 
be any sequence of figures ( 5.1 ) such that K C C A°, 

f a'^, and each is a sum of intervals I. Then 

for each n we can divide into a finite system 

Sj^ of intervals I, one of which is K. By Theorem 
(i) we have V(K) = U(K) + a, a > o, V(I) > U(I) for 
every I^S^- Hence, if S denotes any sum ranging 
over all I^S^^ - (K), we have V(A^) > V(M^) > V(K) + 
SV(I) > U(K) + o + LU(I) = a + (M^) / P*(p). As 

n-“ the last integral approaches (A°) / P*(p) = 

V(A'^); hence VCa"^) > a + V(A'^), o > o, and finally 
a = 0. Therefore V(K) = F(K) = U(K) and this 
relation holds for all intervals K C A^. Thus P(K) 
as well as V(K) are additive and AC in A°. 

SUFFICIENCY. Suppose F(I) be AC in A*^. Given 
e > 0 let & > 0 be the number defined by condition 
(a) of (27.2). Let K be any closed interval K C A^. 
Almost all points peK have the following properties: 
pcK°; F'(p) exists and 0 < P*(p) < + 00; 
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litnU(q): |q| =P*(p), 11m F(q): |q| =P*(p) as 

5(q)-*-0 and q is any closed square with peq, 

q C A . Let J denote the set of all points pcK 
which have the properties above; thus |J| = |K| . 
For each point pej there is a sequence 
n = ] j 2 , .,,, of squares such that peq^(p); 
q^(p) C K, U[q^(p)]: |q^(p)| >F*(p) - 

lqn(p)l <F*(p) + €, 8[q^(p)]- .^0 as 

n — > ■ oo. By Vital! *3 covering theorem applied to 
the set J, there exists a finite system of points 
p^€j, 1 = 1 , 2 , N, and a corresponding system 

of non-overlapping squares such that Pj_el^, 

C K, U(K^): IK^I >F*(p^) - €, F(K^): \K^\ < 
F*(Pj_) + e, i = 1, N, |K - ZK^I = |J - TK^\ < 6 

Let us denote by [Ij, j = M] any finite 

system of intervals such that [K^] + [I..] is a 


[ I / j - 1 / • • • f 

. [ij] 

finite subdivision of K into (non-overlapping) 


intervals. 


ZF(Ij) < e. 


Thus 2|I.| < 6, and, by (a), 

J 

On the other hand, by condition (b) 
of (27-2) we have U(K) = + ZjU(Ij), 

F(K) = Zj_F(K^) + 2jF(Ij). 


Now we have 


U(K) > z^U(K^) > [F'(p^) - €] > 

> Lj_lK^|[F*(p^) + €] - 2e|K| > Ej_F(K^) - 2 €|K| = 
= [F(K) - ZF(I.)] - 2€lK| > F(K) - € - 2e|K|. 


Since e is any positive nimiber we have U(K) > F(K), 
while, by Theorem (1), F(K) > U(K). Hence U(K) = F(K) 
and this relation holds for every interval K C A°. 

Let e be again any positive number. By definition 
of V(A) there exists a finite system S of non¬ 
overlapping intervals I C A*^ such that 
0 < V(A°) - ZF(I) < €, where z ranges over all 
leS. Hence V(A°) < ZF{I) + e < z{I) / P' + e < 

(A°) /F' + €, and finally V(A°) < (A°) / P' since 
e is any positive number. On the other hand by 
Theorem (1) we have V(A) > (A°) / F^; hence 
Y{A^) = (A°) / F*. Thereby Theorem (il) is proved. 


* 27.6. Bibliographical Notes 

Besides the original paper of S- Banach [l], see the already 
quoted books 3. Kempisty [I] and H. Hahn and A. Rosenthal [I] 
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for references; the latter especially for the deeply discussed 
question of the derivative of general additive set functions. 

For further studies on some types of non-additive interval 
functions including the normal functions see L- Tonelli [30]; 
and S. Faedo [l]. On Burklll integral and derivation of in¬ 
terval functions let us quote here I. C. Burkill [1, 2, 3], 

L- C. Burklll and U. S. Haslam-Jones [l, 2 ], S. Saks [2^ 6]. 

§28. GENERALIZED JACOBIAl^S 

28.1. The Generalized Jacobian of A Continuous 

Plane "Happing (T, A) 

Let (T, A) be any continuous plane mapping from an admissible set A of 
the w-plane E^^ w = (u, v), into the p-plane E^^ p = (x, y). Then, by 
(9.1), the functions v(jt, T), v'*'(jt, T), v"(jr, T) are defined in the class 
(jt) of all simple pol- regions n C A, the functions V(A*, T), V'‘'(A*, T), 
V”(A*, T) are defined in the class of all admissible sets A* C A; in 
particular in the class (n), and V, V , V* are the total variations of 
v, v"*", v” in the sense of (27*2). [The total variations of V, V'*', V” 
are the functions V, V'*', V” themselves (27.3, iii)]. Since V(A, T) = 
V(A*^, T) and the same holds for V'*’, V~, we shall restrict ourselves to 
the open set of all interior points of A. The family (q) of all 

closed squares q C A*^ with sides parallel to the u- and v-axes is con¬ 
tained in (n). By using the notations of ( 27 -1 and 2), we shall say that 
v, v"^, v“, V, V"**, V* are non-negative functions, that V, V'*', V~ are 
monotone-increasing and overadditive in (n), that v, v^, v”, V, V"^, V~ 
are BV functions in (n) if and only if (T, A) is BV (9.1 ), and that 
V, V are AC if and only if (T, A) is AC (i 3 -i)- Therefore, by (27.5, 1 ), 
if (T, A) is BV, the derivatives V'(w), V|(w), V^(w) exist and are 
finite a.e. in A*^. It is convenient to put V* = 0 , V| = 0 , = 0 at 

all points weA - A° and where V*, V|, are not defined, or + co. 

Thus the functions V’, V|, are defined everywhere in A and finite¬ 
valued. By (27.i) and by V'^(q, T) + V“(q, T) = V(q, T) (12.8, li), 
we have 

(i) For any BV plane mapping (T, A) from an admissible 
set A C E^ Into E^, the non-negative functions 
V*(w), V|(w), V_!_(w), weA, are L-integrable In A, 

V* = V| + V* a.e. In A and 

V(A, T) > (A) / V'(w), V'^(A, T) > (A) / V|(w), V"(A, T) > (A) / VUv). 

For every BV plane c- mapping (T, A) as above we shall denote by 
GENERALIZED JACOBIAN 3 (w) = xl(w; T) the function ^(w) = V|(w) - V'(w) 
for all weA. We have | 3 | - |v| - V< | < |v; + V* | = V a.e. in A^ Hence, 
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( 11 ) For every BV plane c. mapping (T, A) from an 
admissible set A C Into E', the general¬ 
ized Jacobian (w), weA, Is L-lntegrable In A, 
we have J - VS | 3 | < V| + V_^ = V a.e. 

In A, and 

(A) / |:^(w)| < (A) / V| + (A) /¥_!_< V‘*'(A, T) + V"(A, T) = V(A, T). 

Let us observe that, since J = V| - VS ^ - V (12.10), the general¬ 

ized Jacobian can be considered as the derivative (a.e. in A°) of the 
faction ^ defined in (12.10; hence = v| - V_|^ = -^'a.e. in A°. The 

definition above of generalized Jacobian J (w) will be fully justified 
in (28.3) where we shall prove that it coincides a.e. in A° with the 
ordinary Jacobian J = x^y^ - x^y^ (5.5) provided J exists a.e. in A. 


28.2. A Remarkable Property of The Generalized Jacoblans 3 (w) 

(i) If (T, A) is any BV plane mapping from an admissible 
set A C into then for almost all weA*^ we 

have either V| = V, = 0, or V| = 0, v_J_ = V*; 
hence = + V* a.e. in A. 

PROOF. Since v' = V| = V_J_ = = 0 in A - A*^ we may restrict ourselves 

to A°. For every integer n = 1 , 2, ..., let us denote by 
Ign subsets of where V| > 0 , V_|_ > 0, Vj > n“\ V^ > n”^ 

respectively. Let e be any positive number. By (12.9, 11 ) there are two 
finite systems = [Q.2n^ closed pol. regions q, all 

non-overlapping, such that 

2;'|u(q, T)| >V'^(A°, T) - n'^e, i;"|u(q, T)| >V(A°, T) -n'^e, 

where s', s'' denote sums ranging over all q€[q]^^, qe[q]2j^. If 
^in ^ ^2n " 2:''q denote also the sets of all points of the regions q, 

we have ° ^^2n^ " observe that the 

sets A° - are open, hence admissible. By (12.1U), we have 

V'^(A°, T) >zV'"(q, T) + V"(A° - T) >Z'|u(q, T)| + V^(A° - T), 

and hence 

V^(A^ - T) ^V^iA^, T) - S'|u(q, T)| < v"" - (V" - n‘''€) = n~U. 

Analogously we have V^CA*^ - T) <n”^€. On the other hand, by (28.1, i) 

we have t 
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0 < (A° - ; v; < V"(A° - T) < n ’e, 

0 < (A° - ; V: < V(A° - T) < n"’€, 


and finally, 


0 < I(A° - ^ < (A° - M,^) / v; < n ^ , 

0 < I (A° - M 2 n^^ 2 nl'^”' - " ^ 2 n^ / < n^’e; 

that is, |(A° - < e, |(A° - M2j^)l2nl < e- Since 

we have AC (A° - + (A° - + M*n.^ 2 n 



^ln^ 2 n 


^ 1 n^ 2 n'^ ” ^ln^ 2 n 



M 


o 


in 


) . (A“ - M,„) ♦ - 


= I 


2 n 


t„<*° - "m»] * tn 


l 2 n<''“ - « 2 n) 


• ai„l 2 n»"m" 2 n>' 


'^ln^ 2 n' - 


- Min)l ^ ll2n(A° - M,^)| . < 2 e, 


where € is any positive mjmber. This Implies l^in^2n^ ^ ^ every 

n and finally 

Therefore V|V^ = o a.e. in and since V = V| + V[ a.e. in A^, we 

must have either V| = V*, = O, or Y[ = V, V| = O a.e. in A°. 

Finally 1 = v| - V_J_ a.e. in A° implies 1 = + v* a.e. in A°. Thereby 
(i) is proved. 


(li) For every BV plane mapping (T, A) from an admissible 
set A C into E^ the equality 

(A) / U^(w)| = V(A, T) 

holds if and only if (T, A) is AC. Under these 
conditions the functions V**’, V” are also AC and 


(A) / V = V(A, T), 

(A) / v; = V"(A, T), (A) I V<_ = V‘(A, T). 


PROOF. Since V' = V| = = -3 = o in A - A° and V(A°, T) = V(A, T) 

we can restrict ourselves to A°. Since (T, A) is BV the functions 
V, V"^, V are BV and 3 = V| - V'_, V = V| + V^ a.e. in A. By (27.5, i) 
and (28.1 ) we have 


( 1 ) 


(A°) / 131 = (A°) / iv; - VM < (A°) / v; + (A°) / VI < 

< V^(A, T) + V”(A, T) = V(A, T) 


If (T, A) is AC then the function V is AC and, (by 27.5, li) also 
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V(A, T) = (A°) / V>, where V< = Vj + a.e. In A°. By (l) we have 
V'^(A, T) = (A^) / V|, V (A, T) = (A*^) / V^. On the other hand, by ( 1 ) 
above, we have Ci = + V* a.e. in A*^; hence, | 5 | = V* a.e. In A^, and 
V(A, T) = (A*^) / Ul|. 

Suppose now (A^) J Ul(w)| = V(A, T) and let us prove that (T, A) Is 

AC. For every closed simple pol. reg. jt C A° let us consider the ad¬ 
missible sets jt and A° - jt. Relation (i) holds for both Jt and A^ - k. 

Hence we have, by (28.1, 1) and (l2.i4), 

(A°) / Ul(w)| = (n) / 131 + (A^ - O ; 131 < 

(2) < V(Tr, T) + V(A° - ir, T) < 

< V(A°, T) = V(A, T). 

Thus the equality sign must hold everywhere in the relation (2), in par¬ 
ticular (it) / | 3(w)| = V(Tt, T). Since 3 is L-integrable in A^ and the 
last relation holds for all regions jt C A°, we conclude that V(n, T) is 
an (additive) AC function in Cn). The same holds for V'*’ and V”. In 
addition (T, A) is AC and (ii) is proved. 


NOTE. The hypothesis (A°) / | 3 | = V(A, T) Implies 3 = + V* independently 
of the proof of (i) above. Indeed such an equality implies that the 
equality sign holds everywhere In (l ). Hence |31 = |vj - VM = |Vj + VM = V* 
a.e. in A°, and since (V| + - (V| - V*)^ = 4 v;v*, it follows 

V|V* = 0 a.e. in A°. Thus 3 = +V* a.e. in A^• 

28.3. Coincidence of Generalized And Ordinary Jacoblans 

(i) Given any BY plane mapping (T, A): p = p(w), weA, 
p(w) = [x(u, v), y(u, v)] from an admissible set A 
of the w-plane E^^ w = (u, v), into the p-plane E^, 
p = (x, y), if x(u, v), y(u, v) have ordinary first 
partial derivatives x^, x^, y^, y^ a.e. in A°, 
then 3 (w) = J(w) a.e. in A*^, where 3 (w) is the 
generalized Jacobian (28.1) and J(w) is the 
ordinary Jacobian J = x^y^ - x^^ ( 5 - 5 )* 

PROOF. The proof is divided in the following four parts, (a) through (d)- 
(a) Let us prove first that |J(w)| < V*(w) a.e. in A°. By (26.2, i) 
the functions x(u, v), y(u, v) have a.e. in A^ a regular 
approximate differential whose coefficients are the partial 
derivatives of x, y. Therefore almost all points 
Wq = (Uq, Vq) of A have the following properties: V*(Wq) 
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= 






exists; the partial derivatives 

bg = exist, are finite, and _ _ __ 

approximate differential of x, y; there is a set 
E = Iq* C dense in w^, sum of the boundaries q* of 


squares q of center and sides parallel to the u- and 

v-axes; if p^ = (x^, y^) = T(w ) 


and T: p = p(w) = 

[x(w), y(w)] is the linear mapping from E^ 
defined by x(w) = x(u, v) = x^ + a^u + b^v, y(w) = 
y(u, v) = y^ + a^u + b^v, then |p(w) - p(w)| < pe(p) 


into E' 


for all weE, 

I 

The relation 
J = 


p = w - V 


Vv 

the whole plane E* 


and e (p) -- 0 as p-► 0+, 

J| < V* is trivial if J = o. Suppose 

+ 0; hence T maps 


o 


^ 1^2 ^ 2^1 


into 


There is a constant h > 0 such that 


|T(v) - T(w*)| >h|w - v'l for all w, w^eE^- Indeed, if 

v = (u, v), w* = (u^ v'), v + w*, then = |T(v) - T(v* )|^ 

|v - V I is given by the Quotient of the two homogeneous 
polynomials of degree 2 in 


u - u*. 


V - V 


= 


[a^(u - u') + b^(v - V* )]^ 
a^Cu - u' ) + bgCv - V )j^| 
(u - u')^ + (v - v' )^|. 


Hence (l ) 

4 

values as 


1 -e., 
2 


u - u* = 


R is never zero; (2) R^ takes all possible 
(u - u*)^ + (v - V*)^ = 1, 
cos 0, V - V* = sin 0, 0 < 0 < gn. If h 

mum of (a.j cos 0 + b^ sin 0 )^ + (a^ cua y + sin eas 

0 < 0 < 2Jt, we have R^ > h^, |T(w) - T(w' )| > h|w - w' I . 


> 0 is the mini- 

. _f __ ^ \2 


For any square q with q> C E denote by 1 the side-length 
of q. by A the parallelogram which is the image of q under 
T; hence, |a| = iJ|l^, |q| = i^. Let 0 < o < i be any 
number and denote by q' the square of center w^ with sides 
parallel to the u- and v-axes, and side-length l(i - a). 

Then q' c q, {q'*,q*) = 2 ’al. Denote by A' the parallelo¬ 
gram which is the image of q' under f; hence, 

(A'*, A*) > 2 'hcl. On the other hand, 
|T(w) - T(w)| < p€(p) < 2 l€( 2 l) for all weq. If 1 I3 

e(2l) < 4 ’h(j, hence, |T(w) - T(w)| < 

2 hlo for all weq. If we denote by C the curve 

C: (T, q*), the relation above Implies ||C, A*|| < 2~''hla. 

Thus the curve C is outside a'. Analogously we could ’ 

prove that C is inside the parallelogram A" which is 

the image of the square q" of center w and side-length 


lA'I = (1 - 


mall enough 
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(1 + a )1. On the other hand, 
since, for every peA*, we 
have 

{p. A*} > tA**, A*) > 

> 2 "^hal > ||C, A*||, 

and by (8.5, 1 ), we have 0 (p; C) 
0 (p; A*) = + 1 for every peA*. 
Therefore, 

(3) V(q, T) > (E|) / I 0 (p; C)| > |a' | = (l - (j) 2 |J| |q| . 

This relation holds for all q with q* C E and 1 small 

enough. As 1 -we have V*(w) > (l - o) |J|, and since 

a is any number 0 < a < i, we have also V*(w) > |J|. 

(b) In the reasoning above if J > 0 we have 0 (p; C) = 0 (p; A*) = 

+ 1 for every peA* and hence. Instead of (3) we have 

V'^Cq, T) > (E|) ; O^'Cp; C) > |a'| = (l - ofj\q,\, 

and hence V| > J. Analogously, if J < 0 , we have 0 (p; C) = 

0(p; A*) = - 1 for every peA*, and, hence^ 

V‘(q, T) > (Ep / 0 '(p; C) > |A'| = (1 - a) 2 |J||q| 
and, hence, > 1 J|. 

(c) Let us suppose, if possible, that V > |J| in a set I C A° 
of positive measure |I| > 0 . As in (27. 4 , ii) we can 
determine two real numbers a, b, 0 <a<b< + «>, such 
that the set 1 ^ C I of all points weA® where V'(w) > b > 
a > |J(w)| has positive measure ll^l = m > 0. We may 
suppose that at all points wel^ we have either V| = V', 

= 0, or Vj = 0, = V (28.2, i). We may also suppose 

that each point wel^ is a point of density for 1 ^. Since 

we satisfy these conditions by disregarding subsets of 
measiupe zero in 1 ^, we have still 11^1 = m > 0. Let 
0 < e < 1 be a number small enough so that a < a' < b' < b, 
where a' =a(l +e)+e,b' = (b-G)(l -g). Let us ob¬ 
serve also that N(p; T, A) is L-integrable in and hence 

there exists a t > 0 such that (h) / N(p; T, A) < mG for 

every measurable set h C , IhI < 2mT. For each point 
wgIq we shall consider a sequence [q^^] of closed squares 
of center w, diameter 0, and such that q* C E. 
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Thus all points have now the following properties: 

(1 ) |J| < a; V > b; 

(2) - -V'>b; 

( 3 ) knl"’ • IVnl --U 

( 4 ) the ciirve C^: (T, q*) is contained in an annular 
region Q^* ~ ^ between two parallelograms 

0 ^ C 0 ^* C of center p = T(w); 

(5) < a' 

(6) 0(1; C) = 0 in E^ - Qj!^'; 0(5j C) = + 1 and 
constant in Q^!^. 

By Vitali's covering theorem [S- Saks, I, p. 109] there exists 
a finite system [w] of N distinct points wel^ and a 
corresponding finite system [q] of N non-overlapping squares 
q of centers w€[w] with q* C E, such that, if C: (T, q*), 
then C is contained in Q'' - Q' where Q' C Q'' are 

parallelograms of center p = T(w), we[w] and (a) V(q) > b|q|, 

IQ'Ij IQ'M < a|q|, IQ'' - Q'I < T|q| for all q€[q]; (p) 
either V'^'Cq) > b|q|, V“(q) < elql, or V'^Cq) < €|q|, 

V(q) > b|q|; (y) |qr’'|lQq| > 1 - 2 ~''€; (5) 1 - Zq| < me 

where z ranges over all qG[q]; (e) 0 (|, C) = 0 in 

= + 1 and constant in Q> . By (7), (5) we have 

first 

kql > Ul^ql = |I^ - (I^ - £q)| = |I^| - 1 _ zq| > 

> m - me = {1 - e)m, 

lEql = Slql < (1 - 2 "’e)"^Z|I^q| < (l + e)|l^| = (i + e)m. 

On the other hand, by (12.10) we have N'^(p; T, q) - N"(p; T, q) = 

n(p; T, q) a.e. in E^; by (12.12, i) we have n(p; T, q) = 

0 (p; C) a.e. in E^ - (CJ; finally by (12.3, 12.8, li) and by 
(€ ) we have also 

V'(q) - V'(q) = (E*) / [n'^Cp; T, q) - N“(p; T, q)] = 

[^^2 ■ * + Q* ) + (Q* * - Q')] / n(p; T, q) = 

(E^ - Q* * + Q* ) / 0 (p; C) + (Q^ * _ Qi ) I n(p; T, q) 
= (Q^ ) / 0 (p; C) + (Q* * - Q’) / n(p; T, q). 

Consequently since ln| < N, we have also 

IV'Cq) - V“(q)| < |Qt| + (Qti - Q») / N(p; T, q), 
and, by (or) and (p), for every qe[q] we have 
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(b - e)|q| < a|ql + (Q" - Q') / N(p; T, q). 

By adding all these relations relative to the squares qe[q], 
and observing that i;N(pj T, q) < N(p; T, A) (12.l 4 ), we have 

(b - €)i;|q| < aziql + (e(Q" - Q')) / N(p; T, A). 

Here (l - e )m < z|q| < (l + e)m, and |z(Q'' - Q’ )| < Z|Q'' - Q'| 
Tzlql < (1 + e)mT < 2niT, and finally because of the choice of 
T, also 


(b - €)(l - €)in < a(l + € )m + me; 

that is, b^ < a*, a contradiction. This proves that we have 
= Ul a.e. in A^. 

(d) Let A“, Aq be the sets of all points weA*^ where J > o, 

J < 0, J = 0, respectively. For almost all weA*** we have 
J > 0, V* = J, > J > 0 ; hence, by (28.2, 1 ), = 0, By 

(28.1, 1 ) we have now J = V* = V| + > J > 0 and hence 

V» = Vj = J. Finally 3 = Vj - - V| = J a.e. in A"*". For 

almost all wcA" we have J < 0, V* = - J, > - J; hence, 
by (28.2, 1 ), V| = 0 . 5 y (28.1, 1 ) we have - J = V* = V| + = 

> - J and hence V* = = J. Finally 3 = = 

-V’=J a.e. in A“. For almost all points weA^, we have 
J = 0, = 0 , V|, Vl > 0 / V| + = 0 ; hence v| = = 0 , 

= V* - V* = 0 = J a.e. in A^. This proves that 3 = J a.e. 

in A^. Statement (i) is completely proved. 


*28.^4-. Derivative of The Function q)(M) of (1^.8) 

Let (T, A) be a BV plane mapping from the admissible set A C 
into E| and let M be any B-measurable subset of A. Then the 
functions v(p; T, M), v"^, v" are L-integrable In E^ (U- 7 ) and 

non-negative; hence the set functions <p(M) = (Ep I v(p; T, M), 
9'*'(M) = (E^) / v"^, (p'(M) = (Ep / v’ are non-negative and finite. 

By (1^.7) we have 9 = <p'*^ + 9 and 9 is additive in the collec¬ 
tion of all B-measurable sets MCA. If for every simple pol. 
reg. jr C A, we consider 9 (jt^) as a function of n [l.e., 
p(^) ^ q)(n°)], then 9 (tc°) is overadditive in the collection [n] 

of all simple pol. reg. n C A (1U.8). In addition is 

BV in A. Analogously for 9"*"^ ^ * Consequently ( 27 * 5 , Theorem 
1) the derivatives 9 S 9 |> 'PI of the set functions 9, 9 ^ 9 
exist a.e. in A^ and we can define them as equal to zero In 
all remaining points of as well as in A - A*^. Obviously, 


§28. GENERALIZED JACOBIAJNS ( 28 . 4 ) 


427 


0 < <p()t°) < 0 < (p'^ < V’^, 0 < cp" < V" for all « C A; 

hence 0<cp* 9+ + 9* = cp' 

a. e. in . 

( 1 ) If (T, A) is any plane mapping from the ad¬ 
missible set A C into E^, then the fac¬ 
tions (p*(w), cp|(w), <p^(¥), weA*^, are 
L-integrable in PP and, for every B-measurable 
set MCA we have (M) / cp* < cp(M) = (E^) / v(p; T, M) 
and, analogously, (M) / 9 | < (E|) / v"^, 

(M) / (p! < (E^) / v”. 

PROOF. For any square M = q C A, for M = A*^, as 
well as for any open set M = G C A*^ the statement is 
a consequence of ( 27 * 5 , i)* Since 0 < v < N, 

0 < cp* < V* where N, V* are L-integrable functions 
in E^ and E^ and analogous relations hold for v"*", 

V , by (lif.T, i and ii) the statement is immediately 
extended to all B-measiorable sets MCA. 

(ii) If (T, A) is any BV plane mapping from an 
admissible set A C E^ into E^, then we 

have cp* = V*, cpj = Vj, <^1 = Y[ a.e. in A°. 

PROOF. For every simple pol. reg. n C A we have 

0 < cp(7t) = (E^) / V < (E^ / R = W(jt, T) = V(it, T). 

Consequently, o < 9* < V* a.e. in A and analo¬ 
gously 0 < 9| < V|, 0 < a.e. in A*^. 

Suppose that we have 9' < V* in a set I C A*^ of 
positive measure. Then (see proof of 27.U, ii) there 
is also a pair of real numbers a, b, 0<a<b< + oo, 
such that the set J of all wgA*^ where 9' < a < b < V* 
has positive measure |J| = m > 0. For every integer n 

t)e the family of all closed squares 

q = [aj, < u < < v < a^^ = 12"^ + 3 ~^, 

bj = j 2 + 3 i> j = 0 ^ i 1 / +2, ..., which are 
contained in A° (Cf. i 4 . 5 , proof of 11 ). For each 
point W6j and for all n large enough there is one 
and only one square qe{q)^ with W6q° and, on the 
other hand, for all n large eno\agh we have 
<P (q) < alql, V(q) >b|q|. If t > 0 is any Integer, 
by Vitall's covering theorem, there exists a finite 
system [q]^ of non-overlapping squares q, each be¬ 
longing to some (q)j^ with n > t, such that 
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q)(q) < a|q|, V(q) > a|q|, |J - sjq| < t 


-1 


Therefore, 


= EVCq) - i;cp(q) > (b - a)z|q| > (b - a)|zjq| > 


> (b - a)[|J| - 


where z ranges over all qetq], . Since |J| 

- 1 

3*11 A ^ J-1 I /’1_ _ \ 


t > 2m \ 


we have > 2 ' (b - a)m. 
have = EW(q) - i:cp(q) = (Ep / [2N(p; T, q) 
Zv(p; T, q)] dp, 

\ = (E^) / 


= m > 0, 
Now we 


where = SN, = Lv ■ Here we have 0 < < 

< N(p; T, A), where N(p; T, A), peE^, is 
L-integrable in E^. Let us denote by H the set of 
all points peE^ where N(p) = + 0°, and by D = D(T, A) 
the coimtable subset of E* defined in (i 2 . 5 )- Then 
|H + D|=o. By(l 4 . 4 , iii), for each P^E^ - (H + D) 

the collection 


g C T"^ (p) 


[g]p of a-ll continua ger^CT, A), 


is finite and if g^ = w,, 


1 


• • 


and 


= w 


k 


1 


are those ge[g] which are single points 


Bk^+ 1 > 


» f 


Sk 


those 


g^tg^T^ which are proper 


continua, if ^ 
ed in (l 4 . 4 , ill) we have 
On the other hand (i 4 .7) 

and finally = j(w^), • 


'k 

V 

1 


1 


are the numbers consider- 
+ ... + Iv^l = N(p). 

+ ••• + IVk I = v(p; T, A), 


1 


\ ) where j(w) 


1 


is the local index defined in (1 4 . 6 ). 
the minimum diameter of 


Let 


any integer such that 

Since all squares 
'/ 22 “^ 


Sk^+1^ 

t > 2m"" ^ 


5 = s(p) 

and let t 


•/*22 ^ < 


< 6 


qe[q]^ 
no one of the continua 


‘^k - -o 

for all 

have diameters 


be 

be 


^ 22 "^ < 5 


square 
\ - ^t 


gk^tglp can be completely contained in a 
Let us consider now the difference 




both 


with 


qe[q]^. 

and observe that, for all 
and are sums of only those numbers , ^ 

s = 1, ..., k^, relative to elements w = ge[g], 
weq*^ for some q€[q]^. Consequently, 

This proves that ^ 0 as t-for each 

peE^ - (H + D); that is a.e. in E^. As a consequence 

-► 0 as t + ”, while we have proved that 

A. > 2"Vb - a)m > 0 , a contradiction. This proves that 

U 
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cp* = V* a.e. in A°. An analogous proof holds for 
cpi = VS cp* = V* a.e. in A^. Thereby (ii) is proved. 


*28.^. A Characterization of The Generalized Jacobian 

We shall use here the local index j(w), veA, defined in 
(l 4 . 6 ). Let us denote by sgm x, x real^ the number 
+ 1, - 1 , 0 according x > 0^ x < 0^ x = 0. We can nov; 
complete the statement (28.2, i) as follows: 



Theorem . If (T, A) 
from an admissible set 
have vl (w) = V*(w)s 


uu 


is any BV plane mapping 
A C E^ into E^ we 
j(w) a.e. in A. 


PROOF. Since V* = v| = V_;_ = 
may restrict oiarselves to A° 


% 

vS 


= j = 0 
+ 


o 


the subsets of A^ where 


Let 
j(w) > 0, 


by using (28.2, i), let I"*", I”, I 


of A*^ where 


V* = > 0, = 0; 


o 


in A “ A' we 
J’, J", Jq denote 
j <0, j = 0, and, 
denote the subsets 


0 > 


v» = 0; V = V| = = 

J , J“, are B-measurable (ii.6, ii) and 


V' ^ Yl > 0 , 

respectively. The sets 

J. ^ 

. I 


l\ I 


o 


are L-raeasurable (28.1, i). We have only to prove that 

= 0, = 0, = 0. Indeed, if 


this is proved, then a.e. in I + I” 
a.e. in I"^ we have j > 0, a.e. in I 
j < 0 and the statement is proved. 


we have j =1= O; 
we have 


Let us prove that the set H = (I*** + measure 

zero. Let be a B-measurable set such that 

C H C A^, |H - HJ = 0. Then, by (28.4, i and ii) 
we have (H^ ) / V = (H^ ) / cp' < (E^ ) / v(p; T, ). 

On the other hand, C H = (I'*' + I”)J^, hence 
v(p; T, ) = 0 for all As a consequence 

(H^ ) / V* = 0 where V* + 0 everywhere in . 

Thus |H 1 = 0 and hence 0 = |H^ I = |H| = 

1 ( 1 ^ I’)Jq| = 0 . 

Let us prove now that the set H = I'^J" has measure 
zero. Let be any B-raeasurable set such that 

C H, |H - I =0. Then as above we have 
(H^) / Vj = (H^) / cp| < (E^) / v+(p; T, H, ) where 
C H = ld“. Then v'^Cp; T, H) = 0 for all p; 
hence (H^) / = 0, where > o everywhere in 

H,. Thus IH J = 0 and hence 0 = | H J = 11 '*'J" | . 
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An analogous reasoning holds for I*!"*". Thereby 
(1) is proved. 


* 28.^. Bibliographical Notes 

The definition of generalized Jacobian as it has been given in 
(28.1 ) is due to T. Rado and P. Reichelderfer [7] and supplants 
previous equivalent definitions of T. Rado [20, II] and L. 

Cesari [12]. The theorems (28.2, i) and (28.2, ii) had equiva¬ 
lent formulations in T. Rado [20, II] and L. Cesari [12]. The 
part (a) of the proof of theorem (28.3, i) is exclusively due 
to T. Rado [19]* The remaining parts of the proof of (28.3, i) 
have had different equivalent formulations in the already quoted 
papers of T. Rado, P. V. Reichelderfer and L. Cesari. The 
statements in (28.i;) and (28.5) are due to T. Rado [17, 20, III] 
and T. Rad6 and P. V. Reichelderfer [ 4 ]. 


§29. FORMULAS FOR THE TRANSFORMATION OF AREAS AND DOUBLE INTEGRALS 


29.1 ■ Formulas for The Transformation of Areas 

(i) THEOREM. If (T, A) is any c. plane mapping from an 
admissible set A of the w-plane v = (u, v), 

into the p-plane p = (x, y), if (T, A) is BV 

and AC, if J(w, T), weA, N(p; T, A), n(p; T, A), 
peE^, denote the generalized Jacobian (28.1) and the 
absolute and relative multiplicity functions (12.1 ) 
(12.10), then 



(A) ; M(w, T)| = (E^) / N(p; T, A), 

(A) / .Kv, T) = (E*) ; n(p; T, A), 
and also 



(A) ; V = (E^) / N, 
(A) ; v; = (E^) / N"", (A) ; v: 


(E^) I n: . 


PROOF. The function V is AC and hence (27-il) we have (A) / V* = 
V(A, T) and, since V(A, T) = W(A, T) = (E^) / N, we have also 
(A) / V = (E^) / N. By (28.2, li) also the functions V'*', V" are AC 
and hence an analogous reasoning holds for V"*" and V . Thus relations 
(2) are proved. Since ^ = V| - V^, \ ^\ = V* a.e. in A (28.l)(28.2, i)^ 
and n = N'*' - N“ a.e. In E^ (12.10), relations ( 1 ) follows from (2). 

( 11 ) THEOREM. Under the conditions of ( 1 ), if K is any 
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B-measurable set K C B = T(A), If H = T"’(K) C A, 
then H Is B-measiarable and 



(H) / J(w, T) = (K) ; N(p; T, A), 
(H) / 3 (w, T) = (K) ; n(p; T, A) , 


and analogous relations hold for Vj, V*. 

PROOF. The B-measurabllity of the set B = T(A) and H C A follows from 
(16.1, Note). Let K be open in B, then H is open in A, H is an 
admissible set (12.12, li) and N(p; T, H) = N(p; T, A) in K, 

N(p; T, H) = 0 in - K. By (i) above we have 

(H) / I 3 (w)| = (E^) / N(p; T, H) = (K) / N(p; T, A). 

Analogously for the second of the relations (3)- Since ^ is L-integrable 
in A, and n< N where N is Integrable in E^, both relations (3) 
can be extended to every B-measurable set K C B by repeated operations of 
limit. An analogous proof holds for V*, V^. 


29.2. Some Remarks on L-measvirability of c. Mappings 

( 1 ) If (T, A) is any BV and AC plane mapping from any ad¬ 
missible set A of the w-plane E^^ w = (u, v), into 
the p-plane E^, p = (x, y), if K C B = T(A) is any 
L-measiorable set and H = T"^ (B) C A, then there are 
certain B-mea 3 \irable sets C A, C B 

such that Hq C H C C A, Kq C K C C B, |K^ - K^l = 0, 
and V>(w) = 0 a.e. in Therefore, v_[^ = V* = 0 

a.e. in and (of) (H^^) / V* = (H^ ) / V* = 

(Kq) / N = (K^) / N. Analogous equalities hold for 

V|, N"", VI, N“. 

PROOF. By [S. Saks, I, p. 69] there are two sets K| such that 

Kq C K C K{, Kq an F^-set, K| a Gg-set, |K| - K^l = 0 . Hence 
KqB = Kq, kb = K, K^ = K|B C K|, K, C B, K^ C K C K^ C K|, |K^ - K^l = 0 , 
and K^ as the Intersection of two B-measurable sets, K| and B, is 
also B-measurable. On the other hand, if H = T"^ (K ), H = T“^ (K ), 
by (28.2, ii) we have (Hq) / V = (K^) / N,° (H,) / V' = (K ) / N,’ and 

hence (H, - H^) / V = (K, - K^) / N = 0. Since V > 0 and 0 < Vj, 

VI < V everywhere in A, we have V_|, = = V = 0 a.e. in H ~- H . 

Thus (a) is a consequence of the equalities above. ° 



432 CHAPTER VIII. GEOMETRICAL PROPERTIES AJ^ THE SECOND THEOREM 


(ii) Under the conditions of (i), if K C. B is any set 
and the set H = T”^ (K) C A is L-measxirable, then 
there are certain B-measurable sets H^, H^ C A, 

Kq, C B such that H^ C H C H^ C A, 

Kq C K C C B, Hq = T- 1 (Kq), = T"’(K, ), 

|H^ - H^l = 0 and N(p) = 0 a.e. in - K^. 

Therefore also N'*' = N“ = n = 0 a.e. in 
and (p) (Hq) ; V* = (H) / V* = (H^ ) / V» = 

(Kq) / N = (K^ ) / N. Analogous equalities hold for 
V|, N^, Y<_, N". 

PROOF. By [S. Saks, I, p. 69] there are two sets H| such that 

C H C H|, an F^-set, H] a Gg-set, |H| - H(!,| = 0. Hence 
H^A = HA = H, H{' = H|A C H|, H| ' C A, H^ C H C H| ' C A, |H]' - H^| = 0 , 
and H]', as the intersection of two B-measurable sets H| and A, is 
B-tneasiorable. Let us prove that A - Hj' Is an P^-set. Indeed, 

A - H|' = A - AH] = A(E2 - H] ' ), where Eg - H|' Is an F^-set and A is 

in any case an (16.2, Note); hence Eg - H|', and A are both limits 

of increasing sequences of compact sets, hence the same holds for 
A(E - H]' ), i.e., (Eg - H|' )A is an P^j-set [or an P-set, or a G-setJ. 

Let^ M = T(A - H]'), = T(Hi), H^ = T-’(Kq), K, = B - M, H, = T-’(K,}. 

By (16.2, Note) M and are F^-sets, hence is B-measurable and 

both Hq^ H^ are B-measurable in A. Let us prove that H^ C H^ C H C 
C H^ C H* * C A, Kq C K C K.J C B. If wgH^ then p = T(w)€Kq, T"^(p)eHQ 
and since wgT"^(p), also wgHq. Thus H^ C H^. On the other hand, 

H* C H, Kq = T(H^^), K = T(H) and hence C K. This implies 

T"^ (Kq) C T'^ (K), i.e., C H. If pcK, then T"^(p)CHCH|S 

rp-l(p)(A - H**) = 0 , and finally p is not in M, i.e., peK^ . This 
proves that K C and this implies T~^ (K) C T ^ (K^ ), i.e., H C H^ • 

In addition, if veH^ then p = T(w)gK^ and thus p is not In M, w 
is not in A - H| * and weH] *. This proves that H^ C H| *. All stated 
inclusions are proved and hence we have also H.j - H^ C H| * - H^. By ( 1 ) 
we have (H^) / V* = (K^) / N, (H^ ) / V* = (K^ ) / N, and hence 
(K^ - Kq) / N = (H^ - Hq) ; V» = 0 ; thus N = 0 a.e. in 

(iii) Under the conditions of ( 1 ), if f(p), peB, is a 

given function and P(w) = f[T(w)], veA, then if 
f(p)N(p) is L-measurable in B, then also 
F(w)V’(w) is L-measurable in A. An analogous 
statement holds for fN"^, FVJ^, and for fN , FV_|^. 

PROOF. Let J be the set of all points peB with N(p) = 0. Then J 
and B - J are L-measurable. Since f = fN: N in B - J, also f is 
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L-measurable in B - J. By [S. Saks, I, p. 75 ] there is a B-measiirable set 
K C B - J such that f(p) Is B-measurable in K and | (B - J) - K| = o. 
Let H = T^Vk). Then H is B-measurable and F(v) is B-measurable in 
H (i 6 . 2 ). Nov we have (J) / N = 0 , (B - J - K) / N = 0 , and since 
B-K=J + (B-J - K), also (B - K) / N = 0. On the other hand, we 
have A - H = T"^(B - K), hence, by (i), (A - H) / V> = 0 and finally 
V' = 0 a.e. in A-H. Therefore FV* is L-measurable in A. 


(iv) Under the conditions of (i), if f(p), peB, is a given 
function and F(w) = f[T(w)], weA, then, if F(w)V*(w) 
is L-raeasurable in A, then also f(p)N(p) is 
L-measurable in B. An analogous statement holds for 
fN"^, FV|, and for fN", FV^. 


H C A - I, 


PROOF. Let I be the set of all points weA where V*(w) = 0 . Then I 
and A - I are L-measurable and, since F = FV’ : V’ in A - I, also F 
is L-measiorable In A - I. By [S. Saks, I, p. 72 ] there is an increasing 
sequence [H^^] of compact sets C C A - I, such that F(w) 

is continuous on each and such that, if = lim 

then |A - I - = 0 . Let = T(Hj^). Each is compact and we shall 

prove that f(p) is continuous on each K^. Indeed, F(w) is uniformly 
continuous on each and hence, given € > 0 , there is a a > o 

that |P(w) - F(w’)l < € for all w, [w - w’l < a. Let p^ 

point of K^. Then, by (l 0 . 4 , iv) there is a 6 = 6 (p 


such 
be any 
such 


that |T"''(p), T 


-1 


(Po)l 


< a for all Ip - PqI 


o’ 

< 6 . As a consequence 


there are two points w^eT 

Iw - WqI = {T"'' (p), T"'' (Pq)} 
Thus 




(Pq)j weT"'(p), w, such that 


< a, hence 

f(p) is continuous at each point Pq^^ Bnd, therefore, f(p) is 
continuous in K^. Since C C A, we have C ^ ^ ® 

and = lim exists. We have also = T(H ). Consequently, 


< € 


is a P^-set, 


K 

C 

K C B, f(p) is B-meas\arable in K , and B - K is a 


B-measurable set. Let H* = T ^(B - K^), and let us prove that 
H* C A - H . 


then p = T(w)eB - 


is 


Indeed, if weH*, 

and in no set K^; hence T”^(p)H^ = 0 for all n and finally 

m " 1 / ^ \tt 


not in K 


oo 


^ T^ap) C a - and also wcA - This proves 

that H* C A - As a consequence H* C (A - I - H^) + I, V’ (w) = o 

a.e. in H*, and, by ( 29 * 1 , ii), 0 = (H*) / V’ = (B - K ) / N. Hence 

00 

N = 0 , fN = 0 a.e. in B - K . On the other hand, fN is L-measurable 
in and hence fN is L-raeasurable in B. 


NOTE. It is well known that if f(p) is L-measurable in some L-raeasurable 
set M, then for every real a, b, a < o ^ b, also the function foh(p) = 
f if a^f<b, = a if f<a, =b if f>b, is L-measurable, 
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bounded, and hence 
terlstic function 
notations shall be 


m 4-^*^ happens for the charac 

^ab^P^ subset of M where a < f < b. These 

used in the statement below. 


(v) If the functions f(p)G(p), G(p), peM, are L-measurable 
[L-integrable] in an L-measurable set M, and g(p), 
peM, is any other L-measurable function with 
lg(p)l < |G(p)| in M, then all fimctlons fg^^G, 

'Pab*^^ ^ab^^ 'Pab^ L-measurable [L-integrable] 

in M. 

PROOF. If Mq is the subset of M where G = o, then and M - M 
L-measiu?able sets and f = fG: G is L-measurable in M - M . Hence 
all functions f^^^, 9^^, f^^G, f^^G, fg, f^^g, cp^^g are L-measurable in 
M - Mo* Since those mentioned in (v) are all zero in they are 

L-measurable in M. If fG, G are L-integrable, then also |fG|,|G| are 
L-integrable and all the functions in (v) are L-lntegrable because of the 
inequalities: |f^^G| < |fG|, k^^GI < |G|, |g| < |G|, |fg| < |fG|, 

Ifab^l < IPgl, ^ 


29 > 3 ' Formulas for The Transformation of Double Integrals 

( 1 ) THEOREM. Let (T, A) be any BV and AC mapping from an 
admissible set A of the w-plane E^, w = (u, v), into 
the p-plane E^, p = (x, y); let f(p), peB = T(A), be 
any finite function and let F(w) = f[T(w)] for every 
weA. If at least one of the functions f(p)N(p), peB, 
or F(w)- 3 (w), wcA, is known to be L-integrable, then all 
functions fN, fN"^, fN", fn, F 3 , FV*, FV|, FV^ are 
L-lntegrable in A and B, and 

(h) (A) ; FV» = (B) / fN, 

( 5 ) (A) / FVj = (B) ; fN"", 

( 6 ) (A) ! FVl ^ (B) / fN“, 

( 7 ) (A) ; F| 3 | = (B) / fN, 

( 8 ) (A) ; F .3 = (B) / fn. 

PROOF. The proof is divided into eight parts lettered (a) through (h). 
(a) ^y (28.1 ) we have |C 1 | = V* = v| + V_^, ^ = V| - a-e. in A, 

and by ( 12 . 5 / i)/ (12.10) also N = N'*’ + N“, n = - N" a.e. 

in B- Therefore the L-lntegrabllity of F| 3 | is equivalent 
to the L-integrabillty of FV*; the L-integrablllty of F 3 
is a consequence of the L-integrablllty of FV|, FVJ^; the 
L-integrabllity of fn is a consequence of the L-integrablllty 


r 


§29. TRANSFORMATION OF AREAS AND DOUBLE INTEGRALS ( 29 - 3 ) 

of fN"*", fN“; (?) is equivalent to ( 4 ); (7) and ( 8 ) are 
consequences of (5) and ( 6 ). 

(b) If f is bounded also F is bounded and viceversa. If f 

is boionded, - M < f < M, and if fN is L-measurable^ then fN 

is L-integrable; by (29-2, iii), FV’ is L-measurable and, 

since |FV*| < MV', FV' is also L-integrable. Analogously, 
if F is bounded and FV* is L-measurable, then by 
(29.2, iv) also fN is L-integrable 

(c) If fN is L-integrable, then also |fN| = |f|N is L-integrable, 
hence L-measurable; since, by (29*2, v), also fN"*", fN” are 
L-measurable and IfN"^! = IflN'*', |fN“| = |f|N”, the functions 
fN*^, fN" are L-integrable. Analogously, if FV* is 
L-lntegrable, then also |F|V*, FV|, FV_^ are L-integrable. 

(d) Suppose that f is the characteristic function of a set K C B. 

Then also F(w) is the characteristic function of a set, namely 

of the set H = T"^Suppose that either one of the func¬ 
tions fN, FV* is known to be L-integrable, then both are 
L-meas\u?able and L-integrable (29.2, iii, iv, and (b) above). 

By using the notations of (29-2, ii), let H^, , K^, be 

the B-raeasurable sets there defined, = T"^(Kq), = T”^(K^ ), 

Hq C H C H^, Kq C K C . By (29.2, ii) we have (H^) / V* = 

(K^) / N and since F = l in H^, f = i in we have 

also (a) (Hq) / FV* = (Kq) / fN. On the other hand, v^e have 
iHi - =0 (29.2, ii) and F = 0 in A - ; hence 

FV* = 0 a.e. in A - and (p) (A - H^) / FV* = 0. 

Finally, N = 0 a.e. in (29*2, ii) and f = 0 

in B - K^; hence fN = 0 a.e. in B - and (7) 

(B - Kq) / fN = 0. By adding (a), (p), (7) we have 
(A) / FV* = (B) / fN; thus ( 4 ) is proved. By (c) above, 
both fN*^, fN are L-measurable and L-integrable and the same 
reasoning above proves (5) and ( 6 ) under the same conditions. 

(e) Suppose that f(p), peB, takes only a finite set of distinct 
values m^, m^, • • • ^ in n disjoint sets , K^, ..., 

Kj^, = B, 1 < n < + 00. Then the function F(w) takes the 
same values m^^ in the n disjoint sets = T"^(K^), 

= A. Suppose that either one of the functions fN, FV* 
is known to be L-lntegrable then both are L-measurable and 
L-integrable. Let f^(p), peB, be the characteristic func¬ 
tion of the set Kj_. Then 2mj_fj_ = f in B and, by (29.2, v), 
each function f^Cp) has the property that f^N is 
L-measurable and L-lntegrable in B. If F^^ = f^[T(w)], weA, 
i = 1, 2, ..., n, then F = Em^^Fj^ and, by (d), 

(A) / F^V* = (B) / fj_N. By multiplication by m^ and addition. 
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we obtain ( 4 ). By (c) also , fN are L-integrable and 
the same reasoning above proves (5) and ( 6 ) under the same 
conditions. 

(f) Suppose that f(p) is any bounded function, - M < f < M, 
and that either one of the functions fN, EV* is known to be 
L-integrable. Then both fN, FV* are L-measurable and 
L-integrable (see (b) above). If we divide (- M, M) into n 
equal parts (a^, ), 1 = 1 , 2, ..., n, of lengths 

^ 1+1 “ ^i " 2Mn■^ - M = a^ < < ... < a^^^ = M, and fj_(p), 

peM, is the characteristic fimction of the sets where 
a^ < f < a^^^, then by (e), the functions f^N are 
L-integrable. Hence if fj^(p) = also the function f^ 

has the property that f^^N is L-integrable in B. In add¬ 
ition |f^ - f| < 2 Mn"^, If^l < M, If^N - fN| < 2 Mn"^N, 

Ifj^Nl < MN. If = fj^[T(w)], weA, then IF^!^ - F| < 2Mn”\ 
iFnI < M, [F^V -FV*| <2Mn"V*, IF^VM < MV*. By (e)we 
have (A) / F^V* = (B) / f^N and by [S. Saks, I, p. 29 

(12.11 )] we obtain ( 4 ) as n-By (c) both fN"^, fN” 

are L-integrable and the same reasoning above proves ( 5 ) 
and ( 6 ). 

(g) Suppose that f(p), peB, is unboianded and non-negative and 
that either one of the functions fN, FV* is L-lntegrable. 

For every t > 0 let f^^P) 4 )e defined by f^ = f if 

0 < f < t, = t if f > t, and let F^(p) = f^[T(w)], weA. 
Then, by (29.2, v), either one of the functions f^N, F^V* 
is L-integrable and, by (b) above, both are Integrable. By 

(f) we have (A) / F^V = (B) / f^N and, as t-by 

[S. Saks, I, p. 28, (12.6)], also (A) / FV* = (B) / fN. Since 
one of the functions FV*, fN is L-lntegrable, both of them 
are thus L-integrable and ( 4 ) is proved. By (c) all fmctlons 
fN'*', fN”, FV|, FV_^ are L-integrable and the same reasoning 
proves (5) and ( 6 ). 

(h) Suppose that f(p), peH, is any function and let f^ = 

+ f), fg = - f), P, = f^[T(w)], Pg = 

weA, and suppose that either one of the functions fN, FV* 
is L-integrable. By (29.2, v) either both f^N, fgN, or 
both F^V*, FgV* are L-integrable, and, by (g); all four are 
L-lntegrable and (l ) holds for f^ and for f2 • W differ¬ 
ence we obtain ( 4 ) for f. Since fN = f^N - fgN, 
pv* = F^V* - FgV*, both fN, FV* are L-integrable and ( 4 ) 
holds. By (c) all functions fN'*', fN”, FVj, FV_^ are 
L-integrable and the same reasoning proves ( 5 ) and (6). 

Thereby ( 1 ) is proved. 
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^ 29 '^. Bibliographical Notes 

The present theorems ( 29 *l> i)^ ( 29 - 1 ^ ii)> ( 29 * 3 ; i) extend, to the case 
where A is any admissible set, previous theorems which in equivalent forms, 
have been proved by T. Rado and P. V. Reichelderfer [ 4 ], and by L. Cesarl 
[27], for the case A is a simple closed Jordan region. An extension of 
(29-3^ i) analogous to (29.1, ii) can be easily formulated. 

The present theorems supplant also various previous more restrictive state¬ 
ments as in W- H- Young [ 4 ], G. Andreoli and P. Nalll [1]. See also R. 
Caccioppoll [10]. 
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30.1* The Area Derivative 

Let (T, A) be any c. mapping from an admissible set A of the w-plane 
Eg^ w = (u, v), into the p-space E^, p = (x, y, z), and let (T^, A), 
r = 1, 2, 3, be the plane mappings which are the projections of T on the 
coordinate planes E^^,, r = l, 2, 3 , ( 5 . 4 ). 

If we consider the family (n) of all simple pol. regions n C A (in par¬ 
ticular the family {q) of all closed squares q C A), then the Lebesgue are 
L(n, T) is an overadditive function in {n} ( 5 *i 4 , iii; 27.1). If 

L(A, T) < + 00 then L(jr, T) is a BV function in (n) ( 27 - 2 ). For every 
point W€A° let us consider all squares qe{q), weq, and let 6(q) denote 
the diameter of q. By ( 27 - 5 , i) the limit 

( 1 ) L*(w) = L*(w, T) = lim 

6--0 Iql 


exists a.e. in * We shall define L'(w) = 0 everywhere in A - A^ as 
well as in all points weA° where the limit (1 ) does not exist, or is 
+ Thus L(A, T) < + 00 implies that the function L*(w) (defined every¬ 
where in A, finite and non-negative) is L-integrable in A and, by 

(27.5, i) 

(2) L(A, T) > (A) ; L»(w). 

We shall denote by L*(w) the AREA DERIVATIVE of (T, A). 

If we suppose V(A, T) < + ~, then the fiinctlon V(jt, T), ne[n], is a 
BV overadditive function in («) ( 9 * 3 ^ iii; 27.1) and hence the limit 


( 3 ) 


V*(w) = V*(w, T) = lim 

6 


V(qi t) 

0 Iql 


exists a.e. in A 


o 


well as in all points weA 


o 


everywhere 


limit 


+ 00, 


Thus V(A, T) < 


^ — 

Implies that the fionctlon V'(w) (defined 


as 


+ 00 
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everywhere In A, finite and non-negative) is L-lntegrable in A and, 

by ( 27 . 5 , i), 

V(A, T) > (A) / V'(w). 

(i) If L(A, T) < + 00 , then V (w) = L'(w) every¬ 
where in A and V, L' are L-lntegrable func¬ 
tions in A. 

This statement is a consequence of the equality L = V proved in (24.1 ), 


NOTE. If we do not make use of the deep-seated equality L = V [proved in 
(24.1 )], then from the elementary Inequality L > V proved in ( 9 . 4 , 11) 
it follows only L' > V a.e. in A. 


Prom V(A, T) < + “ it follows V(A, T^,) < + ■», r = 1 , 2 , 3 ( 9 . 1 , 1) and 
the mappings (T^, A), r = 1 , 2 , 3 , are BV (i 2 . 8 , 11). For each mapping 
(T , A) we have already defined the derivatives V, V!, V and the 
Jacobian = V| - V_^ and, in order to avoid confusion, we shall denote by 

Vp(w), V^_^(w), V^_(w), r\^(w), W€A, the derivatives and the Jacobian rela¬ 
tive to (T^, A). By ( 28 . 2 , i) we know that either = o, 

or = V^_, =0 a.e. in A and that 

( 5 ) |v^p(w)| = V^(w) a.e. in A. 

For each weA let 

(6) l(w) = [o^2(w) + + l 32 (w)]^. 

(ii) Theorem . If V(A, T) < + «>, then V* (w) = ^ (w) a.e. 
in A. 

PROOF. The proof which follows is divided into eight parts lettered 
(a) through (h). Of these only the elementary parts (a) and (b) are actually 
applied in the following chapters [(b) is not utilized in the parts 
(c) through (h) of the proof]. The present proof of the theorem above is com¬ 
pletely independent of the deep-seated equality L = V proved in (24. i). 

(a) For every wgA^ and square q^ with weq, q C A, by (21.5^ l) we 

have V(q, T) > [i:^V^(q, hence 

|qrV(q, T) > |zr[l'ir’v(q, T)]^}^ 

As 5- ^0 we deduce V*(w) > [T^V^^(w)]^ a.e. in A^^. 

By V = = 0, r = 1, 2, 3, everywhere In A - A^, 

and by (5) we conclude V > l.e., V > J a.e. in A. 
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(b) Let us prove the equality V* = 0 a.e. in A under the addition¬ 
al hypothesis that the three mappings (T^, A), r = 1 , 2 , 3 , are 
AC. Let e > 0 be any positive number. By ( 9 . 1 ) there is a 
finite system S of non-overlapping closed simple pol. regions 
tt C A such that 


V(A, T) - € < Zv(n, T) 



where 2 is extended over all neS. Since v < V (i2.i ) we 
have also 

V(A, T) - £ < 2;[z^V^(n, T^)]^. 

Since the mappings (T^, A) are AC, r = i, 2 , 3, the functions 
V(jt, T^), ite{n}, are AC (27-2) and hence, by (27-5, 11) and 
relation (5) above, we have 


V(«, T^) = 




K“ip(w) I, r 


2 , 3 . 


for every jt€S. 


By the inequality ( 2 . 10 , C) we conclude 


V(A, T) 


€ < 

< 

< 


(A) J 3(w). 


Thus V(A, T) - e < (A) / 1 (w), and since e is arbitrary, 

also V(A, T) < (A) / (w). On the other hand, by ( 30.1 we 

have y(A, T) > (A) / V*(w). This implies (A) / .Uw) >' 

(A)/V*(w), i.e., (A)/(^-V*)>o. Now, by (a), we 

know that 1-V*<0 a.e. in A and therefore we must 
have = V< a.e. in A. Thus the statement 1 = v* a.e. 
in A is proved under the additional hypothesis that the 
mappings (T^, A), r = 1 , 2 , 3 , are AC. 

(c) Let us now prove that V' = 3 a.e. In A under the only 
hypothesis V(T, A) < + « as in the statement (ii). Since 
V< > 1 we have only to prove that, given € > o, we have 

(A) / (V* - 0^) dw < €. If (A) / < e then this state¬ 

ment is trivial since 0 < V> - 3 < v*. Otherwise 

(A) / V* > e, and hence there is an L-measurable set 
I C A° with 0 < III < + 00 and (A - IW v* = 

(A - I) / V* < 3 e. Me can suppose that 
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(d) 


(e) 




exist and are finite everywhere in I and also 
everywhere in I. Let M be the minimum 
integer such that M > 3^ |I|, V(A, T), and set 


that 


-1 


cT = min [ (1188 M) € 


M“''e] . 


Since the functions V*(w), 
veA, N(p; T, A), r = 2 , 3, are L-integrable, there 

is a number ti, 0 < t) < 1, such that (h) / V*(w) < a, 

(h) / N(p) < for every measurable set h C A, or h C E^^, 
r = ^, 2, 3f with |h| < ti . 

S be any finite system of closed non-overlapping simple 


whose indices d, m, ( 22 .U) are d < 


Let 

pol. regions it C A 
m < r],\i < min [t], a]. We may suppose u(jr, T) =1= 0 for all 

since d, m, la do not increase by simply dropping those 


o 


neS, 

Tt€S with u(jt, T) = 0 (if any). 


For each iteS let 

hence - 1 < or < 1, 


ofp = u(q, T^): u(q, T), r = 1, 2, 3; 

r = 2 , 3, or? + or? + a? = i . Let B„ denote the set 


1 


= T^Cztt*) C E^^ 


2 • *^3 

, r = 2 , 3, where z denotes any sum 

ranging over all neS; let H^ be the set defined in (12.13) 
for the system S and the mapping (T^, A). Then is 

compact, is B-measurable and |B^| < m < t), 

iHpl < ^^ < ^ ^ 2, 3* For every p > o let 

the set of all points peE^^ at a distance < 


r 

where 


(B^) 


be 


Then 


(B^) 




l(Br)pl 


B. 


as 


p from B 
o+; 


r 

hence 


we can determine p > o in such a way that 
and, as a consequence, I (B ) | < m + ti < 2ti 


l(B^) I < IB^ 

P 


I + T), 


Let 

Ho 


Iq = = I(A - E«). 


Hence 




c 1 , 


O 


+ |IJ = HI- For each point wel^ we have wen , 
and, by the definitions of V, V', there is a sequence 


n 


of closed squares q^ 

■V(q^, T) > V* (w) - a 


such that veq°, q^ C n°, s(q^) 

I l ^ ^ t T / . m \ ^-rrt/ \ 


C A 

• 0 , 


•n 


n 


•n 




The set 1^ is measurable, hence almost all points wel^ 
are points of (regular) density for 1^ and, since the func¬ 
tions V*(w), V^(w) are L-lntegrable in A, almost all points 

wcIq are points where V*(w), l(w) = [3^ ‘*'^2 '*'^3^^ 
regular derivatives of their Integrals In A. Consequently, 
for almost all points wel^, we can suppose that we have also 

• (q^) ; V* < V*(w) + a, Iq^P^ • (q^^) / 3(w) > 3(w) - a. 

By Vitall*s covering theorem there exists a finite system [w] 
of N points wcIq and a corresponding system [q] of N 
non-overlapping squares q such that (a) weq , q C n for 
every we[w] and the corresponding qeCq]; (P) l^o " ^ 

y] < n^, where Z* denotes any sum extended over all 
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qeCq] (or we[w]); (7) IqfVCq, T)>V'(w) - a, 

lql"’v(q, T^) < V^(w) + c, r= 1 , 2 , 3 ; (6) Iql^l > (l - 

Iql" • (q) / V < V'(w) + a, Iq]"’ ■ (q) / 3 > ^(w) - a. A 

first consequence is that (e) |E*q| < (l - 2^)’’)“’i:*|ql | < 

(1 + n)|Iol^ since 0 < < 1, also (6) |E*q| < 2 |I | < 

2M. Finally (^ ) | z;*q - I^| = |i*(q _ qi^)| = j:*[|q| - |qi J] ^ 

T,S*lql < 2 Mt). 

(f) By statements (p) and (^) above and by (a) we have 

0 <(Iq) / (V* - 3) = [(E*q) + (I^ - i;*q) - (z*q - I^)j J (v' - 
< (Z*q) ; V - (z;*q) / 3 + 3Ma, 

and, by statements (6) and (e), also 

0 < (Iq) ; (V - .3) < Z*|q|v'(w) - E*|q|3(w) + 7 Ma, 

where 3(w) = [2;j,vt^(w)]® statements ( 7 ) and 

(€) we have now 


0 ^ T) 

or, by (12.9, ill). 




+ 9Ma 


(7) 

where 


^ < ^*V(q, T) - n + 9Moj 


fi = S*|i;^[u(q, T^) - |q|a] 2 |^ 

and the expression in brackets has to be replaced by zero if 

negative. On the other hand, the set A - Zn is admissible 
(5.1 ) and, by (5. l^*, 1 ) 


V(A - Dn, T) < V(A, T) - ZV(n, T) < (i < 3 "''e. 

By ( 30 . 1 , formula (4)) and (a), we have now 
( 8 ) 0 < (A - ; (v- - 3) < (A - sn) ; v < v(A - i:«, T) < 3-1 e, 

and finally since C A - I, also 

- Iq) ^ (v- - 3) < (A - I) ; v < 3 "’ 6 . 

(g) Let S' be now a new finite system of closed non-overlapping 
simple pol. reg. « c A whose indices d', m', (x' satisfy 
the following conditions: d' < p, m' < n, 4 ' < min [r,, 
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For each square qeEq] let us consider the subsystem S*(q) 
of S* of all jt*eS* contained in q. By (21-3; i and Note) 
we may require of the system S* to satisfy the further con¬ 
dition: for each qe[q] the indices d(q), m(q); ji(q) of 
the system S*(q) with respect to (T, q) verify the relation 
u(q) < cT|q|. As above we can also suppose u(jt*, T) =1= 0 for 
all Thus if, for each n'eS*, we put = 

u( 7 t, Tp): u(Tr, T), r = 1 , 2 , 3; we have - 1 < Pp < 

+ p| + p2 ^ 1 , Let be the set C 

r = 1 , 2 , 3; where the sum ranges over all jt*eS* and let 
H^ C Egp be the set defined in ( 12 . 13 ) for the mapping (T^, Q) 
and the system S*. Then we have |B^|<m*<T), |H^I<^*<ti. 

Consequently, if = (B^) + B^ + H^ + H^, r = 1, 2 , 3, we 

P 

have |J I < 57 ). By ( 22 . 5 , ill) and (c) we have 


Z Zu(n', T)i; (P - < 2n + / N(p; T„, A) < 

neS n * Cjt 


pV-p 


( 10 ) 


< 2a 


3 + 4 


3 • 5 a 


3 = 62a3, 


Let us divide the system S* into three subsystems S|, S^, 

3^ t)y putting any region n^eS in S| if it* C Jt for some 
iteS and - a^| < a, r = i, 2 , 3; by putting n* in 

if It* C It for some iteS and ^ ° least one 

r; by putting n* in otherwise. Thus the sum ( 10 ) is 

extended over all it*€S* + S^. Since for all it'eS^ we have 
z:^(p^ - by ( 10 ) we deduce 

Z u(«', T) < 620 ^, 
rt'eS^ 


and hence 

(11 ) 



T) < 62cr. 


Since ji(q) < c^lq 


we have also 


U(q, T) < y u(n', T) + a|q|, 

n^Cq° 


(12 ) 


Z T ), r = 1, 2 , 3 


it’Cq 


o 


(h) By ( 7 ) and ( 12 . 1 ) we have now 
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U(q, T^) - 




where each expression in brackets has to be replaced by zero 
if negative. Since each q6[q] is interior to some nes 
and we have already defined the numbers relative to each 
«' and the numbers relative to n, (n' C q°, q c n), we 
have, also by formula (12) above 


where 



T) 



|a^|u(jt'. 




lofpl )u(n', 

Iql.n 




(iPpI - )u(>t', T) - 2cj|q|, 


and where, as above, each expression in brackets has to be 

placed by zero if negative. Therefore, the last relation 
be written in the following form: 


re¬ 

can 




|U(q, T) + I 



where o < < 1, and 

la^lU + a>^ > 0; 0 ^ 
lofplU + 0)^ < 0. Since 


^r = 0 IT > 0; 0 ^ = 1 

if -^< 0 , 

+ 0^2 + a- = 1, by (2.10, 


if < 0 


c) we have 


<{ Zi.[l“rlO * Vj"}' * < 


and finally, also by (12.9, ill). 
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21a 


> Z T) + 

> X;U(q, T) Zr'^rl = Z V(q, T) - Z Zr.l“pl 


r-rj I i 
* 


By (7 ) we have 


0 < (Iq) / (V - ,1) < 9Mo + 


Nov we have - \a 


and 

It' eS *. Therefore, by 


- a 


r 

(11), 


< - «pl < 30 for all 

< 2^lPpl + 6 foi* all 


r • p 


0< <Io) J 


(V' - 3) < 9Ma + 



+ 


jteSj JteS 


Z jZpl^r “ T) + 6aXkl 


-1 


< 9M(y + 3<^U(Tt, T) + 6 • 62 a + 12Ma < 396Ma <3 


By (8) and (9) finally 

0 < (A) / (V - xl) < 3 • 3"^e = €, 

where e is any positive number and V* > J a.e. in A. This 
proves that V* = 5 a.e. in A. The statement (i) is completely 
proved. 


30 . 2 . On The Excess of Additivity for The Function V 

Let (T, A) be any c. mapping from an admissible set A of the w-plane 
into the p-space E^, p = (x, y, z), and let (T^, A), r = l, 2, 3^ be 
the corresponding plane mappings (5*5 )• We shall suppose that the plane 
mappings (T^^ A), r = 2, 3r are BV. 

Given any simple pol. region Q C A and any subdivision of Q into two 
single pol- regions know (9-3> 1) that V(Q, T) >V(Q.j; T) + 

V(Q 2 , T), V(Q, T^) >V(Q^, T^) + VCQ^, T^), r = 1, 2, 3- Therefore, if 

A = V(Q, T) - V(Q^, T) - Y(Q^, T), 

= V(Q, T^) - V(Q^, T^) - T^), r = 1, 2, 3, 

we have A, A^>o, r = l,2,3' • 

(1) If the mappings (T^, Q), r = 2, 3^ are BV, then 

we have A<A.| + A 2 + a^< 3A. 

PROOF. Let 1 be the simple line dividing Q into and Q^* Let 

3n = be any finite subdivision of Q into simple closed pol. 
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regions and closed non-simple pol. reg. 


“m 




whose indices 

Then we can apply (21.2, i and Note) where 

\> ^2’ ^3 denote sums extended respective¬ 
ly to all qeSj!^, to all qeS^, q C ; to all qeS^, q C Q^, to all 



o I — JIA I 

q 1 T 0. By (21.2, i and Note) we have, as 
Z^v(q, T)- 


n 


n 

00 


qeS' 


2^v(q, T^) 

S' = ZJ + z' 


V(Q^, T), t = 1, 2, Z'v(q, T ) 


Z'v(q, T) 


n 


V(Q, T), 


V(Qt 


1 


2 


hence 


V(Q, T ), 


t-1, 2, r-1, 2, 3. On the other hand 


(Z - Zj - Z^)v(q, T) = Z^v(q, T) 

(Z - Z] - Z|)v(q, T ) = Z'v(q, T^) 


A, 




Since 

2iv(q, 

A < A, 


v(q, T) = [Z^v 2 (q, T ^)]2 < z^v(q, T„) < 
T) < Z^Z^v(q, T^) < 3Z^v(q, T). As 

< 3 ^* 


r' - 
n 


r = 2, 3- 


3v(q, T), we have also 
00 we have 


+ A2 + A^ 


(ii) Under the same conditions above, the function V(n, T) 
defined for all simple pol. regions ir C A is AC in A 
(27*2) if and only if the three functions V(jt, T ), 

^ 2, 3, are AC in A; l.e., if and only if the 

mappings (T^, q)^ p = 2, 3 , are AC. 


The inequality V(Tt, T^) < V(n, T) < V(^, T, ) + V(^, T, ) + V(n, T ) 


PROOF. 

implies that V(n, T) satisfies condition (a) of (27.2) if and 

^ satisfy the same condition. The 

previous statement (i) proves that V(n, T) satisfies condition (b) of 


three functions V(it, T^), r = 1, 2, 3, 




r = K 


(27*2) if and only if Y(n 

The first part of (11) is thus proved, 
out in (28.1 ). 


2, 3, satisfy the same condition. 
The second part was already pointed 


30 - 3 * The Second Theorem 

( 1 ) THE SECOND THEOREM. If (T, A) is any c. mappi^ from 

an admissible set A of the w-plane into the 

p-apace E3, p = (x, y, 2), if (T^, a), r = 1, 2, 3, 

denote the plane mappings which are the projections 

of T on the coordinate planes, if L(A, T) < + co 
then ' 

( 1 ) the mappings (T^, a), r = 1, 2, 3, are BV; 

(2) the generalized Jacoblans . 3 ^(w), wcA, 
of the mappings (T^_, A), r = 1, 2, 3, 

exist a.e. In A and are L-lntegrable 
In Aj 
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(3) L(A, T) > (A) J* 3(w) dw = 


= (A) 


/[ 


+ 3 ^ + 


dudv 


(4) the equality sign holds In (3) if and only 
if all the mappings (T^, A), r = 1. 2 , 3, 
are AC. 

PROOF. 

(a) 1 follows from (16.10. 11); 2 from (28.1, 1). Thus the function 

2 2 2 ^ 

^(w) = ^2 ''' ^3^^ certainly L-lntegrable. ^y (30.1) the functior 

V(n, T) is BV in (it) and hence, by (27-5, 1) and (30.1) the 
derivative V^(w) exist in A, is L-lntegrable in A, and 
(a) V(A, T) > (A) / V*(w). On the other hand, by (9-4, 11) 

(p) L(A, T) > V(A, T), and, by (30.1, 1 ; part (a) of the 
proof) we have ( 7 ) V'(w) > ^l(w) a.e. In A. By (a), (p), (7) 
it follows 


(13) L(A, T) > V(A, T) > (A) / V*(w) dw > (A) / 3 (w) dw. 


(b) Suppose that the mappings (T^, A) are AC. Then the functions 

V(jt, T^) are AC in {«), r=i, 2, 3, and, by (30-2, 11 ), also 
the function V(jr, T) is AC in (it). Consequently, by (27-5, 11)/ 
we have (a*) V(A, T) = (A) / V*(w) dw. By (24,1, 1) we have 
also (P') L(A, T) = V(A, T), and, by (30*1/ 1; part (b) of the 
proof), finally, (7*) V*(w) = ^(w) a.e. in A. By (a*)/ (P*)/ 

(r*)/ (13)/ it follows L(A, T) = (A) f ^(w) dw. 

(c) Suppose that L(A, T) = (A) / 3(w) dw. If n Is any ^simple 
closed pol. reg. it C A then both « and A - n are ad¬ 
missible sets and by part (a) above, relation (of), we have 

Y(-n, T) > (n) / 0(w) dw, V(A - it, T) > (A - jt) / (w) dw, 

where V(A, T) >V(jt, T) +V(A - it, T) (9*3/ !)• Hence 

L(A, T) > V(A, T) > V(«, T) + V(A - n, T) > 

> in) f a(w) dw + (A - Tt) /3 (w) dw = (A) ; 3 (w) dw. 

Since V(A, T) = (A) / 5(w) dw, equality sign must hold in 
all relations above. In partlc\ilar V(it, T) = (jt) f 3 (v) dw. 

Since 3 (w) is L-lntegrable In A, the function V(jt, T) 
is obviously an AC function (27*1) in {«} and hence the 
mappings (T^,, A), r = 1, 2, 3/ are AC. 
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NOTE. Theorem Tg of (1.3) for surfaces in non-parametrlc form 
Is a particular case of the second theorem (statement (1) above 
and (Lg) of 1.4). Let S = (T, A): x = u, y = v, z = f(u, v), 

(u, v)eA, is any c. mapping from a closed square A of the 
w-plane Eg into E^ (non-parametric surface). Then the plane 
mappings T,, Tg, T^ are T,: y = u, z = f(u, v); Tgi x = u, 
z = f(u, v); T^: X = u, y = v, (u, v)€A. By (18.10, Note 3) 
we know that L(S) < + « implies that T^, Tg, T^ are BV and 
that f(u, v) la BVT ( 3 - 1 )• By (i) we know that L(S) is given 
by the area integral (A) / 3 if and only if T^, Tg, T are AC. 
Since T^ is certainly AC, and T,, Tg are AC if and only if f is 
ACT ( 3 - 1 ; 13.3), it follows that L(S) = (A) / .3 if and only if f 
la ACT■ On the other hand, the functions x, y, z have ordinary 
partial derivatives a.e. in A and hence ( 5 - 3 ; 28.3, i) the 

generalized Jacobians coincide with the ordinary Jacobians a.e. 
in A. Hence we have 


L(s) = (A) ; [3^ + 32 



* 30.4. Bibliographical Notes 

The area derivatives L', V have been studied by W. H. Yoiong, Z. 
de Geocze, L. Tonelll, T. Rad 5 , R. Caccloppoli. The statement 
(30.1, li) in the AC case (part b) has been proved by T. Rado [II). 
For the proof given above in the more general BV case without any re 
course to the equality L = V, see L. Cesari [12]. For the state¬ 
ment (30.2, 1 ) see L. Cesari [12]. The second theorem (30.3, 1) in 
the case where A is a simple closed Jordan region has been proved 
independently by T. Rado [II] and L. Cesari [12]. The same theorem 
is proved here for all admissible sets A for the first time. This 
has been possible because the equality L = V ( 24 .1, 1) has been 
proved in §24 under the same general condition. Since the proof 
of the equality L = V has been fried ( 24 . 4 ) from the use of the 

representation theory and Dlrlchlet Integral, the same holds for 
the second theorem (30.3, i). 

Property (50.1, 11) I3 actually a tangential property of the c. 
mappings (surfaces) of finite Lebesgue area. Another tangential 

property has been given in (23.1, 1 ; see 23.17). The following 
statement, proved by both L. Cesari [28] and P. V. Relchelderfer 
[ 6 ], is a further tangential property: Let (T, A): p = p(w), 
weA, be any c. mapping from an admissible set ACE into 
E3 With L(A, T) < + CO. Let t be any linear orthogonal 
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mapping from the p-space E^ into the q-space E^, p = (x, y, z), 
0 . = T), O (change of cartesian coordinates in E^) (5.4); 

hence q = Tp, and T* = tT is a mapping from A into E^. 

Let T^, T^, r = 1, 2, 3, be the plane mappings which are the 
projections of T, T* on the coordinate yz, zx, xy, 

|Ti-planes, let weA®, r = 1, 2, 3. be the corre¬ 

sponding generalized Jacobians, defined a.e. in A*^, and put 

'^3^^ ^ '^2^ '^3^* Under the hypothesis 

alone that L(A, T) < + «>, we have = x^a-e. in A°. That 
is, for almost all points weA^, the formulas for the transform¬ 
ation of the generalized Jacobians is the same as for ordinary 
Jacoblans when standard conditions of differentiability are 
satisfied. Another tangential property is the following one 
proved by L. Cesarl [28]: If (T, A) is any c. mapping from 
A C E^ into E^ with L(A, T) < 00 then for almost every point 
weA there is a convenient ^linear mapping t (as above) such 
that = (?s^ '"^3^^^ ^2 ^ ^2 ^ Thus the plane a 

through p = T(w) parallel to the I t)- plane can be thought of as 
a generalized tangential plane to the surface S = (T, A) at 
the point p = T(w). (This plane is uni vocally defined only if 

000 

+ ^^+:^^>o.) For other tangential properties see L. Cesari 
[28] and H. Federer [ 3 ]. See also E. R. Relfenberg [1]. All this 
is in harmony with the papers of T- Rado, P. V- Relchelderfer, L. 
Cesari mentioned above- In §§ 27 ^ 28 we have defined the generalized 
Jacobians by a veiy natural and stralghtfoi*ward differentiation 
of the relative areas V'*' - V”, thought of as Interval 

functions. A more indirect process would be the following one- 
In §25 we have extended the function V into a set function 
cp(M) which is additive in a convenient family M of sets 
MCA and we have noticed that analogous extensions tp (M), 

(p“(M) could be obtained for the functions V"*", V”. The family 
Mq Is certainly very large but as we have noted in ( 25 * 5 / Note 5) 
it may occur that M^ contains no Interval. The differentiation 
of the additive set functions (p*^(M), q)''(M) in M^ by applica¬ 
tion of the Radon-Nikodym theorem, or by other means, might yield 
an equivalent concept of Jacobians as R. Caccloppoll and Ch. Y. 

Pauc have suggested. [The problem of differentiation of general 
set functions is deeply investigated in the recent book H. Hahn 
and A. Rosenthal, I.] 
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§ 31 * ERECHBT EQUIVALENCE 


31 - 1 * Frellmlnar:/ Considerations 

In §5 we have introduced the concept of surface, or path surface, or para- 
metric siirface, as a mapping (T, A): p = T(w), \j^k, from any admissible 
set A of the w-plane E2> w = (u, v), into any Euclidean p-space, say 

According to that definition too mappings, say (T, A). 

(T , A ) are equal (T, A) = (T', A') If and only if they are identical. 


' 3 ' 


i.e.. 


A = A*. T(w) = T(w* ) 


for all v€A. 


Nevertheless, as for curves (2.2), our intuition associates certain distinct 
mappings (T, A), as representing the same mathematical entity: that is 
as equivalent mappings. In (6.3) we have already considered the equiva¬ 
lence of mappings (T, A), (T', A') which can be brought one into another 
by a convenient homeomorphism H between A and A' (Lebesgue eoiilva¬ 
lence). We shall consider below fin^ther cases of equivalence. V/e *shall 
then define, as for curves, the more general concept of Frechet equivalence 
UI.2; and we shall study its properties. The classes of Prgchet equiva- 
lent mappings, or surfaces, shall be denoted by Fr§chet surfaces (31.3) 
md the various mappings of each class as all poiilble presentations of 
the same Prgchet surface. We shall consider first the fo llowing exampl es. 


I. Let A, = Ag = [0 < u, V < 1] and : x = u, y = v, z = 0 

(u, v)€A, j Tg: X = u^, y = V, z = 0 , (u, vjeA^. If H is the 
homeomorphism H: u' = u^, v' = v, between A^ and A^, then 
Ti = TgH, and and are Lebesgue equivalent. 


II. Let T, be as above and : x = 1 - u, y = v, z = 0, 

(u, v)eA^. If H is the homeomorphism u' = 1 - u, v' = v, 
then T^ = T^H, and and are Lebesgue equivalent. 

III. Let A^ = [- 1 < u, V < 1 ], Ag = [u^ + v^ < 1], and 

. X - u, y = V, z = 0 , (u, v)€A^. Let (p, 0) be polar co¬ 
ordinates of the uv-plane and pole (0, 0), and let T be de¬ 
fined by 1^(0, 0) = (0, 0) and by the following further equations: 
X = p, y = ep If - ir < ie < «; y = p, X = - 4 n“^p(0 _ 2"’«) 

if n < U0 < 3 „;^x = - p, y = - 4 n- 1 p(e _ „) if 3.t < i0 < 5«J 

y = - P, X = 4 n p(e - 3 • 2"’n) if 5 rt < A0 < 7 „. The mappings 
T^ are Lebesgue equivalent. 


IV. Let A^ = Ag = [u^ + v^ < i] 
(u, v)eA^. Let (p, 0), (r, oj) 

(0, 0) in the uv- and xy-planes, 
defined in A^ by z = 0, o) = e. 


and T^ : X = u, y = V, z = 0, 
be polar coordinates of pole 
respectively, and let T^ be 
and r = 0 if 0 < p < 2“^ 
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r=2p-i If 2’<p<l. 


It is natural to say that both T^ and T. "represent" the circle 


= [x^ + y^ < 1, 


H such that T 


z o] but obviously there is no homeoraorphlsm 
^ since the circle [u^ + < 2"^] should 

be transformed by H into an open set on which shoiald be 

Nevertheless, 

given € > 0, there is a homeomorphlsm H 
such that |T^(w) - T^tH^Cw)]! < e for all weA^ . 
morphism could be defined, e.g., by 0* = e, and 


constant, while T. is constant on no open set. 


-1 


between and A^ 

Such a homeo- 

p' = (2 €)-’p 


If 0 < P < p' = (1 - 2 € + p)(2 - 2€) ' if € < p < 1, Indeed 
for any v = (p, e) we have T^ (w) = (r , tu), T [H,(w)] = (r„, <a), 


with CD = 0, r- = p, 


2 = 2p' - 1, 0 < r, - 


for all 6 < p < 1 • Analogously for 


1*2 = e(l - 

0 < p < e. 


)(1 - o 


-1 


< e 


V. Let A^ = A^ = A^ = [0 < u, V < 1] and let 

0 < u < 1, be the functions defined by f^Cu) = 2u if 0 < u < 2“\ 

f2(u) = 1 if 2"^ < u < i; f3(u) = 3 • 2“^u if 0 < u < 3~\ 

f3(u) = 2^ if 3^<u<2* 3 ~\ = 3 • 2”^u - 2”^ if 

2 - 3 " < u < 1 . Then the mappings T.j : x = u, y = v, z = O; 

T^: X = f2(u), y = V, z = Oj T.: X = f3(u), y = v, z = 0, 

0 < u, V < 1 , can be said to 'represent" all the simple square 
[0 < X, y < 1 ]. There is no homeomorphlsm E such that T^ = 

T^H, T.J = T^H, but analogous considerations hold as in IV, 


31»2. Fr§chet Equivalence 

Given any two mappings (T^, A^ ), (T^, A^) from admissible sets A^, A^ 
of the w-plane into the same p-space E^, we say that T^ and T^ are 
FRECHET EQUIVALENT (briefly P-equivalent) if, given any positive number 
there is a homeomorphlsm between A.^ and A^ such that 

|T^(w) - T2[Hg(w)]| < € for all weA^; i.e., d(T^, T^H^, A^ ) < e. We 

shall denote this fact by the notation T.j ^ T^. If the w-plane is orient¬ 
ed and we consider only homeomorphlsms which preserve the positive 

orientation in the w-plane, then we say that the mappings T^, .T2 are 
P-equlvalent, as oriented mappings. 

In the particular case where a homeomorphlsm exists between A^ and 

A^ such that T., = "^2^0 ^2 said to be Lebesgue equivalent 

(6.3) and they are also P-equivalent. 


NOTE. The mappings of the example IV and V, are obviously P- 
equlvalent. Though we use the words mapping and surface as 
synonyms, we shall prefer the expression "equivalent mappings" 
to "equivalent surfaces", to avoid confusion with F-siirfaces (31- 3 )' 
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The following statements for P-equlvalence are easily proved: 

( 1 ) T ~ T; 

(il) if T ~ T, then T, ~ T; 

(lii) if T, ~ Tg and Tg ~ T^, then ~ T3• 

31«3 > Prechet Surfaces 

Because of the properties (1), ( 11 ), ( 111 ) for F-equlvalence, we can divide 

the collection of all continuous mappings (surfaces) into maximal classes 

C of P-equivalent mappings, by putting any two mappings T^, in the 

same class C if ~ in different classes otherwise. Each class C 

is said to be a PRECBET SURFACE S (or F-surface) and each element of C 

is said to be a R^RESENTATION of S. Nevertheless, if we consider the 

Frechet surface S (class C) corresponding to a given mapping (T, A), 

i*e., to a given surface S = (T, A), we often say, for the sake of 

simplicity, that the mappings (T*, A* )€C are all the representations of 
the surface S. 

If we consider only oriented mappings, then we shall use the expression 
ORIENTED P-SURFACE S, 


31 Necessary Conditions for F-equivalence 

For the case where both J^, are compact sets, say for instance, two 

closed Jordan regions J^, J^, we shall prove the following necessary con¬ 
dition for P-equivalence. 

(i) If (T^, J^), (1^7 Jg) are Frechet equivalent continu¬ 
ous mappings from closed finitely connected Jordan 
regions J^, J^ into E^, then 

(a) J^, Jg are homeomorphlc, 

(b) T^(J^) = T2(J2); 

(c) There is a continuous mapping t between the 

two collections (hyperspaces (cf. io. 4 )) = r(T , J ), 

Tg = r(Tg, Jg) such that, if gg = T(g^), 
gi^Ti, ggsr^, then T^(g, ) = Tg(gg). 

NOTE. Under the same conditions of (i), let J* = 

’>■[> Jg = (^o' '^\> •••■’ ’'v^ the two 

collections of v + i boundary curves of J^ and J , 

respectively. We shall prove in addition: ^ 

(d) there is a convenient ordering of the ele¬ 
ments and 7| such that, if 
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^ 1 * ^ 1 * ^^ 2 ^ ^ 1 ^-' ^ 1 ^ •••9 

are the continuous closed curves in E 


of 

C. 


V, 

2 images 

r^, 7[ under T^, respectively, then 

Ci= 0 ^ 1 , * f V- 


PROOP. Since (a) and (b) are trivial, we have only to prove (c) and (d). 
Let [H^] be a sequence of homeomorphisms between J- and J 

ru /',,M \ ^ ^"1 ^_ _n-. ^ 


^ such that 

|T^(w) - T2 [Hj^(w)] I < n for all weJ^. Let (w) be any countable 
collection of points wej^ everywhere dense in . For each wg{w) the 
sequence H^(w), n = 1, 2, 

least one point of accumulation. By using the diagonal procedure we can 
determine a sequence [n^] of integers n such that lim H^(w) as 
^ exists for each we{w}. For the sake of simplicity we will 

suppose that coincides with [ 1, 2, ...] . Let k be any continuu 


of points of the compact set has at 


of J. and let k^ = zg, where 


is extended to all ger. such that 


gk + 0. Hence k C k^ C T^(k) = T^(k^) and k is a continuum (a 


consequence of 10.2, iv). 
of the set of all points wgJ 


By ( 10 . 7 , iii 


For any integer h let Mj^(k) be the closure 

such that {w, k)m < h"^. 

1 

and v) we have k C k^ C M^(k) C and because of (10.7, iv), M|^(k) is 
the closure of an open connected set and hence is a continuum possessing 


interior points in J 


1 


If Nhn(k) = Hn(Mh). then Nj^(k) 


Then Mj^(k) contains infinitely 


wg{w} such that WGMj^(k). Since lim exists as n 


contains the points H^(v) for all 

—> «> for each 


we have lim inf \n(k) + 0 as n 


W€{W), 

lim sup Nj^^{k) = Xj^(k) 


00. 


Consequently (10.2, 1 ) 


as n —> 00 is a continuum and, because of 




we have also ') Thus the set C(k) = lim >^(k) as 

h —>00 is a non-empty continuiara in • Suppose diam T^(k) = 1 , thus 

1 < diam T^[Mj^(k)] < 1 + 2h”^, where T^ (k) C T^[M^(k)]. Each point 
peT^tNj^Ck)] is at a distance < n”^ from 


and it is easily seen that 1 - 2n”^ < diam 

Consequently T2[x^(k)] C T^ [Mj^(k)] and 1 < diam T^fx^Ck)] < 1 + 2h 
Finally T2[C(k)] C T^ (k) and diam T^tCCk)] = 1 . 

Thus if k = ger^, then diam T^(g) = 0, diam T^fCCg)] = 0 and 
C(g) C g*, g^ePg and we define t by putting g* = ^(g). Let us observe 
that T^(g) is a single point and hence T^Cg*) = T^CCCk)] = T^(g). Since 
it follows from above that each set Mj^(g) is mapped by t into the set 

we have also proved that 


some points of T^[M|^(k)], 
TgCNhndc)] < 1 + 2h'1 + 2n“’. 


\(s ') 


of all w€j 


the mapping t 


2 

from 


such that {w, g* }m < h 

^2 


-1 


1 


into is continuous. 


Let k* be any continuum in J^, let k^ = Zg» where L is extended 
over all g'er^ such that g'k' + 0, and let be the closure of 

the set of all wgJ,^ 


such that {w, k* }m < h 

^2 


-1 


Then k* C k^ C Mj^(k') C Jg 
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and Ic^ and Mj!^(k*) are continua. Let ^ [Mj!^(k' )] and ob¬ 

serve that we can always take a subsequence of indices n such that 
lim inf N^(k’) + o as n-►» for each h = 1 , 2, ... . Such a sub¬ 

sequence depends, of course, upon k* and is a subsequence of the one used 
for the definition of t. Thus the set 

n —V 00 is a continuum and ') • Therefore C* (k* ) = lim ^j!^(k’ ) 

as h -> 00 is a continuum in • As in the previous case we can easily 

prove that T^[C*(k*)]C T^(k*) and diam T^[C'(k*)] =dlamT2(k’)* 

Now suppose that for some gcr^ we have g*k* + 0 where g' = xCg). Then 

C(g) C g* where C(g) = lim >^g(g) as s >co, C(g) C >-g(g) and 

diam T2[^g(g)] < 2 s"^ . For any given h, if we suppose s > 3 (h) = 8 h, 

then Iw, k*)m < 2 ( 8 h)"^ = 4 ”^h~^ for every weX (g). Because of 

I2 - 3 

Xg(g) = lim sup Ngjj^(g) as m —we can take m(h, s) > 8 h large enough 
in order that for at least one point w€N^^(g) we have (w', k'}m < 4 “^h"^ + 

X 2 

4 h ^ = 2 ^h ^ for all m > m(h, s). On the other hand, diam T^[N (g)] < 

-1 -1 1 1 

2 m + 23 and hence for all weN _(g) we have (w, k')m < 2 h + 

X 2 

2 ( 8 h) ^ + 2 ( 8 h)'' = h”'. We have proved that Ngj^(g) C Mjl^Ck') for all 
m > m(h, s), 3 > 3 (h). Thu 3 Mg(g) C Nj!jjjj(k' ) and, a 3 m —>«>, al 3 o 
Mg(g) C Xj!^(k' ). A 3 3 —we have g C ^(k' ) and as h —> co also 
g C C'(k')- We have proved that all elements ger^ such that g'k' + 0 , 
g' = T(g), are contained in the continuum C'(k'). If diam T2(k') = o, 
then also diam T^[C»(k')] = o, hence g = C'(k')- We conclude that each 
element g'G^2 image under x of one and only one ger^. This 

proves that x is a one-one mapping between and . We have already 

proved that x is continuous in and, by (i 0 . 4 , iv), x"^ is also 

continuous in r^- Thus (c) is proved. 


In order to prove (d) let us observe that each induces a one-one corre¬ 
spondence between the boundary curves 7^, of and J^, not nec¬ 
essarily the same for all n. Now let [7^, 7^] a fixed order¬ 


ing of the curves 7 
the V + 1 curves 7 


i' 

! 

i • 


Then the image of 7^ under I3 any one of 

Since v < + 00^ for each i at least one of the 


curves 7^ must be the image of 7^ under for infinitely many n. 

Let us denote by 7^ any one of the curves 7^ which is the image of 7 
under H for infinitely many n and consider solelv the homeomornhisms 


for which this happens. Then let 7,' denote any one of the curves 
’'i ^o^ which is the image of 7, under infinitely many of the chosen 


and so on. By v + 1 repetitions of this procedure we have an order- 

t^o' ^1' curves 7^ and a subsequence [H^^] such 

that 7^ - Hj^(7f)j 1 = 0, 1, ..., V, for all Thus we have 

iT^(w)^- T2 [Hj^(w)]| < n ^ for all w€7j_ where H^(w)e7^ and this implies 

Cl - Cl, i = 0^ 1, . . ., V (2.6). Thus (d) is proved and thereby also the 
statement (i) and the Note are proved. 
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(ii) If (T^, ) - (T^; Jg) and both T^ and T^ are 

light ( 10 . 8 ), then T^ and T^ are Lebesgue equiva¬ 
lent, i-e-, there exists a homeomorphism H between 
and such that T^ = T^H. 

PROOF- Both and P^ are the collections of the single points of J 

and J^; thus the mapping t defined in (i) is a homeomorphism between 
and and = T^t. 

31 - 3 > Some Further Examples 

The conditions (a), (b), (c), (d) are far from being sufficient 
as the following examples prove. 

V. Let ^ ^2 ^ ^ V < l] and T^: x = u, y = v, z = 0 , 

(u, v)€j^; T^: X = 4 u^ - 4 u + 1 , y = v, z = 0 , (u, v)€jg. We 
have T^(J^) = T2(J2) =Q=[o<x, y<l, z=o]. Each point 

7 f o)eQ; x + 0, is the image of one point (u, v)€j^ and 
of two points (u, v)eJ2* Conditions a, b are satisfied, c, d, 
are not. It is natural to say that T^ covers Q once and 

T^ covers Q twice as a veil folded along the line x = o, 

0 < y < 1 . T^ and T^ are not F-equivalent. 

VI. Let J^, as above and T^: x = u, y = 0 , z = 0 , 

(u, v)€j^; T^: x = 2 {w, J*), y = 0, z = 0 , (u, v)eJ2, where 

(w, J*) denotes the distance of w = (u, v) from the 

bomdary J* of J^- Here T^ is constant on each segment 

= [u = t, o < V < 1 ], T^ is constant on the boundary 

= [(w, = 2“^t] of each square concentric to and 

T.(g^.) = T«(gi) = (t, 0, o), 0 < t < 1. Hence t is defined 

by g-^ = ^ segment to < x < i, 

y = 0, z = o], then T^(J^ ) = T2(J2) = s. If C: (T^, J*), 

C': (T^^ then C is the segment s counted twice, 

C is the single point (o, 0 , o). Thus conditions (a), (b), 

(c) are satisfied, (d) is not. T^ and T^ are not 

F-equivalent. 

VTI. Let Ji = ^2 " 1 polar 

coordinates of pole (O, o) and let both T^, 1 = 1 , 2 , be 
defined for 0 < p < 1, 0 < 0 < 2Tt, by 

X = sin n(l - p) cos 0 , y = sin Jt(i - p) sin 0 , 

z = - 1 + cos Jt(l - p), 


§ 31 * PRKHET EQUIVALENCE (31.5) 
and for l<p< 2 , O<0<2jr; by 

X = sin n(2 - p) cos e, y = (- isin n(2 - p) sin e, 

« 

2=1+ COS Jt(2 - p ). 


Obviously T, and "represent" the sphere a, = 

^2 ^ ^2 ^ ^ circle p < 1 and the sphere 

tJ2 = tx + y + (2 - 1 )^ = 1 ] in the region i < p < 2, but 
tjg gets, from T, and T^, different oriental-1 ons. 

Condition (a) is satisfied as well as condition (b) since 

Ti(Ji) = + a^. Both and are the collections 

of g, = [p = 1], gg = [p = 2] and of all remaining single 
points wej^, or wej^. Let t be defined by u' = u, v' = v 
if p < 1, by u' = u, v' = - V if i < p < 2, and 
•'(Sl) = g{. 1 = 1, 2, where gj is still g^ though in 
^2’ ^ 2. Then t has all required properties and (c) 

holds. Finally both (T^, Jp, (T^, J*) are the curve reduced 
to the single point (2, 0, 0). Thus (a), (b), (c), (d) are 

satisfied. Nevertheless T, and T^ are not P-equivalent, 
as we will prove formally in the following lines. 


Let us suppose, if possible, that there exists H such that 
|T^(w) - TgCHCw))! < 1 for all wej^. 


Let T23 be the projections of T,, T2 on the (x, y)- 

plane, then also |T,3(w) - T23 (H(w))| < 1 for all wej . 
Suppose, e.g., that H retains the positive orientation! 

T A ^ r ^ • 1 m 

be the region in J bounded 


2 ^ < 


S P < 


< 2 ] 




circumference 


and let R' = H(R) C J . Thus R' is the 


Then let R = [3 
by J* an 
1 = [p = 3 

region bounded by J* and the curve 1 ' =‘'h( 1 ). Since each 
continuum k such that k C R, kJ* 4 0, diam T (k) < 1, is 
mapped by H into a continuum k' such that k' C R', 
k'Jg 4 0, diam Tg(k') <2 we have k'g' = 0 since 

r ^ I T ^ i I 


{g 


1 




= 2. Thus 


for all w€R' - J 

I 

X C R* is 


If L 


= 0 and also T^^(w) 4 (o, o) 


2' -^2* ^^23^ 
any circumference [p = p ^ l < p 

»e have 0(0, 0, L^) - 0(0, 0; L) . ! i (s.u, Iv). 
other hand. If C: (1,3, 1), .e have ||1„ c|| < ,, 

0); C) = 1 and hence 

^ contradiction. Therefore"no H exists such 
that ' 


(T,3, 

< 2] = 


X) 

X c 


where 

RS 

On the 


0(0, 0, L^) = 0(0, 0 ; C) = + 1 


^(1*1 ^ ) < 1 and hence T. and T 

___ ^ . I 


P-equlvalent. 


are not 
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NOTE. The extremely difflcxolt problem of a necessary 
and sufficient (topological) condition in order that 
two mappings T^, Tg are F-equlvalent has been com¬ 
pletely solved by J. W. T. Youngs l^h] not only for 
c. mappings from plane closed Jordan regions, but for 
c. mappings from 2 -manifolds. 




31.6. F-dlstance 

Let (T^, A^), (T^, A^) be any two continuous mappings, or sxjrfaces 
S^: (T^, A^ ), S^: (T^^ A^) from the admissible sets A^, A^ of the w-plane 
into the same p-space E^ and let us suppose that A^ and A^ are homeo- 
morphic, i.e., the class (H) of the homeomorphlsms between A^ and A^ 
is not empty. The non-negative number 

8 = ||T,, T^ll = Inf Sup |T.(w) - T_[H(w)]|, 0 < 8 < + 00, 

^ ^ He{H) weA^ 12 - - 

is said to be the FRECHET DISTANCE of (T^, A^ ) to A^). If T^ and 

T^ are oriented and we consider only the class (H)^ of the homeomorphlsms 
between A^ and A^ which retain the positive orientation, then 6 is 
the Frechet distance for oriented mappings. 

The following statements are easily proved: 

(i) ||T^, T^ll = 0 if and only if T^ T2; 

(ii) ||T, Til = 0; 

(ill) 1|T^, T^li = IIT^, TJI; 

(iv) IIT^, T3II < 1|T,, Tgll + IIT^, T3II; 

(v) if T^ - T{, T^ - T^, then 1 |T^, T^ll = ||T|, T^||. 

Given any two Frechet siarfaces S^, 3 ^, that is, two maximal classes C^, 

C^ of F-equivalent mappings, let ||S^, = ||T^, T^H for every T^eC^, 

T^gC^. Because of (v) the number | 1 §^, S^H does not depend upon the choice 
of T^ in C^ and T^ in C^- The number ||S^, S^ll is said to be the 
F-distance between the F-3xu?faces S^, S^- Obviously, ||S^, 5 ^\\ = 0 if 

and only if S^ = ||S^, S^li = HS^, S^||, ||S^, S3II < ||S^, S^H + ||Sg, S3II. 

Given any two mappings (T^, A^ ), (T^, A^), let us denote by (T^^,, A^ ), 

(T , A^), r = 1, 2, 3, the plane mappings which are the projections of 

T , T^ on the coordinate planes. Then obviously ^2r^l - 

for all r = 1 , 2 , 3 - In particular |lT^, T^H = 0 Implies ||T^^, T^^H = 

r = 1, 2, 5, (but not vice versa). 


31. 7. Invariance of Lebesgue Area with 
Respect to Frechet Equivalence 

(i) Let (T, A), (T^, A^^), n = 1, 2, ..., be c. mappings 
from homeomorphlc admissible sets A, A^ into the same 
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p-3pace Ej, such that T|| —*• 0 as n -yoo. Then 

(1 ) L(A, T) < 3 ^ L(Aj^, 

( 2 ) ¥(A, T^) < 1 ^W(A^, 

( 3 ) N(pj Ty, A) < 11m N(p; s-ll 

r = 1 > 2, 3, and peEg^,. Analogous statements hold for 
V, ¥■*■ W", V^, V. 


PROOF. Let = ||T, T^||, n = 1, 2, ..., hence 8^^ ->0 as n - >co 

For each n let be a horaeomorphism between A and A^ such that 

|T(w) - + n"’ for all weA. Then d[T, A] _. 

*'”> and, by (6.3) and (5.10) we have L(A^, T ) = L(A, T IL), 

L(A, T) < ]^ L(A, Therefore L(A, T) < 3 ^ L(A^, T^^) as ^n _ 

An analogous proof holds for (2) and (3). ^ 


(ii) If (T,, A^) - (Tg, A^), then L(A^, T^ ) = LCA^, T^), 

W(A,, T^^) = T^^); N(p; T,^, A^ ) = N(p; T^^, A^) 

for all and r = 1, 2, 3. An analogous state¬ 
ment holds for V, , V”, W“. 


PROOF. 
n = 2, 
LCA^, 


Let 

3 , . 
T,). 


(V = (Tg, A^), n = 2, 3, 


• • 


Then 


l|T^ 


T 


= 0 , 


and, by ( 1 ) above, also L(A^, L(A^, T ) 

Analogously we have LCA^, T^) < L(A,, T,) and hence 


L(A^, T^) - LCAg, T^). An analogous proof holds for V, W, N- 


note 1. Given any Frgchet surface i.e., any maximal class 

C of P-equivalent mappings (T, A), let L(S) = L(A, T) for 
every (T, A)€C. By (ii) the number L(S) does not depend 
upon the choice of the element TeC and is said to be the 
Lebesgue area of the PrSchet surface S. 


NOTE 2. (T, A) ~ (T', A') implies also V(A, T) = V(A', T'). 

Analogously for plane mappings (l2.l) (T, A) ~ (T', A') Im¬ 

plies V(A, T) = V(A', T'), W(A, T) = W(A', T'), N(p; T, A) = 

N(p; T', A') for every p, V+(A, T) = V^(A', T'), etc. . 

The proof is the same as for (i). 


NOTE 3 . The statement (23.3, ii) can be reinforced by the r 
quirement (T^, A) ~ (T, A). The proof is the same. Indeed 


in (23.12) we have proved that 


TH 


where T = TH 

o o 


on 


T 


This Implies t -- T 


Q laniformly in A 
As a fiirther conse- 


^ - rxa a, iLU'unep cons 

quence we have also that the inequality V(A, T ) < V(A, T) 

proved in (23.12) can be replaced by V(A, T^) = V(A, T). 
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31*8. The Representation Problem 

Given any c. mapping (T, A) from any admissible set A of the v-plane 

w = (u, v), into E^, we know that the condition L = L(A, T) < + « does 

not imply that the functions x, y, z have first partial derivatives in 

some points of hence the ordinary Jacobians of the 

couples (y, z), (z, x), (x, y) need not exist and neither the classical 
area integral 

1 1 

I = I(A, T) = (A^) / [J^ + + J^] dudv = (A°) / [EG - dudv. 

As we have proved the condition L(A, T) < + oo implies that the generalized 

Jacobians exist a.e. in A^, are L-integrable in A^, and 

hence the generalized area integral 

X 

= (A°) / + 3 ^ + 32 j 2 

exists, is finite and we have L > ,1 (the second theorem, 30.3, i, or 

of 1 . 4 ). We have L = if and only if the plane mappings (T^, A), 

r = 1, 2, 3, are AC. On the other hand, if the components x, y, z of 

T(w) have ordinary first partial derivatives a.e. in A^ then J = J 

0 ‘ r r 

a.e. in A,r=l,2, 3, and the generalized area integral coincides 
with the classical area integral (but not necessarily with the Lebesgue 
area L). 


The concepts of F-equivalence and of P-surface, in connection with the 
second theorem, lead naturally to the following main problems: 

I. Given any F-surface S with L(S) < + 00, is there at 

least one representation (T, A) of S such that L = 

i.e., the Lebesgue area is given by the generalized area 
integral? 

II. Given any F-surface S with L(S) < + «>, is there at 

least one representation of S where the functions 
X, y, z have first partial derivatives a.e. in A^ 
and L = I; i.e., the Lebesgue area is given by the 
classical area integral? 

We shall see ( 37 * 3 ; ii) that both problems (representation problems) have 
an affirmative answer. 


*31.9. Some Additional Observations and Bibliographical Notes 
If A^, A^ are compact sets of and (T^, A^ ), (Tg, Ag) are 
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F-equlvalent mappings, T, ~ from A, and A^, respective¬ 
ly, into E^, then we may consider the collections r(T , A ), 
r(T 2 , Ag) of maximal continua of constancy for T in A and 

for Tg in A^, respectively, (lo.4). Let f,, ^2 be the 
corresponding hyperspaces, i.e., the collections r r con¬ 
sidered as topological spaces (lO.U), and the decompositions 

^1 '^2 ” ^ 2^2 (10.8) of and in products of 

monotone and light mappings. Thus m,, m^ are monotone, 

V la are light, and m, (A_, ) = in 2 (A 2 ) = • Theorem 

(51.4, i) implies that r^, are homeomorphic and that 1 , l 

are Lebesgue equivalent. Indeed the mapping x from r onto ^ 

of (3^.4, i) can be thought of as the homeomorphism ’ 

T = m 2 Tm^ from onto r^, and then 1 = l I”’. in 

addition we have = 1 m = i ^ i t, 

_ 1 2 -^2 2 ^ 2 where 

1-]^^ = is a monotone mapping and (f ) = 

t We conclude that T,, T axtait of simul¬ 

taneous decompositions T, = l^m,, T 2 = l^m', having the same 
hyperspace and the same light factor. 


If two mappings (T,, A,), (T2, A2) from compact sets A , A 
admit of decompositions T, = Im,, = Im^, where m,, m ^ 

are monotone, having the same hyperspace m,(A, ) = m,(A ) ^and 
the same light factor 1, then are not necessLily 

equivalent. They are said to be Kerekjarto equivalent, or 
K-equivalent. For Instance the two mappings of the example VII 

are K-equlvalent but not P-equlvalent. The example VII is due 
to J, w. T. Youngs [9]. 


hus K-equlvalence is a necessary but not sufficient condition 
or P-equlvalence of c. mappings from compact sets. The ex¬ 
tremely difficult problem of determining a necessary and 
sufficient condition for P-equivalence has been recently solved 
by J. W. T. Youngs [i 4 ] as we have already mentioned. J. w. T 
Youngs has indeed formulated such a necessary and sufficient 

condition for the P-equivalence of c. mappings from 2-manifolds, 
un K equivalence see also E. J. Mickle [7]. 

L°e P-equlvalence and related questions, 

see the basic already quoted paper of J. w. T. Youngs [i 4 ], and 

also B. y. Kerekjarto [i], M. Prechet [5], C. B. M^rey [1 2 ,1 

^ 'fickle and T. Rad 5 [2, 3], 

6 ,’ t; rnriaT" 5 , 



3 


460 CHAPTER IX. THE REPRESENTATION PROBLEM 

§32. MEAN VALUE INTEGRALS OF L-INTEGRABLE FUNCTIONS 

32 . 1 . Definition of Mean Value Integral 

Let G be any open set of the w-plane E^^ v = (u, v), let K 
be any compact set K C G, and let = {K, G*) > 0 be the 

distance of K to the boundary G* of G [h^ be any n\imber 
if G = E^ and thus G* is empty]. 


Let f(v), V€G, be any single-valued real L-integrable function 
in G. For every point w = (u, v)€K and for every Integer 


n > 


let q 

+ n'M 

= q denote the square 

Tvn ^ 2 

q = [u<x<u + n"\ 

V < 

y < V 

of area n completely 

contained in G, and 




u+n“^ 

/> /I 

v+n”^ 

f 

II 

ro 

• 

<1n„' ■ / 

J f(x, y) dxdy, 




u 

V 


V€K. 

The function f^^^ = veK, n > is said to be the 

MEAN VALUE INTEGRAL of f of index n. 


NOTE. The mean value integrals constitute a useful 
process of approximation in real functions theory. We 
shall discuss their properties in view of various appli¬ 
cations to the representation problem. For applications 
of mean value integrals to surface area see for instance 
H. E. Bray [l], T. Rado [ 1 ?], C. B. Morrey [iJ; for 
applications to potential theory see G* T. Evans [I]. 

A brief account of mean value integrals is given in S. 
Saks [I^ p. 178] and L. M. Graves Tl, pp. 254-259]* The 
present discussion is modeled partially (32.2, 3 f 5 ^ 7 ) 
on C. B. Morrey * s [ 1 ]. 



32.2. First Properties of Mean Value Integrals 

Given certain functions f, g, * • *, all L-integrable in G, we 
shall denote by f^^^ ••• their mean value integrals on 

a common compact set K C G. 



f, g are both L-integrable in 
s any constant, then (f + g)^^^ = 


G, and c 
f(n) ^ g(n). 


(il) If If (w) - f (w* ) I < Mlw - w' I for all v, w^eG 
(M < + a given constant), then also 
If ) I < Mlw - w* I for all 

w, w*€K and the same constant M. 
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PROOF. If w = (u, v), w* =^(u*, v’) and a = u* - u, 

b = V' - V, then (a^ + b ^)2 = |w - w'|, lq^„l = n-^ 

and = n^l(q) / [f(x + a, y + b) - 

f(x, y)] dxdyl;^ hence < 

n |q|M(a^ + b^)^ = M|w - w'|- Thereby (11) Is proved. 

(Ill) If f Is L-lntegrable In G, then 

is continuous in K. 


PROOF. Since f Is L-lntegrable in G, given n and any 
e > 0, there Is a number t) > o such that (H) / |f| < n~^ 
for every measurable set H C G, |H| < n. Let 


o = mln[n~^, 


^ Tin] and w (u, v), w’ - (u', v') be any two points of K 
with |w - w'l < a. Then |u - u'| < a, |v - v'| < a and, if 


q* are the squares 
then q^ q* are partia 
is a rectangle whose ar 

Iq' - qq'I < n"^ - (n"’ 

If^'^^w) - f^^^(w')l = In^ 




both of side-length n 


-1 


overlapping 


The common part qq* 

1 2 

- ) ; hence |q - qq> |, 


Therefore 


w 


n^(n ^e) = e for all 
tinuity of j_g ppoved. 


- cr)^ < 2an ^ < 2 

• (q - qq*) / f - n^ • (q* - qqt) / f| 
y w*eK, |w - w*| < (j. Thus the con- 


< 


(iv) 


If f is L-integrable in G, 
(K) ; < (G) ; ifi. 


then 


Let us 


PROOF. Let m > 3 be any integer and let a = m~^n 

divide the w-plane in the squares . = [la < u < (i + i)a, 

ja < V < (j + 1)a] of side-length a^ (1, j = o, + i, ... ). 

w = (u, v) is any point of K, then for convenient r 
we have 


If 


and 


ra < u < (r + 1)a, su < v < (s + i)a, and w = (u, v)60 . 
square a_.. = (u. u + n"!. v. . .-l ), ^^ose side 


Thus the square q^^^ = (u, u + n 

length n"’ = ma Is a multiple of a, 
(m + 1) sauares . 


V, V + n 

is contained in the 

squares whose Indices 1, j satisfy the relations 

r<l<r+m, 3 <j<s+m. Denote by any sum extended 

j 


over all (m + i) 


squares . just named'and by z' any 
extended over all closed squares Q, finite 

OK + 0. We have 


In ■ (K) ; dw < n^(K) f dw • (q^^) / |f | 

where dw = du dv and f^^^^ = f^’^^u, v), f = f(x, y), 
dz = dxdy. Thus 
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^ ^P 3 (Qp3 ) y* J'lfl dz < 

< nVEpgZij(Qij) Jl f| dz. 

Each square Q appears in the last expression at most (m + 1 
times, namely in correspondence of all integers r, s such 
that r<i<r + m, s<j<s+m, QpgK 1 = o. In such a way 
only squares appear whose distance from K is 

<^ 2 a(m + l) < 2n"^ < h^; i-e., only squares (^j C G. Con¬ 
sequently, if z denotes a sum extended to all squares 
C G, we have 

I^ < n^(m + l)^a 2 z(Q^^.) / |f| < (l + rn'M^ • (G) / |f|. 

Since m denotes any integer m > 3 , the statement (iii) 
follows as m -► ". 

(v) If f is h'^-integrable in G, a > 1, then 

(K) I If V < (G) ; If i“. 

PROOF. We have 

= (K) ; dw = (K) I dw |n^ ■ (q^^) / f dz|“ < 

< n^“(K) ; dw [(q^^) ; IfI dz]“, 

and by Holder inequality [E. J. McShane, I, p- 133 ] applied to 
the interior integral, also 

In < ; dw [ (q^^^) ; dz]“-’[ (q^^) / |f |« dz] . 

Since l^nw^ ^ f n^°'(n”^)“”^ = n^, we have 

In < n^(K) ; dw • (q^^) ; |f|“ dz. 

We can now proceed as for (Iv). 


NOTE. The statement (v) holds also for 0 < a < 1 , provided 
f is supposed to be L-integrable- 


32.3. Convergence of Mean Value Integrals 

We shall need the following elementary inequalities: 

(1 ) (a.| + a^ + . - - + a^j) < N^ (a^ + • * • + a^j) for 
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any a > 0 , 

a^ > 0 , i 

( 2 ) 

|a°^ - b“| < 

a|a“"’ + b 


a, b > 0 , or 

> 0 . 

( 3 ) 

la^ < 

la - b|“ 


0 < or < 1 . 



a-1 


N; 

a - bI for any 


any a, b > 0 , 


PROOF. If m = max [a,, a^] then (a, + ... + < 

(Nm) < r^(a^ + ... + a^) and (l) Is proved. Suppose now 
0 < b < a. Then a“ - b“ = a|“-’(a - b), where b < I < a, 

If a > 1, 

If 0 < a < 1 . 

^ ^ ](a. - b) and (2) is proved. Suppose 0 < a < 1 
and 0 < b < a. Then a“ - b“ = (b + h)“ - b“ if h = a I b 
Hence 


oc rof 

for any a > 0. In addition < a“"'' 

1 “-' < b “-1 


In either case 0 < a“ - b“ < 


a“ - b« = «(b . 

Jo 

( 3 ) is proved. 


u) 


Qf-1 


du < 


a u“-1 

Jq 


du = h“ = (a - b)“ 


Let us now prove some convergence theorems 


(i) If f is continuous in G, then f 
uniformly in K as n 


(n) 


00 . 


PROOF. Let p - 2 h^ and Kp C G be the closed bounded set 
of all wcEg whose distance from K is < p. Then f is 

uniformly continuous in Kp and, given € ”> 0, there is 
5 >0 such that f(w) - € <f(w») <f(w) + 6 for all 
w, w^'eKp, |w - w'l < 6; in particular for weK, w'eq , 

'/sn <5. By Integration in q we have f(w) - r< 

f (w) < f (w) + 6 for all n > 2^ weK. 


^(n)^ L-lntegrable in G, then 
^ ^ a. e. in K as n *■ °°. 

PROOF. This statement is a consequence of the well-known 

Lebesgue theorem for differentiation of L-lntegral functions 
IS. Saks, I, p. 115]. 


(Ill) If f is L-lntegrable in G, then 

(K) / |f(n) _ f| _^o as n- 

This statement is a particular case of (Iv). 
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(Iv) If f is L^-lntegrable In G, a > ^, then 

(K) ; |f(n) _ f|«_o as n—>■«. 

PROOF. By L“-lntegrablllty of f m G and [E. J. McShane, I, 
p. 229, ^^2.A] It follows that, given e > o, there is a de¬ 
composition f = g + h, where g is continuous in G, h is 
L -integrable in G and (G) / |h|“ < c. By (32.2, i), state¬ 
ment (1) above and (32.2, v), we have 


L = 

(K) / 

If 

Xn) 

fr 

= (K) / Kg 

(n) ^ j^(n)) 

" (g + 

h)|“ 

< 

(K) ; 

[| 

g(n) . 

- si 

+ + 

Ih|]“ 



< 

3 “(K) 

/ 


- gl 

“ + 3 “(K) ; 

Ih^^V + 3 

“(K) / 

Ih|“ 

< 

3 “(K) 

; 


- gl 

+2 • 3^6. 




By ( 1 ) 

. Ig' 

(n) 

- gl 

—► 

0 uniformly in K and 

hence 

the last 


integral approaches zero as n -» . Thus I < 3 ’ for all 

n large enough. Thereby (iv) is proved. 


NOTE. The statement (iv) holds also for 0 < a < i, 
provided f is supposed to be L-lntegrable. 


32.4. Further Theorems of Convergence 


Let be the Euclidean p-space, 

set R C and any two constants 
note the family of all functions 
following condition 


p = Given any 

0 < 3 < 1 < a, let de- 

F(p), peR, satisfying the 


|P(p) - P(p')| < M (1 + |p| + |p'|)“ ^Ip' - p|P 

for all p,p'€R and a convenient constant M = M(F) < + 00 not 
depending upon p and p'. Since (l + |p| + |p'|)“"^ > 1 , all 
Lipschltzian functions P of exponent p belong to each of the 
classes C^p with a > 1 . in the following, M denotes a con¬ 
venient constant, not always the same. 

( 1 ) Let P(p), peR, be any function of the class 
C^p, let f^(w), wgG, 1 = 1, m, be m 

given fimctions L°^-lntegrable in the open set 
G of the w-plane w = (u, v), and such 

that p = (f^, all weG, let 
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K C G be any closed bounded set, denote by 
the mean value integrals of and suppose that 

P “ (^"-l ) •••> fj^^^)eR for all weK and n 

large enough. Then 

(K) ; |P(f{n), ..., f^n)) _ 


as n 


♦ 00 . 


PROOF. 
Ip* - P 

+ Ip*!"" 


1 

2 2 


Since |p* - p| = [z. (x* - x. f] 

P .... ...I .0 ^ ^ ^ 


_ _ _ ^ 1 *" I > 

r < MZ^Ix^ - x^|'',_(l + IpI + Ip'l )“-P < M (1 + |p|“ 

we have 


-3 


-3 


) < M + 


|P(f; 


(n) 


« • 


(1 ) 


- P(f,, ..., f^)| < Mz^|f{^) - f^|P ^ 

+ ME^jIfj’^^l'^-Plf_ f^|P + 




where the sums are extended over all i,j = i, 2, ..., m. 
Here 3 < a, and hence by (32.2, v) and (32.3, iv), we have 



(K) / |fj.|“ < M, 
(K) ; Ifj'^^ 


(K) ; < M, 

f^l^ -> 0 


as 




00 


By Holder inequality [E. J. McShane, I, p. 133] we have 

(K) ; |3 < 

J 

«-P p 

< [(K) / “ [(K) ; lf(n) _ ^ 

and by (2), the second member approaches zero as n _ ►oo. 

Analogously, for the expression (K) / |f. » f.(^. 

Therefore the Integral on K of the exprLsion at the left-hand 
member of (1 ) approaches zero as n_► 00. 


note (1). Each polynomial P(x,, •••, x) of degree 

belongs to the class C 

Qf~1 , 1 
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a > 1 
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In order to prove this let us observe first that R = EL and 
that Jp| < M(l + |p| Then observe that P(p') - F(p) = 

EAi(x^ - x^), where A^ denotes the first partial derivative 
of P with respect to at a point p = + e(x' x.)], 

0 < 0 < 1. Hence, |p| < |p| + |pt^ ^ Ipj ^ 

and, finally, |P(p') -P(p)| <M(l + |p| + |p'|)“"^|p' - p|. 


-1 


NOTE (2). If p is any polynomial of degree a > i and p is 
any positive real number, then the function G = jpl^ belongs 


to the class C 


ap,p 


if 0 < p < 1j to the class C 


ap, 1 


if p > 1. 


Indeed, if o < p < i, then, by the statement (32.3, (3)), we 
have iG(p') - G(p)| = ||P(p')|P - |P(p)|Pl < |p(p.) _ p( ^ 

^ (32.3, ( 2 )), 

IG(P-) -G(p)| < M[|P(p')l^-’ + |P(p)|P-’]|P(p') -P(p)|. The 
last expression is < M(i + |p| + |p'| ^|p' - p|, 

and, because of a(P - 1 ) + (a - 1 ) = ap - 1, we have 

|G(p' ) - G(p)| < M(i + IpI + Ip' I )“^”^p' - p 


then a ^ 2 


EXAMPLE I. 

If P^= + ... + x^, 

are L -integrable functions in G, 
(K) / Ef| as n -V 00. 


and, 

then 


if f^, i = 1, 2, 
(K) ; — 


• • • 


m 


EXAMPLE II. 

If P = [1 + x^ 


1 

2i2 

+ y J 


, then 
are L- 


m = 2 ; or = 2, p = 2 


-1 


and 


Qf^ = 1 . If f, g 

(K) ; [1 + 


(K) / 


in G, then 

[ 1 + f^ + g^]i. 


EXAMPLE III. ^ 

If P = [AB - C^]2, A = 
C = x,y^ + x^y^ 

f = 1 ^ 2, 3f 


222 20 

+ x^, B - yf + y2 


If f., 




2 


2 -3. .7 1 _ 

then m=6, a=ii, 3 = 2 


a 3 = 2 


and A, B, C, 


» 

1 


' ®n' °n’ 


gt 


the functions 

g}’^^ then (K) ; - C^) 


are L -integrable functions in G, 
are the expressions above, with 
or the mean value integrals, f|^\ 


2 \2 


+ (K) ; (AB - 


as 


n 


^ ». 


32.^. Mean Value Integrals of ACT Functions 

In the following, G denotes any open set in the w-plane E^ and 
K any bounded closed set K C G- We have already defined in 
(3*2) the concepts of function f(w) = f(u, v), (u, v)€G, 
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absolutely continuous in the sense of Tonelli (ACT) In the open 
set G. 

(i) If f Is continuous In G, then the mean value 
Integrals f^^^ of f have first partial de¬ 
rivatives continuous In K. 

PROOF. We have 

/ \ ^ v+n"^ 

P (u, v) = J J f(x,j) dxdy , 

u V 


and, by elementary direct computation, we have 

v+n"^ 

(f^'^^)u = / [f(u + n"\ y) - f(u, y} ] dy , 

V J 






} 


and the continuity of both derivatives Is trivial. 

( 11 ) If f Is continuous and ACT In G, then the 
mean value integrals f^^^ of f have first 
partial derivatives continuous in K and 

in K, where (f^)^^^ (f^)^^^ are the mean 

value integrals of the first partial deriva¬ 
tives f^, f^ of f. 

PROOF. For almost all j, we have 

\ u+n~ ^ 

f(u + n"\ y) - f(u, y) = J f^(x, y) dx, 

u 


where w (u, y)eK and, as we have seen in (3.2, 1), 

L-integrable in G. Hence, by (1) and integration with 
to y in (v, V + n also 


fu is 

respect 



v+n 

I 


V 


u+n 


-1 


dy 



y) dx = 




(n) 
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The same reasoning holds for 


NOTE. As a consequence of ( 11 ) the notation 
can be used for both and (f^^^) , 
fl’^^ for both and 


f.(n) 

u 

as 


( 111 ) If f Is continuous and ACT In G and the 

first partial derivatives f , f are 

(X U, V 

L -integrable In G, a >], then 


(K) / < (G) ; if^i“, 

(K) ; ifl'^V < (G) I if^i“, 

(K) ; - f..i<^' + 

U 

+ (K) / - f^|“ -» 0 


as n ->• 00. 


PROOF. This statement is a consequence of (32.2, v), (32.3, iv) 
and (ii) above. 


32.6. An Application 

(i) If x(w), y(w)^ z(w), veG, are functions continuous and ACT in 


G whose first partial derivatives are L^-integrable in G, 


E ^ yu ^ 4 ’ 


G = 

V *^v v^ 


F = x.x 


+ Y Y + z z , 

U V '^U'^V u v^ 


if 

if 




G._. F 


n 


n 


are the analogous expressions relative to the mean 
value integrals x^^\ y^^^ of x, y, z, then 


(K) / 



(K) ; ( 


) 


1 

2 


BG - F^ as n 


00 


This statement is a consequence of (32.5^ ii) and (32.4, Example 
III). 


This result can be improved as follows. We shall say that two 
measurable functions f(w), g(w), wgG, belong to conjugate 
classes in G if there are two numbers p, q > i with 
p~^ + q"^ = 1 such that f is L^-lntegrable and g is 
L^-lntegrable in G. We shall say that f, g belong to 
conjugate classes even if one of them is bounded and the other 
one is L-integrable. If f, g belong to conjugate classes 
then fg is L-lntegrable in G and 



§ 32 - MEAN VALUE INTEGRALS OP L-INTEGRABLE FUNCTIONS (32.6) 


1*69 




(K) / fg as n 


00 . 


The first part of this statement is well known. For the second 
part let us observe that 


(K) / lf,g. 


fgi < (K) ; - fiig^i + (K) ; I 


(K) ; 


f - f|P 

n ' 


1/p 


(K) ; 


f I Ign - gl < 


1 /q 


+ [(K) / |f|P]^^^ (K) / 




and the statement follows from (32.2, v), (32.3, iv) 
L-integrable and g is bovinded, say |g| < M, then 


If f is 


(K) / \r^g^ - fgl < M • (K) / 


^n “ 


+ (K) / 


g^l < M, and 


gn “ g 


The first integral at the right member approaches zero by virtue 

of (32.3, iii); the second integral approaches zero since 

Ifllgji - gl < 2M If I, and - g-» 0 a.e. in K. Thus the 

statement above is completely proved. 

(li) If x(w), y(w), weG, are functions continuous and ACT in G 

and the two partial derivatives in each of the couples (x , y ) 

(-v tr^l _ T __ . _ U'^V'^ 


belong to conjugate classes, then 


(K) / J. 


(K) ; J, (K) / IJ^I 


(K) / |J| as n 


Where J = = (x^)^(y^) 

Indeed we have 


- ^^nV^yn^u- 


(K) ; - IJI I < (K) / Ij^ _ j| < 

s (It) I - v,l • (K) / 

and (11) follows from (32.5, 11 ) and the remark above. 

x(w), y(w), z(w), w€G, are functions continuous and ACT In G 
and the two partial derivatives In each of the couples (y , z ), 

7 ^,^ Zy), (z^, x^), (z^, x^), (x , y ), (x y ), belong to 
conjugate classes, then 


By ( 5 . 5 ) we have to 


(K) ; ( 


BCi - ) as n 


prove that 
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«> I (4i * 4 ♦ 4)' ^ (j? * 4 

By the triangle inequality the difference of these 
is in absolute value less than 



two integrals 


(K) / 


^ni ■ ^1 I **■ I*^n2 ■ ^ 2 ' 


and thus (iii) follows from (ii). 



32. 7 • A Closure Theorem for ACT Functions 


(i) If w€G> m = 1 , 2, is any sequence 

of continuous and ACT functions in the bounded 

open set G, if f^^-► f uniformly in each 

closed bounded set H C G, where f is a 
given function in G, if the partial deriva- 

V 

tegrable in G^ a > 1, and (G) / Ip i" + 
a 


tives 




are L -in- 

la 


m 

q^l" < M, M < + 00, a given constant, then 
also f is continuous and ACT in G, the 
partial derivatives p = f^, q = f^ are 
L^-integrable in G and (G) / Ipl*^ < 
llm (G) / ip„|“, (G) / |q|“ < lim (G) / |q^|“. 


PROOF. It is not restrictive to suppose G contained in the 
square 0 < u, v < i. Then the functions V^Cu), V(u), 

V(v) relative to f^ and f ( 3 * 2 ), are zero outside the 
interval [0, 1]. Obviously, f is continuous in G- For al¬ 
most all u the functions f^(u, v), gj^(u, v) are absolutely 

continuous in G(u). Set " tG(u) / 

■f(u) = lim Q-s tn * 00. Because of ^ 

(G) / hy Fatou's lemma [S. Saks, I, p. the 

function ^(n) >0 is L-integrable in (0, i) and 
/Q<t>(u) < M. By (2.3) we have now V(u) < lim V^(u) as 

xfi - y 00 for all 0 < u < 1 . On the other hand, for each m 

and almost all u, we have = G(u) f v)l dv ^d, 

by Holder inequality, also V^(u) < [G(u) / Iq^Cu, v)l“dv]’/“ = 

By V(u) < limVjjj(u) as m -► <» it follows V(u) < ♦(u) and 

thus Vjjj(u) is L-integrable in (o, i). Analogously for V(v). 
This proves that f is BVT in G* 

Again let u be such that i>(u) < + 00 and ^ ^ abso¬ 

lutely continuous in G(u) for all m; let s be any component 
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of G(u) and = (u = u, a < v < b), any closed subsegment of 
s. Let (aj^, bj^), 1 = 1, 2, N, be any finite system of non¬ 

overlapping Intervals in (a, b). Then if I denotes the set 
covered by the intervals (a^^, b^) in s^, we have 
III = 5 ;(b^ - a^^) and, by Holder inequality, 


zlf^Cu, b^) - f^(a. 



a^)l < (I) / v)l dv < 




Therefore, as m —>■ we have 

A = z|f(u, bj^) - f(u, aj^)l < 





a-i 

“ ♦({!), 


and hence A—> 0 as z(b^ - a^^) -» 0 . This proves that for 

almost all u, f(u, v) is absolutely continuous in each s^; hence 
in each s and in G(u). The same holds for f(u, v). This 
proves that f is ACT in G. 


Let K be any closed set K C G 
be the closed set of all w such that (w, K) < p- 

n such that 2n ^ < p, let 

f 



< 
and 


and 2 p = (K, G *3 > 0 - Let K 

For any in¬ 
denote the mean 


f. 


,m 


Since both 


and f 


(n) 


value integrals of f^ 
tinuous in G, the derivatives 

expressible (32.5> i) in terms of integrals on f^_. and 

f^- > f uniformly in K 

(K) / l(f^‘^^)„l“ as m 


are con- 
(n) 


p 


— -O- - (r^\ 

we have also (K) / |(fi ) 


f. 
a 


u 


(32.5> ii), we have 


(f(^^)u= (f^) 


m 'u 

On the other hand, because of 
(n) 


are 

Since 


and by (32.2, v), also 


(K) / 


(f(n)) 

' m 'u 


a 


= (K) / 


S (K) / 


a 


< M. 


Consequently 

(K) / I < lim (K) / I (f^)^|“ < M. 

m —» ® 

Here f is ACT in G and by ( 3 - 2 , i), f^ is L-integrable in 

G; hence (32. 3 > ii) ^ 

I (f^)^l^ -» S'-©* in K. By Fatou's lemma [S. Saks, I, 

p. 29] we deduce that is L-integrable in K and 

(K) / lful“ < lira (K) / l(f ILn (K)/ I (f^)^|“ < M. 

n —*■ 00 m —* 00 

Analogous proof holds for f^. The statement (!) is proved. 


* 32.8. Bibliographical Notes 

Besides the books and papers already quoted in (32.1, Note), see R. G. 
Helsel [ 1 ], R. G- Helsel and P* M. Yo\ang [ 1 ], E. J. Mickle [5]- 
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§33- SOME PARTICULAR TYPES OF SURFACES 

33-1- Base And Non-degenerate Surfaces 

In the present section we shall consider only continuous mappings (T, A) 

[i.e., surfaces S: (T, A)] from a closed sinple Jordan region A of the 
w-plane E^ into E^. 

A mapping (T, A) [or the surface S], is said to be a BASE MAPPING 
[or a "base surface"] provided (a) for every continuum g of the collec¬ 
tion r(T, A) ( 10 . 4 ) the open set E^ - g is connected; (p) no continuum 
g€r(T, A) covers A [hence no ger may cover A*]. The mapping (T, A) 
[or the surface S] is said to be OPEN NON-DEGENERATE provided ( 7 ) for 
every continuum ger(T, A) the set A - g, open in A, is connected; 

( 5 ) no continuum ger(T, A) covers A* [and hence no ger may cover 
A]; the mapping (T, A) [or surface S] is said to be CLOSED NON¬ 
DEGENERATE provided ( 7 ) holds and (6^) there is a gGr(T, A) which 
covers A* but not A. 

By ( 31 * 4 , i) and (ll.2, 1; 10.4, v; 10 . 2 , iv) it can be proved that the 
conditions above are all invariant for Frechet equivalence; hence a FrSchet 
surface S is said to be a base F-surface, or open non-degenerate, or 
closed non-degenerate, provided any representation (T, A) of 3 has the 
analogous property. 

Since A is a simple closed Jordan region, given any surface S: (T, A), 
the curve C: (T, A*), which is the image under T of the boundary A* 
of A, is said to be the boundary curve of S and denoted by C = 03. 

For any two surfaces : (T^, A^ ), S^: have ||C^, C^ll < 

IIT^, Tgll = ||S^, S^ll and hence, if T^ ^ T^, i-e., S^ - S^, ||T^, T^ll = 0 . 
then ||C^, C^ll = 0, and C^ - C^- Consequently if S denotes an F-surface 
and 3: (T, A) any representation of 3, then the ciorves C = 03 belong 
to only one class of F-equivalent curves, that is, are representations of 
an F-curve C which is said to be the boundary of 3 , C = 03. 


33.2. A First Property 

(i) Any base surface 3 whose boundary curve C = 03 is a 
Jordan curve is open non-degenerate. 

PROOF. Let 3: (T, A). Obviously condition (s) is satisfied. In order 
to prove ( 7 ) suppose, if possible, that there is a continuum gerCT, A) 
such that A - g is not connected, hence the sum of at least two components 
7 2 ^ open in A- By (a), E^ - g is connected; hence, if w^. 
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i = 1 , 2 , are any two points there is a simple arc 1 joining 

and Wg, 1 C E2 “ g- Necessarily, KE^ - A) + O; hence let be 

the points of A *1 first encountered along 1 from and • Thie two 

points w|, are necessarily separated on A* by the closed set gA*, 
i.e.-, there are at least two points h^, h^egA* separating w^ and w^ on 
A* and T(h^ ) = T(h2), 'a contradiction since C is a Jordan curve and T 
is not constant on neither arc h^h^, h^h^ of J*. 

We shall need later the following property of Jordan curves. 

(ii) For every Jordan curve C in E^ and e > 0, there 
is a 5 = 6 (C, e) such that for any two points 
Pl> dividing C into two arcs each of 

diameter > g, we have |p^ - P2 1 > & • 

PROOF. This statement is a consequence of (lo.i, ii). 

(iii) For every Jordan curve C in E^, for every se¬ 
quence C^, n = 1, 2, ..., of continuous closed 

c\irves with ||C^, C|| ^ 0 as n > and 

€ > 0 , there is a 6 = s(C, g) and an n^ = n^(Cj g) 
such that for all n > n^ and for all couples of 
points p^, into two subcurves 

^in' '^2n diameter > g, we have 

|Pl - P2I > 6 - 

This statement is a consequence of (ii). 


33 - 3 - Base Surfaces 

(i) If (T, A) is a base mapping, then for any g > 0 
there exists 6 = s(g, T) >0 such that for any 
simply connected open set 7 C A° with diam 1(7) > g, 
we have diam T (7*) > 5 . 

PROOF. Suppose the statement is false. Then there is an g > 0 and a 
sequence [7^] of simply connected open sets 7 ^ C A° with diam T(7*) < 
n , diam T(7^) > e, n = 1 , 2, ... , We will suppose n large enough^ln 
order, that n < 3 e. Let aj(5) be the modulus of continuity of (T, A) 
(10.6); hence tD(+ 0) = 0, and there is a number ^ > 0 such that 
<^(ti) < 3“ e. Since diam T(7j^) > g, diam T(7*) < n’^ < 3“^g, 7* C 7 , 
there Is a point such that (p^^, T (7*)} > 3 "^ e and a poiSt 

'^n^^'n t.hat T(Wj^) = p^^. If is the closed circle of center w 

and radius t,, we have {T(Cj^), T(r*)) > 0 and hence w^€c„, c C 7 , 
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'n C A°, 


c 

' n 




- c„ C 


n 


- c 


o 


Let 


be any 


of 7 


Since 




w*eA, n = 1 , 2, 


and A is compact, there exists a subsequence 


[n^] of integers 


n 


such that w. -w* - ►v!. where w*. w* 


are two points of 
[ 1 , 2 , ... ] . If c 
have necessarily 
set. 


A. 


"ra ""m 

For the sake of simplicity suppose 


= 


o 


is the circle of center w^ and radius ti/ 2 , we 
Cq C a, w^eA - Cq, where A - c° 

/-V XI x-rr* n-?»vi-Tr>i'P'v'’'’in £>Q TX _aw 00 

On the other hand w^^-► 

* 

n 

* 

^ . X Since 


is a contlnuimi ^ 


is a closed connected 
o 

implies lim inf 7* + 0 as n 
Finally (l 0 - 2 , i), 

k C A. Since diam TCr*) < n“^ we have 


where each y 

ii 

k = lira sup r* is a continuiara, 

diam T(k) = O; hence T is constant on k and k C g, gGr(T, A). 


"-r 

3 e. 


> w , 


CT(w ), T( 7 *)} > 3 


-1 


As a consequence 


Cog = 0 , 


we have T(k)) = {T(Wo). T(g)) > 

and g C A - c . Now let C be a 


circle of center w^ containing the whole set A in its interior. 


Thus 


y* C 

'n o 
k C Co - 


o 

- c_ and yl separates w„ from C^. Consequently, 


o 


n 




S ^ ^o - 




o - o 

and g separates from C* in E 

wise by (11 - 2 , i) there would be a line 1 C E^ - g joining Wo 
with Ir* + 0 for every n. If and w is any point^of accumi 

tion of the sequence have wek, W€l, and finally weg, wegl, 

gl + 0 . Thus g separates E^f ^ contradiction, since T 

mapping. 


' 2 * 
and 


Other- 




is a base 


(ii) If (T, A) is a base mapping, then, given e > 0, 
there are c > o and ^o ^ ^ such that, for any c. 
mappjjig (T,, A,) with I 1 t,, Tl| < a and for any 
open simply connected set 7 C A^ with 

diam T^(7) > e, we have also diam T^( 7 *) > 8 ^. 

PROOF. Let 5 = 6 (T, 2”^e) > 0 be the number defined by (i) and let 
5 = 2 -’&, a = min [2-^5, 2-^e]. Thus given (T^, A,) and 7, there is a 

homeomorphlsm H between A and A, such that |T(w) -T,[H(w)]| < ^ 

a < min [2"^5, 2"^€] for all weA. Thus if 7 = H“S, we have 7 CA, 

7'* = Q-nd since diam T^(r) > «, we have also 

diam T(7M > e - 2(2"^€) = 2"’€. Consequently diam 1(7'*) > 6, and 
diam T.|(7*) > & - 2(2 5) = 2 6 = 60' 

(iii) Statements (!) and (ii) hold also if (T, A) is 

open non-degenerate. 


PROOF. In the proof of (i), by the supposition that the statement is false, 
we have deduced the existence of a point w^ and of an element ger(T, A) 
separating w^ from Eg - A In Eg. Now, since (T, A) is open non¬ 
degenerate, g cannot separate A (condition 7). Therefore A - g is a 
connected set, open In A, containing w^. Suppose A* - g + 0 , if 
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possible. Then there woiild be a point weA*, w not in g; hence 
6 = {w^ g} > 0 and w would belong to A* - g together 'ith an arc c 

of A*, having w as an interior point. Here A* is a simple curve, 

hence w is accessible from both E^ - A and A^. If 1 >* = ww^, 

1 > = ww^, are any two arcs of diameter < 6 , 1 ** C E^ - A + (w), 

1 * = A° + (w), then 1 * C A - g and there is a further arc 1 C A - g 
joining w^ to w^. Thus the continuum 1 + 1 * + 1 >* is contained in 
^2 - g and joins w^^ to a point - A, a contradiction. Thus we 

may deduce A* - g = o, i.e., g ') A*, again a contradiction, because 

of ( 6 ). Thus (i) is proved also in the new hypothesis. (li) follows as 
before. Thereby (Hi) is proved. 

(Iv) If S is any base Frechet surface, then given e > o 
there are a > o and 6 > 0 such that for any 
F-surface with ||S^, S|| < o, for any representa¬ 
tion (T^, A^) of for any open simply connect¬ 
ed set 7 C A° with diam T^ (7) > e, we have also 

diam T^( 7 *) > &. In particular, if = S, this 

statement holds for all representations (T, A) 
of S. 

PROOF. Let us consider any representation (T, A) of 3 and determine a 
and & as in ( 11 ). Then for all 3 with ||S^, S|| < a and all repre¬ 
sentations (T^, A^ ) of 3 ^ we have ||T^, T|| = ||S^, S|| < a. 

(v) The statement (iv) holds also if 3 is any open 
non-degenerate F-surface. 

The proof Is analogous to the proof of (iv) where ( 111 ) Is used Instead 
of ( 11 ). 


33*4. Non-degenerate Surfaces 

(1) If (T, A) is non-degenerate (open, or closed), then, 
given € > 0 , there Is a 8 = b(T, e) such that, for 

any continuum K C A such that A - k has at least 

two components 7 ^, with diam T( 7 j^) > e, 

1=1,2, we have diam T(k) > 8. 

PROOF. Suppose the statement false. Then there would be an € > 0 , a 
sequence [k^] of continua k^^ C A, and, for any n, two components 
’'in' ’’gn V that diam T(7^) > £, 1 = 1 , 2 , 

diam T(k^) < n , n = 1 , 2 , ... . We can suppose n large enough in order 
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that < 3"^e. Let 03(8) be the modulus of continuity of (T, A) 

(10.6) and let i\ > 0 be a n\mber such that co(t)) < Since 

dlam T(7^) > e, dlam T(k^) < 3”^6, there are two points 
1 = 1, 2, such that {p^, T(k^)} > 3 "’e, and two points 
1 = 1, 2, such that T(w^) = p^- If c^, 1=1,2, are the closed 
circles of centers w^ and radius t) we have = 0. Let w^^^ be 

any point of k^. Since ^ ~ 3, n= 1 , 2, ..., and A Is 

compact, there is a subsequence [n^j^] of integers n such that 


w_- 


Wj^, 1 = 1, 2, 3, 


as m 


00 » 


[ n^] = [^ , 2 y - • • ] • 

radius . Because of w 
K = lim sup is a 
diam T(K) = 0, i.e.. 


For the sake of simplicity suppose 


. ..]• Let c., i = 1, 2> he the circles of center w. and 


X w ^ 

hence 


use of we have lim inf + 0, her 

is a continuum, K C A. Since diam T(k^) < n 
i.e., T is constant on K and K C g, g€r(T, A). 


we have 
Since 


{T(Win)> T(k^)] > 3 ’e, i = 1,2, n = 1, 2, ... we have (T(Wj_), T(g)} > 
3”^€, and hence c^g = o, i = 2 - Finally, since k^ separates ^ln 

and w^j^ in A, also g separates w^ and Wg in A, (see an analogous 
proof in 33 - 3 , i)> ^ contradiction since T is non-degenerate (condition 


7 of 33 »l)« The statement (i) is proved. 


(ii) If S: (T, A) is non-degenerate, then, given e > 0 , 
there are a > o and 6 > o such that, for any c. 
mapping (T,, A^ ) with llT^, t 1 | < a and for any 
continuum k C A.j such that for at least two 
components ^2 A^ - k we have 

diam T^(7j_) > e, i = 1 , 2 , we have also 

diam T.^ (k) > 6 . 

This statement can be deduced from (i) as ( 33 * 3 ^ ii) was deduced from 

( 33 - 3 > i)- 

(iii) If S is any non-degenerate F-surface (open, or 

closed), then given e > o, there are a > 0 , 

6 > 0 such that for any F-surface with 

IlS^^ S|| < o, for any representation (T.j, A^ ) of 
S.|, for any continuum k C A.|, such that for at 
least two components 7 ^, 7 ^ of A^ - k we have 
diam T(7j_) > €, i = 1 , 2 , we have also 
diam (k) < 6 . 

This statement can be deduced from ( 11 ) as ( 33 - 3 , Iv) was deduced from 

(33.3, 11 )- 


§ 34 . REPRESENTATION THEOREMS FOR NON-DEGENERATE SURFACES (34.2) 477 


^3 3 ' ^» Bibliographical Notea 

Base, open non-degenerate and closed non-degenerate surfaces have been 
studied by C. B. Morrey [I, 2, 3 ] and E. J. McShane [4], For the theorems 
of the present section see L. Cesarl [ 17 , 19, 38] and L. C. Young [4]. 

§34. REPRESENTATION THEOREMS FOR NON-DEGENERATE SURFACES 

34 . 1 . The Dlrlchlet Integral 

Let (T, A) be any c. mapping from a closed simple Jordan region A of 
the w-plane, v = (u, v), Into the p-space E^, p - (x, y, z). 

The mapping (T, A) Is said to be a D-MAPPING [l.e., S: (T, A) a 
D-SURFACE] provided 

(1) X, y, z are BA/T and ACT functions In A°; 

(2) the first partial derivatives x^, y^, ..., z^ (which 
exist a.e. In A^) are L^-lntegrable in A*^. 

Then, If E, F, G, J^, J^, J^ have the usual meaning (5.5), v/e have 

= (eg - < (eg)^ < 2 "’(E + G). 

By definition we shall write J^ = = J^ = E = G = F = 0 on A*. Let 

I(T, A) be the classical area integral (31.8) 

I(T, a) = (A) / + J^ + dudv = (A) / |eG - F^j^ dudv, 

and let D(T, A) be the so called Dlrlchlet Integral 

D(T, A) = (A) f 2 ~^(E + G) dudv = 

= 2 -’ (A) / (4 + 7u ^ + 4 + 4 + 4) 

If not needed, we shall not display some of the letters T, A. If S Is 
any F-surface and (T, A) any D-mapplng, which Is a representation of 3 , 
then we shall denote (T, A) as a D-representation of S. 

( 1 ) If S Is any F-surface possessing a D-representation 
(T, A), then L(S) = I(T, A) < D(T, A) < + 00. 

This statement Is a consequence of (5-13, 1 ) and (31.7). 


34.2. Almost Conformal Representations 
Let A be any closed Jordan region of the w-plane, w = (u, v). In 
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differential geometry a c. mapping (T, A): x = x(u, v), y = y(u, v), 
z = z(u, v), (u, v) 6 A, Is said to be CONEORMAL In A° provided x/y, z 
are continuous In A° together with their first partial derivatives 

and E = G, P = 0 everywhere in A°, where 

^ ^ ^u + G = ^5 + y? + zj, F = x^x^ + y^y^ + z^z^. 

A mapping (T, A) Is said to be ALMOST CONFORMAL provided 
(1 ) X, y, z are BVT and ACT In A°; 

(2) the first partial derivatives x^, (which 

exist a.e. In A°) are L^-lntegrable In A°; 

(3) E=G, F=o a.e. In . Thus an almost conformal 
mapping Is a D-mapplng and we have, a.e^ In A° 

Bg )2 = |(E + G) 

and such a relation Is trivial on A* where all 
Jl» •••) G are zero by definition. Thus we have 

( 1 ) For every almost conformal mapping (T, A) we have 
L(A, T) = I(A, T) = D(A, T) < + oo- l.e., 

L(A, T) = (A) ; (EG - F^)i dudv = 2“’(A) J (E + G) dudv. 

The class of the P-siopfaces S possessing an almost conformal representa¬ 

tion Is very large as we shall see in ( 3 ^- 6 ), nevertheless there exist 
F-surfaces S, even of finite Lebesgue area, which do not possess conformal 
representations, as the following example shows. 

EKAMP^. Let C^: x = f^(t), y = z - f^Ct), 0 < t < 1 , 

be any simple continuous curve such that its Jordan length, as 
well as the length of each partial arc of C^, Is + « [e.g. 

Cq could be a simple curve whose subarcs have all positive 

3 ”dlmenslonal measure in (Osgood curves), V. F. Osgood, l]. 

Let Aq be the square = [o < u, v < l], and (T^, A^) 
be the mapping (T^, A^): x = f^ (u), y - f^Cu), z = f^Cu), 

(u, v) € Aq. By ( 5 - 9 , vi) we have L(Aq, T^) = 0 . Let A de¬ 
note any closed siii:5)le Jordan region of the w-plane, C be the 
maximal class of all c. mappings (T, A) which are F-equlvalent 
to (Tq, Aq), and S the F-surface defined by C. Thus 
L(S) = 0 and also T(A) = Tq(Aq) = tC^]. Suppose, if possible, 
that there exists an element (T, A)€C which satisfies con¬ 
dition (1 ). Then for almost all u and each maximal (open) 
segment s. Intersection of A° with the straight line 
u = u, the functions x, y, z are BV on s. On the other 


1 )* ■ ( 


EG - F 
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hand T(s) is a subcontinuum of i.e., a subarc y of 

Cq and, if 7*: (T, s), then length 7* > length 7, where 
length 7=:+o6 if y is a proper subarc of C^. This implies 
that T is constant on s. Since the segments s are every¬ 
where dense in A, this implies that T is constant on all 
segments s of G parallel to the v-axis. The same proof, 
using the straight lines v = v, assures that T is constant 
on all segments s* of A parallel to the u-axis, and because 
any two points of A*^, can be joined by a finite system of 
segments s, s*, T is constant on A° and thus in A; i.e., 

T(A) and hence is a single point, a contradiction. 

3 ^* 3 * A Lemma on Dlrichlet Integral 

We shall denote by Q the closed unit square Q= [ 0 <u<i, 0 <v<i]. 

(i) Given any two positive numbers N, e there exists a 
positive number ti depending only on N and e such 
that for any D-mapping (T, Q) with D(T, Q) < N, 
there exists a 6 , t) < 5 < e, and a finite subdivision 
of Q into rectangles whose side-lengths lie between 
6 and 2& and such that the image of each side of 
such rectangles (not on Q*) is a rectifiable curve 
whose length is less than e [L- C. Yoiong] - 

PROOF. Let D(T) be the D-integral relative to T, then D(T) < N. For 
each 0 < t < 1 let us denote by R*(t), R*'(t) the two rectangles 
R*(t) = [0 < u < t, 0 < V < 1], R**(t) = [0 < u < 1 , 0 < V < t] and put 

J(t) = R^t) / G dw + R**(t) / E dw, where E = E(u, v) = xf + + z^, 

G - G(u, v} = x^ + y^ + z^. Thus J(t) is a non-negative, monotone, non- 
decreasing function of t, 0 < t < i, and J(o) = o, J(i) = 2 D(T) < 2 N. 

Let us denote by the set of all real numbers t, 0 < t < 1, such 

that x(t, v), y(t, v), z(t, v), 0 < v < 1, and x(u, t), y(u, t), 
z(u, t), 0 < u < 1, are all AC functions of v and u, respectively. 

Then |P^| = i. Now let us suppose that ( 1 ) Is false for the given N and 

£. Let = ( 3 n + 2 ) \ n = 1, 2, ... . Then there would be, for each 
n, a D-mapplng (T^, Q) with D(Tj^) < N not having the required properties. 

First we will select a subsequence of mappings such that the corre¬ 

sponding functions J^(t), o < t < i, tend to a limit fimction. Indeed 
such functions Jj^(t) are continuous, monotone, non-decreasing, uniformly 
bounded in [o, i], and by [L. M. Graves, I, p. 291] each sequence of such 
functions contains a subsequence convergent everywhere toward a monotone 
function. If i(t), 0 < t < 1, denote such a limit functions, then i(t) 
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is monotone non-decreasing and i(o) = o, i(i ) < 2 N. Let C be a finite 
set of numbers t such that the sm of the jumps i(t + o)-i(t-o) for 
all t outside C is less than 4 Since i(t) is a sum of a jimrp 

function and of a continuous monotone non-decreasing function, there is an 
integer n’ such that (a) i(t»*) - i(t*) < 4 *^ 6 ^ for every closed inter¬ 
val t* < t < t'^ with t** - t* < containing no point of C. We may 

suppose further, by increasing the value of n* if necessary, that 

< 2“^g and that, if we divide 0 < t < 1 into 3 n* + 2 parts of equal 
length no part contains more than one point of C. 


In every third interval we can determine an interval t* < t < t** of 
length 4 containing no point of C. In such a way we have exactly 

n' intervals (t*, t**) and, because of (a), there are infinitely many 
T^ such that for the corresponding function we have also (p) 

Jn^t' ' ) - ) < 4 ”^€^. Among all mappings T^ for which ( 3 ) holds for 

all n' intervals (t*, t**) let us consider one of them with n > n*. 

Let us put 6 = Then we have r]^ < = 2"^6 < 5 < e; that is, 

Ti^ < & < e. In addition 


Jn(t") - J^(t') 




v) dv + 



dt < 4 "^e 


Hence there exists a number c, t' < c < t*S such that 


J G(c, v) dv + J E{u, c) du < (t" - t') 


o 


o 


—2 2/1 \ /I—2_2\/nrK—1 


= k ^g^(4: ) = (4“''€^)(88 ') = 2"^G^6“^ 


Let c^, c^, •••, c^i denote the numbers c so obtained and put c^ = 0 , 
Cnt + i = l- Then we have 2 ti^, < c^^^ " ^i ^^n*^ that is, 

& < “ "^i ^ 1 = 0 , 1 , n*. Let denote the rectangles 

^ij ^ ^ ^ *^1+1 ^ ^ ^ ^ + l j " ^ f * * * > f whose side- 

lengths are all between 6 and 26. Finally by [2.10, A], we have also 





+ Iz^Cu, Cj)| 


du < 
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€ 


} 






9 


and analogously 



lx^(Ci, v)l + lyy(c^, v)l + 


|z^(Cj^, v)| 


dv < 


j = 0 , 1, n', i = 1 , 2 , n'. That is, each side of not on 

Q* has an image under T^^, n > n', which is a curve of length less than e 
a contradiction. The statement (i) is proved. It may be pointed out that 
the subdivision mentioned in (i) is obtained by means of straight lines 
parallel to the sides of Q. 


34.4. Some Criteria for Equlcontinuity 

( 1 ) Let S be a base (or open non-degenerate) P-surface, 
let n = 1 , 2, ..., be any sequence of P-surfaces 

such that ||S^, S|| -v o as n-each 3 ^^ 

having a D-representation (T^^, Q) on the closed imit 
square Q with D(T^) < N, (N < + » a given constant). 

Then the mappings (T^^, Q) are equlcontinuous in each 
closed set K C 

PROOP. Let us suppose the statement is false. Then there is a closed set 
K C , and ^ sequences w^, w^^, n = l, 2, ..., of points 

of K such that Iw^ - w^I^I < n”^, ^^n^^n^ ” ^ infinitely 

many n = 2, — . Because of ( 33 * 3 , iv), or of ( 33 - 3 , v), we can 

determine ^ ^ such that for each n such that 

IISll < Oq, and for each open simply connected set 7^ C with 
diam we have also dlam T^(7*) > 5^. 

Since K C q° we have = (K, Q*) > 0. 
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Let us apply ( 34 . 3 , 
min 4 ~^B^]. 


1 ) by using the niomber N and the number e = 

Then there exists a number t) > o, depending only on 


N and e, such that for each n we can build a finite subdivision Z 

of Q into rectangles r whose side lengths lie between 6 and 25 , 

where 6 ^ is a convenient number n < 6 ^ < e. The image under T of each 

side (not on Q*) of the rectangles r^ is a rectifiable curve whose 


length is < €. Let n be an integer such that ||S, < o^, Iw^^ - w'| < i) 

for all n > n. Since the rectangles r^^ have side lengths between 5 ^ 
and 26j^, hence between n and 2 6 , the points w^, must belong 
either to the same or to two rectangles having one side, or one 


vertex in common. Therefore, there exists a rectangle C Q sum of one, or 
two, or fo\ir r^e/^, containing both w^^ and w^!^. On the other hand, 
since {K, Q*} = 6 ^, we have ((w^) + (w^!^), Q*} > 6 ^ > 4 e. Therefore no 
rectangle r^^ of c^^ may have a side on Q*. Now since 

I'^n^^n^ ■ ^n^'^n^l ^ ®o ^n^°n^ ^ ^o’ 

a consequence, diam T^(c*) > 6 ^ > Be. Here c* is the sm of at most 8 
sides of rectangles r^^ C Q°; hence diam Tj^(c*) < Be, a contra- 

diction. The statement (l) is proved. 


(il) Let S be an open non-degenerate F-surface, S^, 
n = 1 ; 2, ..., any sequence of F-surfaces such 

that IIS|| -> 0 as n-*- each 

having a D-representation (T^, Q) on the closed 
unit square Q with D(Tj^) < N (N < + « a 
given constant) and such that^ for convenient 
points Wj^eQ*^ i = 1 , 2 , 3 , we have 

•"^in - V' ^ ^ 

1 1 = j, 1 , j = 1 , 2 , 3 (m > 0 a given constant). 
Then the mappings (T^, Q), n = 1 , 2 , ..., are 
equicontinuous in Q*. 


NOTE 1 . We will prove namely the stronger statement: given 
e > 0 there is 6 > 0 such that for any n and any two 

points w, w*eQ, Iw - w* I < 6 , (w, Q*} < 6 , {w*, Q*) < b, 

we have |Tj^(w) - T^(w*)| < e. 

PROOF. Suppose that the statement (of the note above) is false. Then there 
is an e >0 and two sequences w^, of points of Q such that 
Iwn - Wj!^l < n■^ (Wj^, Q*) < n"’, (w^^, Q*) < n"’, iT^^Cw^^) - Tj^(Wj!^)l > 6 ^ 
for infinitely many n = l, 2 , ... . Let = min [e^, ra] . By virtue of 
(33.4, ill), we can determine > 0, b^ > 0, such that for each n with 
IIS|| < and for each continuum ^ ^ such that for at least two 
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components 7 ^^, 7 ^^ of Q - ha,ve dlam 1 2 , 

we have also dlam T (k ) > 5 ^. Let us apply ( 34 . 3 > D by using the number 
N and the number e = rain 16 ' 5 ^, 6 " m] . Then there exists another number 
T) > 0 depending only on N and e, such that, for each n, we can build 


N and e, 

a finite subdivision of Q into rectangles r^ whose side lengths lie 


between 6 ^ and 


n 




n 

where 


n 


n 


is a convenient number t| 


< 5n < ^ 


The 


image under T 


n 


of each side (not on Q*) of the rectangles r^ is a 


rectifiable curve whose length is < €. 




sll < 

rectangles r^ 




Let n be an integer such that 

Since the 

have side-lengths between 5 ^ and 26 ^, hence betvreen t\ 

with 






Q*}, {w^, Q*} < T) for all n > n. 


n — 

and 2€, the points w^, w^!^ must belong either to one rectangle r^^ 


at least one side on Q*, or to two rectangles r^ with one side, or one 
vertex in common and at least two sides on Q*. Therefore there exists a 

Q* and sum of one, or two, 
or foiir rectangles r^ containing both w„ and w^. If 1 ^ is the part 


rectangle ^ Q having at least one side on 


of c 
and 


■» 

n 

7 


not on Q*, 
= Q - 


n 
then 


1 


2 n ^n" 


points 1 = 1 , 2, 3 , 


n n n 

^ separates In Q the two sets 

both open in Q, and connected. Thus diam T(7 

at most one of the 

li - 

lies in 


= =n - 1 
in^ > 


n 




Since diam < 6 e < m. 


n 


The other two lie on r 


and hence 


diam ^(r^j^) > fn > 


In consequence diam ^ 


the sum of at most 4 sides of rectangles 


each not on Q*; 


2 n 

Here 1 ^ is 
hence 


diam T^(l^) < 4 e, 


a contradiction. 


(iii) Let 3 ^^, n = 1 , 2, be a sequence of 

F-surfaces such that lleS^, C|| -> 0 as n -^ «>, 

where C is any Jordan ciarve in . Suppose that 
each Sj^ has a D-representation (T^, Q) on the 
closed unit square Q with D(T^) < N, (N < + «> 
a given constant) and such that, for convenient 
points i = 1 , 2 , 3 ^ we have 

■ ''jnl ^ - T(Wj.j^)| > m, i + j, 

1 , j = 1, 2, 3, (m > 0 a given constant). Then 
the mappings (T^^, Q), n = 1 , 2, are equi- 

continuous in Q*. 


PROOF. The proof is just the same as for (ii) where we make use of 
( 33 - 2 , iii) instead of ( 33 - 4 , lil). 


34.5. A Closiare Theorem for D-mappings 

(i) If (T^, Q), (T, Q) are c. mappings and d(Tj^, T, Q) —y 0 
^3 n —y «, if the mappings (T^, Q) are D-mappings 
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and D(T^, Q) < M, (M < + » a given constant), 
then also (T, Q) is a D-mapping and D(T, Q) < M. 

In addition, if (T^, Q) are almost conformal, also 
(T, Q) is almost conformal, provided that 
L(Tn^ Q) ->-L(T, Q) as n-»-oo, 

PROOF. The first part is a consequence of the closure theorem for ACT fimc- 
tions given in ( 32 . 7 , i). In order to prove the second part ve make use of 
(3^.2, i) which assures that D(T^) = I(T^) for all n. We need only to know 

that (a) D(T^) - I(T^) -> 0 as n-j-cx,. By using ( 32 . 7 , i), (a) and 

(3^-2, i) we have successively, as n —> w 


D(T) < D(Tj^) = 1 ^ I(T^) = 2 ^ L(T^) = L(T) = I(T), 

l.e., D(T) < I(T). By virtue of (3^*1, i), we have also D(T) > I(T) and 
hence D(T) = I(T), i-e., 



(E + G) - (EG - P^)^l 



1 . 

where the expression in brackets is > 0 . Therefore E + G = 2(EG - F^)^ 
a.e. in Q and, by direct computation, also (E - G)^ + =0 a.e. in 

Q; i.e., E = G, F = 0, a.e. in Q. The statement is proved. 


3 ^. 6 . Representations Theorems for Non-Degenerate F-Surfaces 

(i) THEOREiyi (SCHWAfiZ). Each polyhedral open non-degenerate 
( 33 * 1 ) F-surface S has at least one almost conformal 
D-representation (T, Q) on the unit square Q. 

This statement is contained in a stronger statement due to H. A. Schwarz [ 2 ] 
where the requirement is made that the representation is conformal in Q 
with exception of a finite number of points corresponding to the vertices 
of 3. A variational very simple proof of the statement above in terms of 
the only considerations above has been given by L. Cesarl [17]. 


NOTE. In (1) the further well known requirement can be added 
that three given distinct points p^,, 1 = 1 , 2 , 3 , of 03 
are the image under T of arbitrarily given distinct points 

w^ of Q*, 1 = 1, 2 , 3 - 

(ii) THEOREM (C- B. M0RRE7). Each open non-degenerate 
F-surface (33*1 ) 3 of finite Lebesgue area has 
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at least one almost conformal D-representation 
(T, Q) on the unit square. 

PROOF. By definition of L(S) ( 5 - 8 , 6.2, 31 - 7 ) there is a sequence of poly¬ 
hedral F-surfaces S^^ such that S|| - > 0, L(S^) - >L( 3 ) as n - 

Each S^ can be supposed open non-degenerate and, by (i), each has 

then an almost conformal D-representation (Tj^, Q) on the unit square Q. 
Hence (34.2, i) D(T^) = = L(T^) = L(S^) and, because of 

L(Sj^) - >L(S), L(S) < + 00, there is M < + «>, such that < M 

for all n. Because of ( 33-1 ) we have also ^ ^ is 

not reduced to a single point. If p^, i = 1 , 2, 3 ^ are three distinct 
points of 0S, then for each n, we can take on eS^ three points p^, 

i = 1, 2, 3, such that p^^ —> p^ as n -^ 00. In consequence also the 

points p^, i = 1, 2, 3, are distinct (at least for all n large enough) 

and, by making use of the Note above, we can suppose that T^^ maps three 

arbitrarily given points of Q*, i = 1, 2, 3, into p^^. Thus the 

mappings (T^, Q) satisfy all conditions of (34.4, i and ii) and hence 
are equicontinuous in Q. Therefore there exists a sequence [n^] of in¬ 
tegers such that (T , Q) converges uniformly on Q tov/ard a new mapping 

(To, Q) necessarily continuous in Q. For the sake of simplicity suppose 

[n^] coincide with [1, 2, Thus ^(T^^, T^, Q) -»• 0 as n -» » 

and, by ( 34 . 5 ^ i)^ the mapping (T^, Q) is an almost conformal D-mapping. 

Let Sq be the F-surface relative to (T^, Q). We have 1 |T^, T^H -» O; 

i.e., || 3 j^, SqII -0, as n >00, and also ||S^, S|| - * 0. On the 

other hand, by (31-6), we have |lS, S^H < ||S, S^|| + HS^^, S^H and hence 
1 |S^ SqII = 0, l-e., S = S^. Thus (T, Q) is an almost conformal 

D-representation of the P-surface S. 

NOTE 1 . Prom Morrey * s theorem it follows that 

(a) every non-degenerate (open) F-surface S of finite 
Lebesgue area admits of a regular representation 
(9*6), and 

(b) S can be divided into a finite number of parts as 
small as we want by means of rectifiable curves. 

Indeed the components X, Y, Z of any D-representa- 
tlon of S are BV on almost all segments parallel 
to the u- and v-axes of the unit square Q. 

Both statements (a) and (b) do not really depend upon Morrey*s 
theorem and the underlying Dlrichlet integral and Schwarz *s theo¬ 
rem. A direct proof of (a) based on purely set-theoretical con¬ 
siderations has been given by L. Cesari and R. E. Fullerton [l]; 
a direct proof of (b) has been recently obtained by R. E. 

Fullerton [2]. 


L 
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NOTE 2 . As already mentioned in ( 1 . 3 ), theorem (T.) of 

(1 • 3) for surfaces In non-parametrlc form Is a particular case of 
of Morrey's theorem (ii). Indeed If S = (T, Q): x = u, 

y = V, z = f(u, v), (u, v)eQ, Q any closed square In E , 
then the counterimage T-\p) of any point p = (x, y, z)eT(Q), 

is the single point w = (u = x, v = y)EQ and w does not 
separate Q, nor the plane E^• Thus T is non-degenerate 
( 33 . 1 ) and statement (T^) follows from (11). 


* 3 ^- 6 . Bibliographical Notes 

definition of almost conformal representation is due to C. B. Morrey 
/-li' ^ lemma ( 3 ^-3^ i) is due to L- C. Youns [4], Por the criteria 

their actual more comprehensive form, L. 

• Young [t]. For the statement ( 34 . 5 ^ i) see C. B- Morrey [i, 2, 3], and 

Tonelll [22]. For another example as in ( 34 . 2 ) see E. J. Mickle ' 
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§ 35 . GENERALIZED CONFORMAL REPRESENTATIONS 


35 . 1 . Preliminary Considerations 

We have discussed in (34.2) the almost conformal representations (raapp Ws) 
we have proved that every open non-degenerated F-surface S of finite 
Lebesgue area has at least one almost conformal representation and for such 

Lebesgue area is given by the'^classlcal totgra? 

134.6, 11;. Nevertheless, not all F-surfaces S of finite Lebeseue area 
possess almost confomal representations^ as we proved by examples (34.2). 

pi'esent Chapter we shall consider general surfaces and we shall prove 

Lebesgue area possesses at leLronfrepre- 

theorem classical integral (the third 

theorem ( 1 . 4 )). In order to reach this result we shall first introduce a 

then^we representation (generalized conformal representation), 

SSr^m PTtlctflar cases, aM shall pro., the general 


35.2. Generalized Conformal Representations 


Any continuous mapping (T, A): p = p(w), weA [or (T, A): x = 

y - y(u, v), z = z(u, v), (u, v) 6 A], from an admissible set A 
w-plane, w = (u, v), into the p-space E,, p = (x, y, z), is 
GENERALIZED CONFORMAL provided: 


x(u, v), 
of the 
said to be 


( 1 ) 

(2) 

( 3 ) 


the functions x, y, z have first partial derivatives 
a.e. in A*^; 

the partial derivatives x^, ..., z are 

L -integrable in A^; 

E=G, F=o a.e. in A^, where E = x^ + + 2^ 


^US if S is the Prechet surface defined by the class of all c. mappings 

-equivalent to (T, A), we shall say that (T, A) is a generalized con- 
formal representation of S. 


If the conditions (1), (2), (3) 
with GCA, we shall say that 


are verified only in a set GA° 

(T, A) is generalized conformal in 



Since the functions x, y, z 
derivatives are measurable in 


are continuous in A*^, their partial Dinl 
A [S. Saks, I, p. 170]; hence condition 
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(i) implies that are measurable in A°. 

If (T, A) is generalized conformal (in pP) then the ordinary Jacoblans 

^1 - *^2 ” ~ ^3 ~ ~ a.e. in A . 

[For the sake of simplicity we shall put = 0 everywhere in 

AA*.] Thus the classical integral 


I(A, T) 




+ J^j^dudv = 



1 

^dudv 


exists and, as we know by (28. 3 ^ i) and (30.3, i)^ we have 0 < I(A, T) < 
L(A, T). 


NOTE. By comparison of the definitions it is clear that the 
above definition of generalized conformal mapping has been 
obtained by the definition of almost conformal mapping ( 54 . 2 ) 
by replacing the condition that x, y, z are ACT in AO 
by the weaker condition (l ) that x, y, z have first partial 
derivatives a.e. in A^. 


55.5. A Lemma 

(i) There exists a c. plane mapping (♦, q) of a square 
q onto Itself, monotone in q, identical on the 
boundary q* of q, constant on a countable set of 
disjoint closed squares qj_ C q, i = 1 , 2, 

^Iqj[l = Iqh and there exists a sequence q) 

of quasi linear horaeomorphisms of q onto Itself, 
identical on q* such that d(<fj^, f, q) —» 0 
as n-> 


NOTE. Since we shall use the mappings an infinite 

number of times as tools for convenient modifications of given 
arbitrary mappings (T, A), we prefer to give first (in a) 
an elementary direct construction of particular mappings 

f. In (p) we shall show how (i) can be deduced by gener¬ 
al theorems of topology. 

I 

1 

PROOF. («) Let p = a^a^a^a^^ be any convex plane quadrilateral. Let d t 

be the diameter of p, 0 be the center of gravity of the four vertices (of ^ 

the mass unity), let p^ = aja^a^aj^ be the Image of p under the similar- g 

ity transformation with center 0 and ratio l/n (n > 5 Integer). Let us ^ 

divide the sides of p into three equal parts, by means of the points bj_, 
i = 1, 2 , .. ., 8 , ordered on p* starting from a.| and in the same order ^ 
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as the points of Let us indicate by E^ the subdivision of p Into 

the 9 quadrilaterals 


Po'Pi = P 2 = b,b2a^a|, 


\ / 


bga^b^a^, pj^ = b^b^a^a^, 

b^a^b^a^, pg = b^bga^a' 


bgaj^b^aj|, pg - 


byhsaj a^. 




It is eleinentary to prove that the 9 quadrilaterals 


Pi 

1 


and 


8 . The diameter d^ of p is dn . 


Let q, q> be the squares q = [0 < a, p < 1], 

q' = [0 < u, V < 1]. For each integer n > 3 we 
define the transformation as follows. We perform the subdivision E 

upon the square q, and let q^, q^, ..., qg be the nine squares so ob-^ 
tained. Let the central square q^ be undivided and perform the sub- 
division E^ on each of the remaining squares q. • If q f 

I2 = ^ 8, are the nine squares so obtained from each q^^ , i^ + 0, 

let the central square q^^^^ be undivided and perform on the’remaining 

8 -squares. By repeating this procedure n times wr nht.^tin -in n 


tain squares q^ q,^^, , 

lengths 3 \ 3 “^, 3 A 3 ''^. ^ 


of side 


Let us repeat the same procedure on q' by applying E ^ instead of E^. 

We obtain in q' a square q^ of diameter s^n'^ and certain convex 
quadrilaterals qj_ li i o' ■’•'^i.i _i o' 'll i of diameters 


We obtain in q' a square q^ of diameter s^n 
quadrilaterals q- . q- . . ..q- , ^ 


^a^n 2, ju . i,-n2in-2, 


V ■ -n •••' 5 ^ • 

^ ‘ ■ 2 , ( 1 ^, 1 ^, ..., 1 ^ = 2 , ..., 8 ). 

rs T T _ mm 


all these diameters we have & 


If 8 is the maximum of 


0 as n 


00. 


By dividing corresponding quadrilaterals q^, q^ mto four triangles by 

means of the two diagonals we can define linearly in each of such 

triangles in such a way that makes each triangle of q - correspond to 

the corresponding triangle of q. Let us observe that we have successively 

Ivlded each side of q and the corresponding side of q' into three 

equal parts and each of these parts again into three equal parts and so on 

that is linear on each part. Therefore is Identical on the ’ 

o^ary q of q. We have now to prove that the sequence ♦ converges 
uniformly in q toward a mapping ♦ having the required 
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Let us prove that for each integer r the four vertices p* of each 
quadrilateral q| have a limit position p^ as n —>» and that 

“2 ^ ^ 

Ip' “ P(^l < I'n . Indeed this is true for q* whose four vertices p* 

^ -2 ^ 

are at a distance < n from the center of gravity p^ of the square q*. 

Therefore the same is true for each quadrilateral qj whose vertices are 


either fixed points on q** or vertices of q^. Thus also the center of 
gravity g* of the vertices p* of each quadrilateral q! has also a 

-2 ’ 

limit position g^ and Ig' - SqI < n . The same holds for the points on 

the sides of qJ dividing the same sides In three equal parts. Now for 

1 

the vertices p' of the quadrilaterals q| ^ we have 

-2 ^ 


-2 


p' - gl < n , 


and hence 


Ip' - gol < 2 n , 


and so on. By r repetition of this reason¬ 


ing we prove the statement above 


We prove also that converges on 

each of the squares q. . ^ _ and that, if <f is the limit mapping, 

^ 1 ^ 2 -• 

<t> is constant on each of the same squares. We have also 2|qj_ 


9 "’' + 8 ‘ 9 ”^ + 8 ^' 9 "^ + . . . = 1 . 


1 ^2 * ■ ’ ^n° 

Since is identical on q*, 4*^ con¬ 


verges also on q* and the limit mapping <t> is identical on q*. 


Let w be any point of q. Then for each n, the point w belongs to 

some squares p„ = q^ ^ . , 1 < r < n, of the subdivision relative to 

n 

q and n. Then belongs to the corresponding quadrilateral 

p' = q! . . of diameter < and whose vertices are at a distance 

^ ^i^2*'-^r ■ ^ -2-1 

from their limit position (as n->«>) which is < rn < n . Thus 

4* (w) is contained in some circle c„ whose center is one of these limit 
n -1 ^ 

points and whose radius is ^ ^ addition, for any two integers 

n, n + h, we have p^ ^ Pn+h ^n^n+h ^ ^ consequence we have 

Un(w) - ^ ^ ^ ^ ^ 

that, as n->■«>, 4*^ converges uniformly toward a c. mapping 4- from 

q onto q', and d(4>^, 4», q) < 2S^ + 2n ^. 

(^). The existence of a mapping 4 > as in (i) can be assured also as follows. 
Let us denote by K the collection of all disjoint squares . ,±^o 

defined in (a) plus all remaining single points of q. Then K is an upper 
semicontinuous collection, whose elements are contlnua not separating q 
or the w-plane. Hence (l0-4, Note) there exists a monotone mapping (f, q) 
from q into the unit circle c whose collection ^(f, q) is K, and f 
is a homeomorphisra between q* and c*. If h is any homeomorphism be¬ 
tween q* and c coinciding with f on q*, then o = h“ f has the 
required properties • Now the monotone mapping 4* from the Jordan region 
q C Eg onto itself has the property that no element g of K = r(o, q) 
separates q or Eg and hence 4> can be approached by means of 
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homeomorphisma F^ (10.4, vil), and, as above we can always suppose that 
each F^ is Identical on the boiondary of q. Finally since the two cells 
are here the two squares q, q* we can approach each F^^ by means of 
quasi linear homeomorphisma (identical on the boundary) ( 6 . 1 , il). 

35 «4. A General Theorem 

We shall denote by (T, A): p = T(w), wgA, (T*, A): p = T*(w), wgA, t\ro 
c- mappings from an admissible set A of the w-plane E^, w = (u, v), 

into the p-space p = (x, y, z), or, with other notations: 

(T, A): X = x(u, v), y = y(u, v), z = z(u, v), (u, v)€A, 

(T', A); X = X(u, v), y = Y(u, v), z = Z(u, v), (u, vjeA. 

(i) Given any c. mapping (T, A) from an admissible set 
A C Eg into E^ and any open set G C A*^, there 
exists another c. mapping (T', A) such that 

(1 ) (T», A) -- (T, A); 

( 2 ) (TS A-G) = (T, A-G), in particular 
(T*, AA») = (T, AA*); 

( 3 ) T* la generalized conformal in G; 

(^) = ... = Z^ = 0 a. e. in G } 

point (u, v)gA - G where x^, y^, z^ 

exist- 

PROOF. Obviously ( 2 ) and ( 5 ) are trivial if G = A = A*^. Let S^, 

... be the subdivisions of E^ into squares Q of side lengths 2*^, 

2 ^ 2 , obtained for each n by means of the straight lines 

u = 2 i, V = 2 i, j = 0 , + 1 , + 2 , ..., and let F„ be the square 

n n 

<u, v<2]. For each n let us consider those closed squares 
QeS^, Q C GF^ which are not contained in any square Q* Q' C GF^ with 

1 < m < n. If [Q]j^ is the finite collection of these squares Q and 

then [Q] is a coimtable collection of non-overlapping 

closed squares Q C G filling G. For each Qe[Q] let 01 ^( 6 ) be the 
modulus of continuity ( 10 . 8 ) of T on the compact set Q C A; thus 

0)^(0 +) = 0 . For each Q we have Q C G where Q is compact and G is 

open; hence the distance d^ = (Q, A - G) is positive. Let 6^ be a 

number such that minCdQ, m where m is the integer for 

which QgS^. Let us divide each square Qg[Q] into congruent squares q 
of diameter < 6^. If [q] is the new system of all squares q, we have 

^ ~ ~ ^ ~ every qelqJ, 

where q C Q, Qe[Q]. Thus we have: (a) each qelq] lies in G; (3) 
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(u^Cdiam q) < {q, A - G)^; (7) the countable system [q] of non-overlapping 
squares q fills Q. 

For each qe[q] there exists ( 55 - 5 ^ i) a mapping ♦ of q onto itself 
4 >: u = u(a, p), V = v(a, p), {a, p)eq, such that ♦ is continuous and 
monotone in q, identical on q*, and constant on a countable system 
[q']q of disjoint closed squares q* C q such that Z* |q* I = Iql, where 
Z* is a sum extended over all q*e[q»]q. Let X(a, p) = x{a, p) if 

(a, P)€A - G; X(q:^ p) = x[u(a, v(a, p)] if (a, P)€q, qe[q]. Let us 
define Y(a, p), Z(a, p) analogously. Then a continuous single-valued 
mapping (T*, A) is defined on A and obviously (T*, A - G) = (T, A - G). 
Thus (2) is proved. 


Let Gq C G be the set of all open squares q**^, G* e tq* qe [q]. Ve have 
G - Gq = [G - Zq ] + z[q^ - z*q*°], where z denotes a sum ranging over 
all qe[q] and z*, as before, a sura ranging over all q*€[q*] . Since 
G - Zq is a countable set of segments we have IG - zq^l = 0 and, on 
the other hand, Iq^ - z*q*°| = 0 for every q. Thus |G - G^l = 0. 

Since X, Y, Z are constant on each square q^, we have X^ = Y^ = ... = 

Zy = 0 everywhere in G^ and hence a.e. in G. As a consequence 
E=G=F=0 a.e. in G, and ( 3 ) and ( 4 ) are proved. 

Let Vq = (a, p) be any point of A - G (if any) where x^ exists. Since 
- G, we have X(a, p) = x(a, p). Let w = (a + h, p), h 4 0, be any 
point of A and let be the incremental ratio = [X(a + h, P) - 

X(Qr, p)]h~^. If weA - G, then X(oc + h, P) = x(a + h, p), + h, P) 

x(a, p)]h”\ J-^ -> x^ as h -» 0, (a + h, P)eA - G. If weG, then 

weq for some q€[q] and we denote by w* = (a + h*, P) the point of inter¬ 
section of the segment w^w with q*. Then X(w*) = x(w*), since ^ is 
identical on q*. On the other hand, qefq], hence q C Q for some Q 

and |X(w) - X(w*)|, |x(w) - x(w*)| < cD^Cdiam q) since maps q onto 

itself. Thus we have 

= X(w) - X(wQ)jh"’ = [x(w) - xCWgjh"’ + X(w) - X(w') h"’ + 

+ [x(w') - x(w)jh"’ = j, + j2 + jj- 

Here -> x^ as h -> 0, while I jg I, Ij^l < h"''mQ(diam q) < h"’ 

{q, A - G)^ and, since w^eA - G, also | jg |, ^3] < h"^ (q, < h”’h^ = h. 

Therefore, -> 0 as h » 0, and Jj^ -^ x^ as h » 0. This 

implies that exists at the point (a, P) and that X^ = The same 

argument holds for Y^, Z^, and thereby (5) Is proved. 


For each q€[q] 
(35.3, i) with 


we consider now the q.l. homeomorphism 
<p^ _^ 4 > in a as m-> «. For any 


♦ defined in 
m 

q€[q] and integer 


00. 
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|T<>(w) - T-^^Cw)! < n 


-t 


n we shall fLx m = m(q, n) in such a way that 
for all weq. For any integer n let us now define the q.l. homeomorphism 
of A onto itself by putting ^ ^ ^ each square q€[q] with 

q C Q, Qg[Q^p> 3? = 0^ •••; n; Hj^(w) = w for all remaining points w 


of A. Thus we have iT'(w) - THj^(w)| = 0 , or 
Thus T* - T and (l ) is completely proved. 


< n 


-1 


for all weA. 


NOTE. Under the conditions of (i) above, it may happen that 
G C A C Aq, where A is an admissible subset of a larger 
admissible set A^, and that T is defined in A^ and is 
continuous in A^. Then also (T', A) can be extended to 
Aq by putting T* = T in A^ - A and (T', A^) is con¬ 
tinuous in Aq. The proof is the same. 


35-5. Exceptional and Proper Sets 

Given any c. mapping (T, A) from an admissible set A of the w-plane 
w = (u, v), into the p-space E^, p = (x, y, z), a point weA is 
said to be an EXCEPTIONAL POINT for the mapping T provided there is an 
open circle U of center w such that L(UA, T) = o. That is, the 
Lebesgue area of the mapping induced by T on the (admissible) set UA 
is zero. Any subset I of A is said to be an EXCEPTIONAL SET provided 
I is open in A and all its points are exceptional. A set MCA is 
said to be a PROPER SET provided its complementary A - M is exceptional. 
An exceptional set I need not be maximal; if so I is said to be the 
maximal exceptional set for (T, A). It may happen that no point weA is 
exceptional; then (T, A) does not possess exceptional sets and M = A 
is a proper set- If L(A, T) = 0 then all points wgA are exceptional 
and then I = A is the maximal exceptional set, though every subset of A 
open in A is then an exceptional set. 

(i) Given any c. mapping (T, A) from any admissible set 
A of the w-plane E^^ w = (u, v), into the p-space 
E^, p = (x, y, z), there is another c. mapping 
(T*, A) such that 

(1 ) (T*, A) - (T, A); 

( 2 ) (TS Ak*) = (T, AA*); 

( 3 ) T* is generalized conformal in A°; 

(4) = ... = = 0 a.e. in A^; 

(5) I(A, T') = 0 where I is the classical 
area Integral ( 31 . 8 ). 

This statement is a corollary of ( 35 - 4 , i) where we take G = A°. 
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( 11 ) Given any c. mapping (T, A) from any admissible 
set A of the w-plane E^, w = (u, v), into the 

p-space Ej, P = (x, y, z), there is another c. 
mapping (T', A) such that 
(1 ) (T', A) ~ (T, A); 

(2) T and T' have the same maximal ex- 
ceptional set I and (T*, A - lA*^) = 

(T, A - IA°); 

(3) T' is generalized conformal in IA°; 

(it) = ... = = 0 a.e. in IA°; 

\ \ every point 

weA - IA° where x^, exist. 


THEOR] 


PROOF. 
(T', A) 
(T, A) 
(T', A). 


Let I denote the maximal exceptional set for (T, A) and let 
be the c. mapping which we obtain by applying (33.h, l) to 

with G = lA . Let I' be the maximal exceptional set for 
Obviously, we have only to prove that I' = 1 . 


Let us observe first that each point weIA° Is an exceptional point for 
T; hence there is an open square h of center w such that L(h, T) = 0 . 
Since each square y of the proof of ( 35 .**, 1 ) Is a compact set of points 
of lA , Q can be covered by a finite number of squares h. We can re¬ 
quire, therefore, that each partial square q C Q, q€[q], is completely 
contained in at least one of the squares h above. We can even require, 
in the definition of the squares q, that not only each square q is con¬ 
tained in at least one of the squares h, but also that each square q, 
concentric to q and side-length three times the side-length of q is 
also contained In at least one square h. 

Now let w be any point weIA°. Then w is an interior point of a well 
determined simple pol. region c, which is either a square q, and then 
weq , or the sum of two adjacent squares q, and then w is interior 
point of the segment intersection of their boundaries, or the sum of four 
adjacent squares q, and then w is their common vertex. In any case the 
whole region c is contained in the square q corresponding to any one of 
the largest of the named squares q, and q is contained in a square h, 
c C q C h. Consequently, L(c, T) < L(h, T) = 0 and L(c, T) = 0. On 
the other hand, (T, c) - (T*, c) (see last lines of 35 -^) and hence 
L(c, T*) = L(c, T) = 0 . If U is any circle of center w with U C c, 
we have also L(U, T*) = 0 and thus wel'. Since we have wel^A*^ 

and thus we have proved that IA° C I^A*^. 

If W€l - pP, then weA - pP and thus weAA*. Since A is an admissible 
set ( 5-1 ) and A cannot be an open set, then either A is the finite sura 
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H of disjoint closed Jordan regions J, or is a subset A of a set H, 
open in H. In any case wej*, where J is a closed Jordan region and 
there is a square h of center w such that Ah = Jh. Since wel we 
can suppose h so small that L(Ah, T) = 0 and then Ah C I. Let J be 
the maximal open arc of J* containing w and contained in h. By 
(35.h, i) we have T = T' on j. Let k be the set k = h* + Zq where 

E ranges over all squares q€[q] with qh* + 0. Then k is a continuum, 

kj = 0, and w together with j, belongs to only one, say 7, of the 
components of J - k. Obviously 7 C A - k. Now 7 is the countable sum 

of non-overlapping squares qe[q] plus the arc j, and all points of 7* 

which are not in j are on the boundaries q* 
of squares q, or are limit points of such 
points. In any case T' = T on 7* and the 
monotone mapping ♦ of A onto Itself which 
defines T', maps also 7 onto itself. As in 
the proof of ( 35 .'t, i) we have L(7 , T) = L(7, T'). 
Since 7 C Ah C I, we have L(7, T) = 0 and, finally, L(7, T') = 0. If 
U is a circle of center w and radius small enough, we have UA C 7 and, 
hence, L(UA, T') = 0 and, finally, wcl'. Thus we have proved that I C I'. 

Let w be any point weA° - I, let h be a square with h C A°, and k 
be the set k = h* + Eq, where E ranges over all squares q€[q] with 
qh* 0. Then k is a continuum, not containing w, and hence w be¬ 
longs, as an interior point, to only one, say 7, of the components of 
h - k, and 7 is open, connected, 7 C h, 7 C A°. The set 7 is also the 
sum of countably many squares q€[q] and points w'eA - IA°. The monotone 
mapping H of (35.A, l) maps 7 onto Itself and is obviously Identical on 
y*- Hence (T, 7) ~ (T', 7) (by simply repeating the reasoning of (35.4, l)), 
and L(7, T) = L(7, T')- Now suppose, if possible, that wel'. Then we 
could take h small enough in order that L(h, T') = 0 and hence, by 

7 ' C h, also L(7, T') = 0 and L(7, T) = 0. This would imply that all 
points w'€7, in particular w' = w, belong to I, a contradiction. Thus 
it is proved that weA° - I', and thus A° - I C A° - I'. 

By combining the arguments of the two last paragraphs we can prove that also 

AA* - I C AA* - I' and, finally, A-ICA-I', i.e., I' Cl. Thereby 
1 = 1' and. (il) is proved. 



3^*6. A Particular Monotone Ma- 


any 




real numbers o < < l, 1 = 1, 2, ... . Let 
that V < b - a and let us associate to eac 


> 0 with the only condition that z^e. = t 


a countable set of distinct 
V > 1 be any integer such 
another real number 
“ a - V , where z ranges 
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over all 
<p(o) = a, 


Let us define now the following real single-valued function 


cp(x) = a + x/v + 0 < x < 1, where S ranges over all 

values of the jnteger i such that o < x^ < x- Then 9(1 ) = b, the 
function 9(x) being always increasing and continuous at all points 
X€[o, 1 ], X = 1 = x^. At the points we have - 0) + = 9(x^) = 

9(x^ + 0 ) 


X 


i‘ 


Let 


and thus 9(x) has a discontinuity at the left at each point 
a be the open subset of the interval [a < y < b], which is 
the sum of all intervals 9(x^) - < y < 9(x^), 1 = 1, 2, ... . These 

intervals are disjoint and have not even end points Ih common. Thus the 
complementary set h = [a^ b] - a is perfect and Ihl = v”^. Each value 

of h is taken by 9(x), 0 < x < once and only 
once, with exception of the values which are end 
points of the same interval 9(x^)], 

the first one being the limit - 0). Therefore 

the inverse fionctlon x = ’l'(y), yeh = [a, b] - a, 
is defined at each point yeh with the convention 
that ii^[9(x^) - = ^[ 9 (x^)] = 1 = 2, ... . 

We can define t also on the Intervals of a and 
thus everywhere in [a, b] be the convention that 
lif(y) = Xj_ at all points ye[9(x^) - 9(x^)]. Thus t(a) = 0, i^Cb) = 1 , 

and the function t(y) is monotone, non-decreasing, constant on each inter¬ 
val of a. Let us prove that ^l^Cy) is Llpschitzlan. Indeed, for all 
s-ly^y^^b we have 



! _ 


y = 


X 


I - 


+ Se 


where ^ ranges over all values of the index i such that x < Xj^ < xS 

and hence y* - y > (x* - x)/v and x* - x < v(y* - y); i*e., 

•ijr(y*) - i(y) < - y)* This proves that is Llpschitzlan and, there¬ 

fore, absolutely continuous (AC) in [a, b]. Let us prove that t*(y) = v 
a.e. in h, and iV*(y) = 0 everywhere in or. The second part is obvious 
since lif is constant on each interval of a. In order to prove the first 
part let us observe that t*(y) exists a.e. in [a, b] since is AC 
and necessarily 0 < \lf*(y) < v. For every a > 0 let h^ be the subset 
of h where ^*(y) < v - a. Since is AC, we have l = ^^(b) - ^^Ca) 
i*(y) dy = (h) / i»(y) dy = [h^ + (h - h^)] / '^^(y) dy. Hence 

S' 

1 < \\\(v - ct) + Ih - h^lv = 1 - alh^l, 

and finally Ih^l = 0 . This proves that i*(y) = v a.e. in h, i.e-, in 
a set, say h* C h, with lh*I = lh|. 

The function t: x = y(y)^ a < y < b, defines a single-valued continuous 
monotone mapping from [a, b] onto [o, l], and each interval of a is 
mapped by t into a single point x = x^. Points y, y' not belonging 
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to the same Interval of 
inverse mapping t ^ is 
valued in the set [o, i] 


Of are mapped into different points x, The 

not single-valued in [o, i]^ but is single- 
- 


Each set J C [a, b] is mapped by t onto a set I = t(J), I C [o^ i], 

and if |j| = o then also III =0 since '1' is AC. Pop any L-integrable 

function f(x), o < x < 1, we have also f(x) dx = f['i'(y)Jt' (y) dy, 

, o a 

and hence / f(x) dx = v • (h) / f['if(y)] dy. In particular if f(x) 

o 

is the characteristic function of a set I C [o, i] - £x., then the set 

J = t (I) is a subset of h, is measurable, and III = v|j|, since 

I = /^ f(x) dx = V • (h) / f[t(y)] dy = v|j|. Thus III = o implies 
0 

iJi = 0. 


Finally, if f(x) is any AC function in [0, i], then also F(y) = f['^(y)] 
is continuous and AC in [a, b] since t(y) is Lipschitzian. In addition 
PMy) = 0 everywhere in a and F*(y) = vf*[i^(y)] a.e. in h. Indeed, 
if I is the set of all points xg[o, i] - zx^, where f does not exist, 
then III = 0 and, if J = t ^(I), J C h, we have also |j| = 0. Now for 

every yeh* - J, let x = 'l'(y), y* = y + k, x* = x + A, A = yii(y + k) - 'l^(y) 

and hence [P(y* ) - F(y)]k"^ = [f(x + a) - f(x)]A"^ . Ak'’^ Thus, as 

k - > 0, we have F*(y) = vf»[\|r(y)] everywhere in h* - J, i.e., a.e. 

in h, since IhM = Ihl, |j| = 0. 


For every n, let us consider the disjoint intervals [cp(Xj^) - cp(x^)] 

i = 1? 2, ..., n, and let us consider n intervals [a^, b^] such that 

a < aj_ < b^ < b, a^ < cp(x^) - < cp(Xj_) < b^, 1 = i, 2, . . ., n, b 

1=1, 2, ...,n-1, such that ^ has an oscillation < n“^ in each 

^^i^ ^1^ • addition we may suppose that v;e have a = a^^, b = b^^ only if 

a = = 0, or bj_ = b = l . Let us divide each interval [b^^, a^^^] into 

a finite number of parts in such a way that in each part ^k(y) has an 

oscillation < n~\ and let us do the same for the intervals [a, a^], 

[b^, 1] if not reduced to single points. Let ^ ^ Yq ^ ^ ^ 

be the points of subdivision so obtained m > n, m = m(n), and let ’l'j^(y), 

O' < y < b, be the q.l. function with i = 0, 1, m, 

which is linear in each interval [y^, i = 0, 1, ..., m - 1. Then 

'^^(y) is strictly increasing in [a, b], maps each interval (a,, b. ), 

1 = 1, 2, n, into an Interval containing (b. ), 

where the = sign may hold only if Xj_ = 0 and then = x. < ^1^ (b. ), 

or^ x^ = 1 and then ^ ^i " '‘n^^i^* - t(y) l^< 

n for all a < y < b. 

The last remark above implies, for instance, that if C: p = p(x), 0 < x < i 
is a given ciorve, and C*: p = p[>|f(y)], a < y < b, then C and C* 


are 
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Frechet equivalent; l-e., C - C>. Indeed d^ = max|p[iif(y)] - p[ijr (y)] | _^ 

as n - > «>. ^ 

33 - 1 ^ The Two-Dimensional Extension of the Previous Mapping 

Let Q be the square Q = [ o < u < i, 0 < v < l] in the uv-plane, let R 
be any rectangle R=[a<|<b, c<Ti<d] In the ^Ti-plane, and let 
[u^], 0 < u^ < 1, 1 = 1, 2, [Vj], 0 < vj < 1, j = 1, 2, be any 

two countable sets each of distinct real numbers u^^ Vj. 

Let V be any integer such that v"^ < b - a, v""* < d - c, and let 
^ 0, h, a, I = t(u), 0 < u < 1, u = t(|), 3 - < ^ < b, be the numbers, 
the sets and the functions defined in (55-6) relative to the real numbers 
a, b, [Uj_]; let el > o, h*, a*, t\ = cp*(v), 0 < v < 1, v = tj(T)), 
c < T] < d, be the numbers, the sets and the fmctions relative to the real 
numbers c, d, [v*]. As we Icnow, the equalities hold Ze. = b - a - v”^, 

I -1 ^ 1 ’ 

Zej = d - c - V . Then the equations (H, R): u = v = ^lr*(T)), 

(i, ti)gR = [a, b; c, d], defines a continuous single-valued mapping from 
R onto Q. 


k J 



1 .. .1 

A ♦ 


f * * 1 

1 1 
1 
1 
1 
1 

1 

1 

1 

1 

1 


Bg dD 





Let A be the open set of all points 
(l, T))eR such that lea, nea*; thus 
A is the sum of all the rectangles 

= [(p(Uj_) - 5 < (p(Uj_), 

P* (Vj ) - el < T) < (p* (Vj )], 


1 

y j 


= 1 , 2 , 


• • 


Let B^, be 


0 < 

J = 
A = 


T1 < 1 ], i 
1 , 2 , • • • 

A 


the open sets of all points 
(l^ n)€R such that B^ = 

[|ea, 0 < T] < l], B^ = [T)ea', 0 < | < l]; 
thus B^, are the sums of the 
rectangles B^^: [cp(u^) - e^^ < I < cp(uj^). 


= 1 . 2 , 


• • 


B 


2j* 




C B, 


Finally let B = + B^ 

and the set K is perfect. 


[cp' (Vj ) - el < 

and K = R - B. 


Ti < qp^Vj), 0 < I < 1 ], 


Obviously 
The imase under H of each 


(I, ti)€A is a point (u., v.), 1 , j = i, 2 , 


• • 


the image of each 


or 


point 

point (I, ti)€B - a is a point (u^, v) with v 4 Vj, j = 1 , 2 , 
a point (u, Vj) with u 4 u^:, 1 = 1, 2, the image under H of each 

point (I, Ti)eK is a point (u, v) with u 4 u^, v 4 Vj, 1 , j = l, 2 , ... ■ 
Let H”^ denote the inverse mapping of H. Then H"^ is not single-valued 
in Q, but is single-valued in the set Q* C Q which we obtain by 
suppressing in Q all the segments [u = u^, o<v<l],[o<u<1, v = Vj]^ 
1> j " ^ f 2, 


• • 


The mapping H is obviously BV and AC (13.2) and N(u, v; H, R) = 

n(u, v; H, R) = 1 everywhere in Q^. The generalized Jacobian -3 exists 
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a.e. in R, and coincides a.e. with the ordinary Jacobian J = u^v - 
In addition we have J = J = 0 in B, 3 = J = a.e. in K. By (29 

for every function f(u, v), (u, v)eQ, and P(^, n) = fet'd), t'en)] we 

have (Q) / f dudv = (R) / PM^dr, = • (K) / Fd^dn, provided it is known 

that either f is L-lntegrable in Q, or F is L-integrable in K. As 

a consequence, if ICQ' is any set, then J = H"’(I) C K and if I I3 

measurable, also J Is measiirable and III = v^IjI. Hence III =0 
implies |j| = o. 


Finally, if f(u, v) is any continuous function in Q, then F(l, n) = 

fftCn, f'eti)] is continuous in R; if f has ordinary first partial 

fy a.e. in Q, then P has ordinary first partial de¬ 
rivatives P|, F a.e. in 


derivatives f , . 


K and F^(l, t) ) = 

a.e. in K. This last statement is a conse¬ 
quence of the previous one and of (35.6). 


F (I, n) = it(Ti)] 


As a consequence we have 

(K) / f|(I, ti) dldt) 


= V 


(K) ; f^lt-fO, t''(ti)] d^dr, = 


= (Q) / v) dudv. 


V 


■1 :: .y ^ Ujj, with < cp(u^) - < 


provided f^ is L -integrable in Q. Analogously for F^ and f 

For every n let us denote by f^Cy) the strictly increasing func¬ 
tions defined at the end of ( 35 . 6 ). Then u = v = i'Cy), 

y)€R, is a homeomorphism from R onto Q, mapping R* onto Q*, and 
n disjoint rectangles [a^ < x < b^^, a'. < y < b'.], 

cp(u^) < b^, aj < cp'(Vj) - €l < (p'(v.) < b' onto'’rectangles 

t'Ka^) < u < <Kbj^), >|<'(a'.) < V < >|-'(bn] with ’('nCa, ) = 'Ka. ), -If (b. ) = >|<rb. ) 

'l'^(aj) = >|''(aj), 'l'^(bp = i'(bj), and t(a^) < u^ < ^Kb^), < '|''(b'.) 

^ Finally we have U (x) - >|'(x)l <n”’, l'l''(y) -'’'|'(y)I <'’n 

for all (x, y)€R. ^ 

This implies that if (T, Q): p = p(w), wcQ, w = (u, v), p = (X, Y, Z), is 
any given mapping and (T', R): p = p[H(w')], w'eR, w' = (|, n), then 
T' ~ T and hence L(T', R) = L(T, Q). Indeed d^ = maxlp[H (w')] - 

p[H(w')]| —^0 as n—.=. In addition T' is constant on each component 

- [T(u^) - <x<<p(u^), cp'CVj) - el <y<,p'(v.)] of Q, 1 , j = ,, .. 

If we suppose that (T, Q) is almost conformal (34.2) then E = G P = 0 
everywhere in a set Q - N with InI = 0. Hence, if N' = H-’(NQ'), we' 

... .... ... n'-? n Q n T T.- V /. -1 \ 2 

2 


have INI = INQ'I = 0, |N'| = 0. Finally X^(w') = v%(w). 


V Z (w) 


_ w = (R - B) - N" = K - N", where H(w' 

0. Thus E' - G', P' = 0 everywhere in (R - B) - (N' + n'" ) 
1 -e., a.e. in R - B = K. In addition 
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L(R, T*) = L(Q, T) = 2 ^ * (Q) / (E + G) dudv = 

= 2‘^ . (K) / (E* + G*) dldT). 



35 -8■ Examples of Representations 


A SQUARE WITH A THREAD. Let S^ be the surface formed by the 
square ct=[-i<x< 1 , - i<y<i, z=o] of the xy-plane 
and by the segment X = [x = o, y = o, 0 < z < 1 ] of the 
z-axis issuing from the center of the square cr. More precise¬ 
ly, let S^ be the surface defined by the following mapping 
(T, Q) from the square Q=[-l<u<l, - i<v<l] of 
the uv-plane: 



X = (2lul - 1)sgmu, y = (2|u| - l)v/|u|, z = 0 if 

2 "^ < |u| < 1 , Iv| < lul; 

X = (2|vl - l)u/|vl, y = (2|v| - 1)3gmv, z = 0 if 

2 ”’ < lv| < 1, |u| < |v|; 

x=o, y=o, z=l -2 max[|u|, lv|] if 

|u| < 2 ~\ |v| < 2 "^. 


In this representation the open square q= [-2”^<u<2“^, 

- 2"^ < V < 2 ~^] is the maximal exceptional set; the closed 
annular region Q - q is a proper set. Such a representation 
is not "almost conformal" and not even "generalized conformal" 
in Q - q. Indeed, for instance, in the sector 2”^ < > 

Ivl < u, we have x = 2u - 1, y = (2u - i )v/u, z = 0 and 
hence E = 4 + v^u"^, G = ^ + u"^ - ^u"^, F = 2vu“^ - vu"^, 
i.e., E+G, F^O. Nevertheless the surface S^ has also 
the following representation (i-e., the following mapping 
(T^, Q) is F-equivalent to (T, Q)): 










( 2 |ul - 1 ) 3 gmu, 
0 , y = (2|v| - 
(2|u| - 1 ) 3 gmu. 


0 , y = 0, z 


y = (2Ivl - 1 )sgmv, 


z = 0 if 


2 ’ < |u| < 1, 2“^ < |v| < 1; 


1 )sgmv, z = 0 


if 


|u| < 2"\ 2"^ < Ivl < 1 ; 


y = 0, z = 0 
.-1 


if 


-1 


< |u| < 1, |v| < 2 ; 


= 1-2 max[ |u|, I v| ] 


if 


|u| < 2 \ |v| < 2 


-1 




II. 
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In this representation the set B, sum of the four closed 
squares B - [2 < lu| < 1, 2 ^ < |vl < 1]j I3 proper and the 

set Q - B (open In Q) Is exceptional. This representation 
Is^conformal In B. For Instance, In the square [ 2 ’’ < u < i 

2 < V < 1], we have x = 2u - i, y = 2v - i, z = o, and' 

hence E=G= 4 yP=o. 



A SQUARE WITH COUNTABLY MANY THREADS. Let S be the surface 
formed by the square <J=[-1<x<i, - i<y<i, 2^0] 
of the xy-plane and by the countably many segments X = 

[x = 1 - 2" , y = 0, 0 < z < (n + 1 ^ 


Ti - 2, More 

precisely let S^ be the surface defined by the following 

mapping (T^, Q): 


X = 2u + 1 , 


y - (2 Ivl - 1)3gmv. 


z = 0 


if 


1 < U < - 4 ' , 2 ~’ < Ivl 


X = 


2 U - 1 + 2 "^'^^, 


y - (21VI - 1 )sgrav, 


z = 0 


1 


- 3 
1 


2“^ < u < 1 - 


3 • 2 


< 1; 


if 

■n ^ 


-1 


< Ivl < n = 2, 3, 


• • 


X = 1, 


y - (2 Iv| - 1)3gmv^ 


z = 0 


if 


u 


-1 


=1,2 < |v| < 1; 


X = 


1 - 2 


y = (2|v| - 1)3gmvy z = 0 


1 - 3 


2 .'^ - 2-^-1 < U < 1 


if 


-3*2 


-n-i 


-1 


< Ivl < 


X 


2 U + 1, 


y - 0, 


z = 0 


n = 1,2, .. 
if 




-1 


1 <U <-4 |v|< 2 ”^ 


X = 


2 U - 1 + 


y = 0, 


Z =s 0 


if 


-n 


1“3*2‘"<u<i- 5. o-n . 


2^+2 


Ivl < 2“^ 


^ n = 2 , 3 , 


• • • 
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III. 


X = 1 - 2 


z = (n + 1 ) 


y = 0 



2 max 


1 - 5 



if 


, |vl < 2 -\ 





Z = 0 If 

U = |v| < 2 


Let H be the closed set which is the sura of the segments 
[u = 1, 2“^ < V < 1 ], [u = 1, - 1 < V < - 2“^ ], and of the 
countably many closed rectangles r, [- l < u < - U , 

2"^ < lvl < 1 ], [1 - 3 • 2"^<u< 1 - 3 • 2"^+2"^“^ 2"^ < 
|v|<l],n=2, 3, ... . Then H is a proper set and 

the open complementary set Q - H is the maximal exception¬ 
al set. The square a is represented on the set H, the 
segments on the rectangles r^!^ = [1 - 3 ‘ 2"^ + 2 ^ ^ < 

u < 1 - 3 • 2 ~^~\ - 2 "^ < V < 2 “M, n = 1, 2 , ... . The 
mapping T^ is conformal on each of the rectangles of H. 

For instance on the rectangle r= [- i <u <-4 \ 

2 ”^ < V < 1 ], we have x = 2u + i, y = 2v - i, z = 0 , and 
hence E=G= k, F= 0. Thus T^ is certainly generalized 
conformal on the set H (35*2). 



SQUARE WITH COUNTABLY MANY EVERiTWHERE DENSE THREADS. Let 


3, be the surface formed by the square o - [0 < x < l, 

infinitely many 
-1 


= 0] 


Xmn = = ^m^ y = ^n^ 


0 < z < (m + n) ']f 


ry 


• • 


is any sequence 


0 < y < 1, 

segments 

ilM A 

m, n = 1, 2, ..where 
containing all the rational numbers 0 < r^^ < 1 • Obviously 
the square o alone admits of the representation x - u, 
y = V, z = 0 , (u, v)eQ', where Q' is the square 
[o<u<l, 0<v<l] of the uv-plane. 
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Let Q be the square [0 < 5 < l, 0 < , < ,] of the 5 n-plane 
md let H be the mapping defined in (35.7) from the square 
Q onto the square Q' relative to the sequences [r ] [r ] 
of real numbers. Let <p(u), <p. (v), ), ^, (, ) be the'corre¬ 

sponding functions, let K, A, B, B = Q - K, A C p, the 

corresponding sets, K perfect, B and A open in Q. The 
equations 


( 1 ) 


X = id), y = 2 = 0, 


( 5 , T))eQ 


give a new representation of the simple square a. Such a 
representation is generalized conformal on the set K, since 




O' • e • in 


= i^ = 


= z 


w - r ~ ^ -m '' 5 ^ ^T) " hence 

^ ^ ^ a-e. in K. On the other hand, the set B 

is exceptional, hence K is proper. Let us observe now that 

the functions i(U, i-(n) are constant on each of the rec¬ 
tangles I < cp(r^); cp.(r^) - )j = 

+"V^^Tr i n 


, *** * ’ n 

mn' where they have the values r and 

center of then, for each poln? p . (J ^“ 


If p 


o 


n 

is the 


^ Le the quotient 


mn^ 


let 


1= tvn— • ^ • ^Po ~ Pl' Where q 

is the point phere the half straight line p„p Intersects 

P • Thus 0 < t < 1 , 


mn 


4 n 


^mn^^ ^ ^ ; (I, T] )€p^ 


The segment possesses in p 

^ " ^m' y " ^ " (m + n)'^'- 

The open disjoint rectangles 


mn 


[1 - 
'mn^ 


^ ^ 2 form the set A C Q. Finally, let 

- 1 ) = id); Yd, D) = ^.(,). n) = 0 if 

;■"«> ’> ■ (-.nj-i, -t^a, „ 

’ tJ€Prj^, m, n = 1, 2, .... t^q equations m : x = X(p, n) 

L; ^ <*' » hepLehtatl ^f' 

surface S3 defined above. Obviously X, Y, Z are con¬ 
tinuous functions in Q, and since these functions differ 
from the functions (1) only in A, we conclude that we 

erL"/°I ^ representation (mapping T3) which is gen- 
eralized conformal in K- ^ ^ 

tional set. 


The set B is the maximal excep- 
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L. Ce3ari°?26^^3°f ^^On^the^^'^ conformal representations see 

Mickle [5]. ^ofihe lemiSa (33 ^ J* 

theorems (35.4, 1) consequential 

[34]. The mappings (35.6) and ?35 vlu' see L. Cesarl 
L. Cesarl [26? ^ether wltKhi^LIipgrcgfs 
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§36. A RETRACTION PROCESS FOR SURFACES 

36.1. Properties of Separation for Simple Jordan Regions 

In addition to the properties considered in (11.1 ), let us add here the 
following well known properties of separation, which, for the sake of 
simplicity, we refer to simple closed Jordan regions. 

( 1 ) If M is any closed subset of a simple closed Jordan 
region J C E^ and w^, w^ are any two points of 
different components of M, then there is a simple 
arc X (open or closed) separating J into two 
parts J^, J^ with + 0 , i = 1, 2, XM = 0 . 

PROOF. We may transform J onto a square Q by means of a homeomorp)hl3m. 
By (11.1, i) there is in E^ a simple closed polygonal curve h C E^ 
separating w^ and w^ in E^* We may suppose that the polygonal lines 
h and Q* have general intersection (8.15). Then the closed set hQ 
separates w^ and w^ in Q and, finally, [R. L. Moore, I, p- 19 ^, 

Th. 24 *] a subcontinuum x of hQ separates w^ and w^ in Q and such 

a subcontinuum must be either an arc of h having its end points on Q*, 
or h itself and then X = h is completely interior to Q. In any case 
X separates J into tv/o connected parts J^ and J^ containing w^, Wg. 

(ii) If 7 is any connected subset of a simple closed 

Jordan region J C Eg and 7 is open in J, then 
77* is a subset of J* open in J*. In particular 
77* may be empty, or 77* = J*. In addition, for any 
two points a, b€7 there is an arc h C 7 joining a 
and b, and we may require that each part of h in¬ 
terior to J is a polygonal line. 


PROOF. If 77* + 0 and if 
there is a neighborhood U 


o 


w is any point w€77*, then w€7 and hence 
of w with UqJ C 7, thence UJ C 7 f'or 
every neighborhood U of w, U C U^. On the other hand w€7* and hence 
U contains points of 7 as well as points not in 7 • Since J is locally 
connected (lo.i), for each U there is another neighborhood U* of v, 

U* C U, such that U*J belongs to a component or of UJ and hence 
U*J C a C 7. As a consequence the points of U* not in 7 in 

that is, in each U* there are points of J and points not in J, and 

hence weJ*. It follows that there is an arc of J* containing w and 

contained in U* and hence in 7- This proves that, if 77* + 0 , then 

77* C J*, and 77* is open in J*. As a particular case it may occur 

that 77* - J*. In the proof above w is a point of J* and hence w 
is accessible from J^ therefore there is some point w*eJ and 


Eg - J; 
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an arc h C J° + (w), joining w and w'. By taking a convenient subarc 
of h, we may suppose h C JU and hence h C J°U + (w), h C y° + (w) and 

w'67^. This proves that every point veyy* can be joined to a point 

w'67 by means of an arc h C + (w). The last part of (11) is now a 
consequence of this last remark and of (n.2, i). 


Given any set a open In a closed simple Jordan region J, a C J C E 

thpr»p IQ Q o ^ r ^ 1 _ J 2^ 


there is a sequence 
in J, q„ is the f 


..^u^xxoe [q^] or sets such that each q^ Is open 

Is the finite sum of disjoint finitely connected Jordan 


of sets 


regions^ 


c q 


-' ^n " 'in+r % 'I' “ (i-e., q^ In 

closed set K C a C J, then there Is an n 

for all n > nQ. By transforming J onto 


Invades a ). Given any 


such that K C q^ C a 


1 or all n > no. By transforming J onto a square Q by means of 

a homeomorphlsm, the proof of the statements above Is the same as 

for the analogous statements In (5.1). In addition If a Is 

connected, we may require that q^ is a finitely connected Jordan 
region. 


i.e., 


( 111 ) If K Is any subcontinuum of a closed simple Jordan 

region J, K C J C Eg, and Is the countable 

collection of all components 7 of the set J - K, 
open in J, then for each we have: 

(1) 77* Is either empty, or coincides with 

or is a simple open arc of J* 
having the end points in K; 

(2) the boundary of 7 in J, i.e., 

F(7) = 7* - 77* = y ^ y j_g 3^ non-empty 
continuum separating 7 from 

J - r - F(7) in J. 

PROOF. If + 0, 77 * + J*, then 77* Is open in J (by u above) 

and hence the components of 77* are open arcs of T* 

bpinntr IT ^ . // aie open arcs ol J*, whose end points 

Si M i i . “■ ” ttere 

at least t.o of such (open) arcs, say ah, cd, then let .. be 

two points weab, w'ccd, and let x r ^ 

and w* Thus xw n ^ ^ an arc of end points w 

Is s r. 71 = 0 , W, w €X, a, ceK, and this is Impossible since K 

each ° ° w, w- of points of J* separate 

each other on J* [R. l. Moore, I, p. 167 Th. i7l mvn separate 

is either empty, or coincides with J*, or Is an open arc or'^J* 

end points are in K and in P(7). pen arc of J* whose 


J 
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Let US prove now that Fiy) + 0. Indeed, if K C J*, then K is a closed 
arc of J* (we do not exclude K = J*, or K a single point), and then 
there Is only one r = J - K and P(r) = K + 0. If KJ*^ + 0, then both 
y and K have points w, w'eJ°. If a C J° Is any arc of end points 
w, w’ then the first point of or we encounter leaving w, which is not 
In 7, belongs to K and to P(7). Thus Fiy) + 0. 

The set P(7) is obviously contained in K and closed. We have only to 
prove that P(7) is a continuum. Indeed, in the contrary case, by (i) 
above, there would be an arc X C J separating J into two parts , J^, 

both containing points of F(7), with XF(7) = 0 . If w^ are any two points 
WieJiF(7), i = 1, 2, then there are also two points 1 = 1, 2, 

and thus an arc 1 C 7 of end points w| and we may suppose X - w| - 
w^ C Therefore, IX + 0 and 7X + 0. The components of 7X are open 

arcs of X whose end points, if not in wj or w^, are points of K and 
of F(7)' On the, other hand, it cannot be XK = 0, otherwise X would 
separate K in J; thus XK + 0. This assures that there exists at least 
one arc of 7X with an end point weK, weF(7), i.e., XF(7) + 0, a 
contradiction. Thus F( 7 ) is a contlnuiom, obviously separating 7 from 
J- 7 -F( 7 ) in J. Thereby (iii) is proved. 


56.2. A Process of Retraction for Surfaces 


Let (T, J) be any c. mapping from a simple closed Jordan region J C 
into E^ and let K be any subcontinuum of J, K C J C E^- We say that 
K satisfies CONDITION P with respect to (T, J) provided that for each 
component y^ly]-^ of the set J - K, open in J, the mapping T is 
constant on the continuum F(7) = 7-7 (36.1). We say that a mapping 

(Tq, j) is the RETRACTION of (T, J) with respect to K if 

(1) Tq(w) = T(w) for every wcK; 

(2) Tq is constant on each r^iy]^ and Tq(w) = T[F(7)J 
for every w€7, 7e[7]j^* 

Conditions (1) and (2) define (T^, J) unlvocally. If S is the surface 
S = (T, J), we denote the surface = (T^, J) as the retraction of the 
surface S with respect to K* Obviously every continuum K of constancy 
for T in J satisfies condition P with respect to (T, J) and the 
corresponding retraction is the constant mapping T^ with T^CJ) = T(K). 

By 63 , or eT, we shall denote the curve eS = C; (T, J*) which is the 
image of J* under T. 

( 1 ) If K satisfies condition P with respect to (T, J), 
then, given e > 0 , at most finitely many components 7 
of J - K satisfy the inequality dlam 1(7) > €. 


( 

I 

D 

V 


V 


ai 






Of 

la, 

J 


507 


§ 36 . A RETRACTION PROCESS FOR SURFACES 


PROOF. Let a)(6) be the modulus of continuity of (T J) h 

»(0.) = 0 denote., =„c. at . 

- »«ve die. T(„ > ., t.e„ t.ene ^ Lt a 
pair of points w, v*er with |T(w)-Tfw»)l qhu 

TLrSoir 077^07 

T); of center w and r»fldinQ « 

contain points of F(7). if yv* - n i-v. v, ^ 

f./,r \ r -r yy - 0 , then ve have also yj* = o and 

^ n) y- If dlam TCt-) > e, yy* + o, dlaxn T(yy*) < e/k then thP 
end points of yy* are in pC-v ) t-v. ^ 

diameter < ,/k nn /! f ' the Image of ,r* is a continuum of 

po7s w V P°i-t T[P(,)] and hence Of the two 

points w, V', one, say v, verifies the relation |T(w) - Tfw-- > /. 

for every v-.e,,*. Again, as above, the circle c(w V 1 . 

r. Therefore the components ^ith dlamT(rV> " 

h dlam Tfy) > e, have the further property dlam > /a ^ 

the continuity of T of J* ... dlam T(/7») > e/l, and 

disjoint arcs rr* having such ! f finitely many 

having such a property on J*. Thereby (l) is proved. 


( 11 ) 


If K Is any subcontinuum of j and [7] is anv 
subcollection of [7]^^, then also K- = A 27, 
where z ranges over all 7€[7] 

K' C J, 


o Is a continuum, 

and the components of J - K' are the 


sets 7€[7]„ - [7] 

JV o 

SvTto ::,rLr ?‘ro ttt- 

each neighborhood U of u ^ ^ suppose now that in 

Since J isTo n points Of lid'inltely many 7€[7] . 

U' C U such that fL°7r7eu°j ^IT ^ another neighborhood 

^ - V. oo.o. T^etfo^i; 7"^ 

la a point of accumulation of points *„.!,K n'oT ° " 

pnovaa t.at K' 1. o, cad'a^^noLf ™ ' 

ijCt US observe 

If r Is 


that J - K' - z<y where s' ranges over all ye[y]^ . [y] 


any component of j - k', then 1 o r . a "'o’ ■* 

_ ^ ^ least one 7€[y] - [yi 

A o 


a^d since 7 K» = o, we have r 3 7 Now r . . a --q 

'■ t f, since men r .ould contlln pomta cHt ““ 

Of K*. This proves that ^=■VQ7q^-u ^ d*o*.»ofK and 

are the sets 7€[7] - [vi . 1 therefore the components of j - k' 

is proved. ' H^erebydl) 
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(ill) If (T, J) Is a c. mapping from the simple closed 

Jordan region J and K C J is a continuum satisfy¬ 
ing property P, then the retraction (T^, J) Is 
also continuous. 

PROOF. Obviously is continuous in each r and in each interior point 

of K (if any). Let be a point non-interior to K. Given e > o 

there is a neighborhood U of such that |T(w) - T(w )| < e for 

every wgUJ, and there is another neighborhood U* C U such that each 

point veU'J belongs to an arc X C UJ joining w to (lO.i). For 

each veU*J, weK, we have then |Tq(w) - T^Cw^)! = |T(w) - T(Wq)| < e; 

for each point W€U*J, wgJ - K, we have W€7 for some 7e[7]j^ and, if 

X is the corresponding arc, then X C UJ, \F(7) ^ o. If w* is any point - 

w»gXF(7 ), then w»€U, T^Cw) = T^(w*) = T(w*), Tq(w^) = T(Wq), and 

finally iT^Cw) - = lT(w*) - T(Wq)| < e. Thus is continuous 

in J and (iii) is proved. 


(iv) 


If j) is a retraction of (T, J) with respect 


to a subcontinuum K (having property P) of the 
closed simple Jordan region J, if r = r(T, J), 

collections of all maximal 


continua of constancy of T, 

or 


in 

J. 

then 





(1) 

for every ger with 
gK is a continuum; 

gK k 

0 , 

the 

set 

(2) 

for every go^^o 

set 

So^ 

is a 

(non- 


empty) continuum and 
ger; 

goK 

= gK 

for 

some 

(3) 

for every go^r^ have < 

either 



go = g = go^ = gK and gF(7) = 0 

= g + 27 
with 


for all 7 e[ 7 ]j^, or g 
z ranges over all 
gF( 7 ) + 0 . 


'0 

7€ [7) 


K 


where 


NOTE. If K is the sum of continua ger, then (2) may be replaced by the 
stronger statement: 

(2)* 0 + g^K = gK = g for some ger. 




I 


haii 

iieo 

Co® 

foi: 


PROOF. For every ger with gK 0 , the set gK is certainly bomded 
and closed. Let us prove that gK Is a continuum. Suppose the contrary 
is true, then there Is a simple line 1 C J separating J into two parts 
J^, J2 with gKJ, + 0, gKJg + 0, gKL = 0 (36.1, i). Since g and K 
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^ are continue we have gl 4 0, KL 4 0, but (gl)K = 0, and hence 

(gl)7 4 0 for some Thus gy 4 0, g(j - 5-) 4 0 and finally 

gF(7) 40, and F(7) C g. Since F(7) C K, and thus F(7) C gK, we 

must have 1F(7) = 0, otherwise we could deduce IgK 4 0. Therefore 

1 C 7 and thus IK = 0, a contradiction. This proves that gK is a 
contlnum and (1 ) is proved. 

For every g^er^ we have either g^d - K) = 0 and then g^ C K, or 
g^CJ - K) 4 0 and then g^y 4 0 for some 7, g^ :> 7 + F(7)° and thus 
ggK 4 0 since F( 7 ) G K. Thus g^K is a non-empty, bounded, and closed 
set. The proof that g^K is a continuum is exactly the same as for gK. 
Thus g^K is a continuum, and since T^ as well as T are constant on 
. ggK, we have g^K C g for some ger and, by intersection with K, also 
" (go^)K C gK. On the other hand, gK is a continuum and since 
T - To on K, gK is completely contained in a continuum g er . Thus 
gK C g^ and also gK C g^K. This proves that g^K = gK and ( 2 ) is proved. 
If gP( 7 ) - 0 for every 76 ( 7 )j^j then g C K and hence, since T = T 
on K, also g = g^ = gK = g^K. If gF(7) 4 0 for some 7, then ° 

P(7) C g, 7 + f(7) C g^, F(7) C g^K. Therefore g^ !) gK + 1:7 where z 
ranges over all 7 with gF{7) 4 0. vice versa, if g^, 4 0 for some 7, 

then 7 + F(7) C g^, F(7) C g^K C gK, gF(7) 4 0 and thus F{7) C g. There¬ 
fore g^(J - K) = Z7 and hence g^ = g^K + Z7 = gK + Z7. Finally, if 
g7 4 0 for some 7, then gF(7) 4 0 and hence g7 C Z7. This implies 
Sq g + ^7• Thus (3) is proved and also (Iv) is completely proved. 

(v) If K C J is a continuum satisfying condition P with 

respect to a c. mapping (T, J) and K is a sum of 

contlnua g£r(T, J), then also every 7 ®f 7 Jj^ is a 

^ sum of contlnua ger^. In addition, for every 7, 

P(7) C g C K for some ger and 7 is one of the 
components of J - g. 


PROOF. The first part is obvious. Since 
have P( 7 ) c g for some ger, and since 
hence g C K. By g C K it follows that 
components, say 7^, of J - g, hence 
follows 7^ C 7. Therefore, y = 


T is constant on F(7 vg 
F(y) C K, we have gK 4 0 and 
7 is contained in one of the 
7 C 7^, and since P(7) c g, it 


(vl) If (T, J) Is any c. mapping from a simple closed 
Jordan region J, if k', K" C J, K'K'» 4 0, are 
two contlnua each a sum of contlnua ger(T, J), and 
each satisfying condition P with respect to (T, J), 
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(1) K' = J - L^y ^, K** = J - z*^7**, where 

£ *, i: * * range over all components 7 * c [7 * ] 
of J - K* and 7 **e[7**] of J - K*’; 

(2) for every pair 7*, 7**, 7 *e[ 7 *], 7**€[7*1], 
we have either 7 *7 * * = 0 , or 7 * = 7 * * ^ 

or 7* + F(7*) C 7'^ or 7 * * + F(7 *') C 7»; 

(3) the set K = J - z *7 * - £l*7 * * is a non¬ 
empty continuum, is a sum of continua ger(T, J), 
and satisfies condition P with respect to T. 


PROOF. (1 ) is a consequence of the definitions. Let us prove (2). Let 
7' be any element 7 '€[ 7 n. If 7' C K**, then 7^7*' = 0 for all 
7 * * e [7 * *]. Otherv/ise we have 7 <7 *» :|. 0 for some 7 »»e[7 * * ]. By (v) we -- 
have F( 7 *) C g* C K* for some g*er and 7* is one of the components 
of J - g*. Analogously P( 7 ") C g** C K* * for some g**€r and 7*’ is 
one of the components of J - g**. If g* = g'* then by 7*7'* + 0 , it 
follows that 7' = 7*» is one of the components of J-g*=J-g**; 
vice versa 7 * = 7 * * implies P(7*) = F(7**), g*g** ^ 0 ajid hence g* = g' ’ • 

If we exclude 7* = 7**, 7 * C 7**, then there must be some point of F(7**) 

in 7*; hence g*^ 7 * = 1 = 0 , and g** C 7*, g*'K* = 0, g'*g* = 0. But 7** 1 

is one of the components of J - g** and thus J-g^*= 7 **+G, 1 

7 **G = 0 . If g* C 7>*, then, by g* C K', K'g'* = 0 , it follows that c 

K* C 7** and K*K* ' = 0, a contradiction. Therefore we have t 

F( 7 *) C g* C G. Since P(7**) C g* * C 7*, there are points w of 7 * * i 

in rS i-e., 7**7* + 0 , and since no point of F( 7 *) is in 7**; we [ 


deduce that all points of 7** are in 7S 1 -e., 7*'C7*. By 7 **C 7 *? 7 

g** C 7*, we conclude that 7** + F(7'*) C 7^* + g** C 7*. The same 

reasoning holds by exchanging K* and K**, and (2) is proved. ^ 

Since the sets 7* are disjoint as well as the sets 7 **^ it follows that (p 

7] C 7|* C 7 ^, or 7|* C 7{ C 7^S with 7], y^^lr'], 7 |S 7^*6[7**], qj. 

implies 7 | =7]* = 7^, 7|* = 7] = 7 ^*. If we denote by [7^] the collection jjj, 
of all those 7 S or 7 * * which are not contained as a proper part of other (p, 
sets 7**, or 7*, then the sets 7^ are disjoint, and for every 7 = 7 t 
or 7 = 7**, we have either 7 = 7^, 7 q€[ 7^], or 7 is contained as a 


proper part of 7 q for some 7 q€[ 7^]. Therefore J - K = 1:7^ where z 
ranges over all 7 €t 7 Q]' 




Obviously K is closed and also compact. Let us suppose, if possible, 
that K is not a continuum. Then, by (56.1, 1 ) there exists a line 


h C J separating J into two parts with J^K + 0 , J^K + 0 , 

hK = 0. Let Wq be any point w^eh. Then w^e7^ for some 7qG[7q] and 
thus there is a maximal open arc on h which is in 7 ^. Such an arc must 
coincide with h otherwise its end point would be in K and hence Kh + 
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s contrsLciiction,• Thus h C 7^ wh©p© 7 ” 7 


, wnere 7^ = 7 -, or 7^ = y m. 3^^ ^ 

er K' C J,, or K' C J^. Say K' C and 

a contradiction. Thus we have proved that K 
ol = [7]^ and since = r'. or >_ = v". 


and hence K'h = 0. Thus ej 
then J„ C 7 ' = 7^, KJ^ = 0, 


Thus either K' C j 


= 7 > or 7 


is a continuum. Obviously [7^] = [7]j^ and since 7^ = 7', or 7 = ^ 

and T is constant on all sets P(7') and P(7"), T is constant on 

F(7q) and K satisfies condition P with respect to (T, J). Thereby 
(vi) is completely proved. 


= r' 


P(7q) and K satisfies condition P with respect to 


^6.3. Lebe3p;ue Area of a Retraction 
( 1 ) Let (T, Q) be any c. mapping from a simple pol. reg. 


Q C E^ into E, and 


^ .^2 -^3 (Tq, Q) any retraction of 

(T, Q). Then there are two sequences of q.l. mappings 


<Pn" «>■ <r„„ 


no 




^ Q), n = 1, 2, .. 

(Pn) ->L(T), a(P 


with P 


T, 


no 


such that, for each n, 


tlon of P^, 


a(Pno^ ^ 


no 


L(T^) as 
is a retrac- 


PROOP. Let [7] denote the countable collection of all components 7 of 
Q - K, and by [7]^^ the subcollection of those 7 with dlam T(7) > (jn) 
where n is any Integer. Then, by (36.2, 1), [7]^ I3 finite and 
diamT(7) < (3nr’ for all 7e[7]-[7]^. Por each 7c[7l we consider 
e boiandary F( 7 ) of 7 in Q and, since T is constant on F(7), w“ 


of 


have P(7) C g for some continuum g€r(T, Q). Let us denote by [g] and 


the finite 


rely] 


and of all distinct points p = T(g)eE . 


By (6.5, 1), where € = (3n)-’ there exists a number o , o < a < (3n) 

^ a q.l. mapping from E3 into itself relative to the conectlon 
above. Let (P^, Q), (p q), n= 1, 2, ..., v.-. 


any 


q.l. mappings such that, for each n, we have (a) d(P , T, Q), 

^ L(T) + n"’, a(P^^) < l(T^) + n'^ Let 


^Pn> mappings P* = t p , p» 

(a c. _ ^ nn r 


= T P 


By 


( 6 - 5 , 1 ) .e have (B) d(q, P„, Q), d(p.„. 3 be 

a regular finite subdivision of Q into triangles t such that both P 


regular finite subdivision of Q into triangle 


and p 


no 


dlam T(t) < 3 'a 
teSj^ with tK 
by all t €R^ . 

As in (6.1, Not 


are^llnear on each teS^^, and dlam T^Ct) < 3-1^ , 

< 3 for all te 5 ^. We denote by °R the collection of all 


tK 4 0, and 


bvnntti ’V mto Classes 

ng wo triangles t', t" eR^ into the same class if and only if 

two consecutl^ havll!^^ sL to’comL" 
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subset of Q which may not be a pol. region but, by a standard procedure 
as in ( 6 . 7 , Note 2) we can define a slight refinement of S^ such that 
the various sets above are disjoint pol. regions whose boundaries do not 
contain points of K. Since each of these pol. regions must contain points 
of K, we conclude that there cannot be more than one of such regions. 
Thus it is not restrictive to assume that R^ is a pol. region, 

K C C Q, p(R^)K =0. As a consequence also Q - R^ is the finite sum 
of pol. regions ^ni^ i 1; 2, ..., ra, m = m(n), = 0, and the 

boundary of each r^ in Q is a simple arc of one of the 

boundary curves of R^. More exactly at most one of the regions r^ is 
not simple and then of connectivity v = 1, and this occurs as Hjj C Q^, 
r^^ is the region between Q* and the exterior boundary curve r* of 
and I^or each r^ the arc is necessarily con¬ 

tained in only one component yely] ^ We may add to R^ all regions r^ 
(if any) with ^ y^ly] - We shall denote by R^ the new 

pol. region, ^ ^ ^ ^n ^ each component r^ of Q - R^, say 

^ni^ i = 1, 2, m’(n), m*(n) < m(n), the arc F(i^j^) is contained in 

a set y^ly]^' 


For each component r^ of Q - the arc F(r^j_) is a sum of sides s 

of triangles t with tK t 0. Thus for each wgs we have wet with 
tK + 0 and, since t contains points of F(7 ) and points of 7, t must 
contain at least one point w*€F(7)- Therefore we have |T(w) - T(w')| < 
diam T(t) < |To(w) - Tq(w')I < dlam TQ(t) < 5"’a^ for every wea. 

On the other hand, T and T^ are constant and equal on F(7 ) and 
T[F(7)] = Tq[F( 7)] = pe[p]j^- Thus |T(w) - p| < |Tq(w) - p| < 3 ^ 

for all W€F(r^j_). By (a) we have now |Pj^(w) - T(w)| < 

|Pno(w) - Tq(w)| < for all w€F(r^), and hence |Pj^(w) - p|, 

|p^^(v) - pi < for all weFCr^). As a consequence both = 

T P (w), ^ ’^n^no^^^ constant and equal on 

P*[F(r^)] = ^no^^^^nl^^ ^ p*eE^. This assures that R^!^ satisfies prop¬ 
erty P with respect to both (P^!^, Q) and denote by 

(P**, Q), (P^o^ Q) (elementary) retractions of P^, P^l^^ with respect 

to"" R^. Then (7) a(p;^' ) < a(p;^) < a(P^), aCP^l^^) < a(p;^^) < 

By (a), (p), and (7) we have now d(Pj^, T, Q) < 3 < ( 3 n) \ 

d{?^, Pj^; Q) < ( 3 n)'\ Hence we have d(Pj^, T, Q) < n , 

pi ->T, L(T) < 11m a(F^) as n-and, by (cc) again, also 

a(pt ) -^L(T) as n-v oo. Analogously we have d(Pj^j^, T^, Q) < n , 


For each weK we have PA'(w) = T(w) = Tq(w), and hence 

|P"(w) - Tq(w)| = iPA(w) - T(w)l < n'^ For each W€^ - K we have 

teSj^, with tK 4 0 , dlam T(t) < 3 '^ V ^ ^ 


wet, 

contaii 


« 


§ 


I 

h 


I 

t 

M 
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the point weRj^ - K and points of K, and , 7^[y], there must be In 

t some point w'eF(7) and hence T(w') = T (w'). Therefore 

lT(w) - Tq(w)| < |T(w) - T(w')| + iT(w') - T°(w')| + iT^Cw') - T (w)| < 

3 + 0 + 0 < (3n)"'. In addition |Pjl^'(w) - Tq(w)| < |P^'(w)°- P'(w)| + 

- To(w)| < 0 + (jn*)"' + + 

(5n) < n” . For each wcR^ - R^ we have r^^^ C y, yely] - [y] 

dlam T(y) < 3" V dlam T^Cr) = 0, and hence. If w'€F(r), the same re¬ 
lations above hold and lT(w) - Tq(w)| < ( 3 n)“', |Pj!^'(w) - T (w) | < n"'. 

For each wsQ - R^!^ we have wcr^^^, ^n'^^nl^ " 

dlam Pj\i(rj^^) = 0 and. If w'€F(r^. ), then w'cR^ - K and also 

iPi'(v) - Tq(w)I < IPM(W) - P;^'(w')| . |P-{w') - Tq(w-)| . iT^(w-) - 
To(w)|<o + n' +0 = n"'. Ihus iPj!^'(w) - T^Cw) | < n"' for every wcQ 
and also lT(w) - Tq(w)| < ( 3 n) for eveiy weR^. The same argument 

proves also that iP^o^w) - Tq{w)| < n ' for every weQ. Thus we have 

( 8 ) Tq' ‘^^^no’ '^O'’ ^ consequently L(Tq) < 

3dm a(Pj!^'), L(Tq) < ^^PAo^' by (a) and (y), the 

latter yields s-^PAA^ ^ ^ prove that we 

have also (c) a(Pjl^') - »L(Tq) as n -►«=. 


If (e) Is not true then by L(Tq) < 11m a{P^' ) we have Ld^) < + «> and 
L{Tq) + T) < a(Pj!^' ) for some n > 0 and Infinitely many n. For the same 


0 

n let 


Q) 


denote the q.l. mapping defined by P*(w) = P'(w) 
w n n' 

Since 

li 

* 

PA(w) - T{w)| = |Pj!^{w) - T(w^ 

• . t . I * / 


every veQ - " ^no^^^ " ^no^^^ every vgR' 

^Ao coincide on F(r^.), 
the other hand, 

2(5n) ^ for eve 


'or 


no 

the mapping P 


n 


'Pno^"^) - ^ - P(^)l < (3n) 

every weR^ 

L{T) < 11m a(pA). Now we have 


Therefore d(P*, T, Q) 

-Jf V ^ w 


[L(T) + n"M +■■[- L(T^) - Ti] + [L(TJ + = L(T) + 2n-^ 


+ (3n) 

> 0 as n 
- a 


is 

continuous 

in 

Q- On 

< 

IPA 

- ^ni; 

IPn 

- T| < 

1 

no 

(w) 


1 + 


-1 

+ 

(3n)'' = 

-1 

n 

for 

— 


and consequently 


- T\, and hence 


L(T) < L(T) - Ti, n > 0, a contradiction, if L(T) < + «>, In this 
hypothesis we have proved relation (e) and also (11) Is proved. 


If L(T) = + 00 , then we may define pA as above and we have also 

+ “ = L(T) = lim a(P^) as n-> °o. On the other hand, P" is the re 

traction of pA with respect to R^l^ and, as we have seen above, 

®'^PAo^ ^P^Pq^' PP’'^® Ps proved also for L(T) = + «>. 


Let (T, J) be any c. mapping (T, J) from a simple Jordan region J into 

Ej and, for every continuum K C J having property P with respect to 

(T, J), we shall consider the retraction (T„, J) of T with respect to 

K and the c. mapping (T, J - K) defined by T on the set J - K, open 

Pn J, and hence admissible ( 5 . 1 ). We shall denote as usual by [,] the 
collection of all components of J - K. ^ 
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(11) For every c. mapping (T, J) we have 

L(J, T) = L(J, Tq) + L(J - K, T) = 

= L(J, Tp) + ZL(7, T), 

where L ranges over all 7 G[r]j^. Thus 
L(J, T) > L(J, Tq). 

PROOF. If H is any homeomorphism from J onto the iinlt square Q and 
(T', Q) = TH“', K' = H(K), (T^, Q) = T^H”’, then by ( 6 . 5 , D we have 
L(Q, T') = L(J, T), L(Q, T^) = L(J, T^), L(Q - K', T') = L(J - K, T). On 
the other hand, it is obvious that K* is a subcontinuum of Q possessing 
property P with respect to (T', Q) and (T^, Q) is the retraction of 
(T', Q) with respect to K'. 

For each n we shall consider two sequences (P^, Q), (P^o' 2, 

of q.l. mappings as in (i), where P^^^ is the retraction of P^^ with 
respect to a pol. region with d^ = ^ 

d(P^o^ Q) ->0. a(P^, Q) ->L(Q, T'), a(P^Q, Q) - >L(Q, T^), and 

also Rj^ ^^n+r ^n ^ ^ ^n ^ proof of (i) above). There¬ 
fore, if F^ = Q “ ^n ^ figure (finite sum of disjoint pol. 

regions r), with F^^ C F^^^, F^ C Q - K', and F^^ t Q - K'. It is iinmediate- 
ly seen that we have also P’^ t (Q - Since "PS - 

d(P^, T*, Q), we conclude that d(Pj^, T', F^^) -> 0, (P^, F^^) - > (T', Q - K') 

and hence L(Q-K', T') < a(Pj^, as n -> (5-5; 5-8). On the 

other hand, P^^ = P^^ on R^, P^^ is constant on each region r, and hence 

a(Pno^ Q) = a-^Pno^ ^n^ " ^n^‘ Finally, we have 

L(Q, T^) + L(Q - K', T') < lim a(P^Q, Q) + 1^ a(P^, F^) = 

= lim [a(P^Q, Q) + a(P^, F^)] = 

^ = lim [a(P^, R^) + a(P^, F^)] = 

= lim a(P^, Q) = L(Q, T' )• 

Now for each n and for each component r of Q - R^^/ the two mappings 

P and P are constant and equal on the polygonal line F(r); hence 

n no - • 

for each n and we have a well determined point p = pvn, r; = 

P [F(r)] = P„[P(r)]. Let (P*, P ), n = i, 2 , be any sequence of 

q.l. mappings from the figures F^^ above with (P^, F^^) -> (T , Q - K 

a(P*, F^) - >L(Q - K', T* ). Then d^ = (P^, T', F^) -*- o as n -» ~ 

by definition ( 5 . 3 )* For each n and r, and for each W€F(r) we have 

now Pj,(w) = Pj^[P(r)] = p(n, r), |P;;(w) - pi < lP*(w) - T'(w)l + 

|T'(w) - P (w)| < d* + b . Thus for all W€P(r) the points P*(w) are In 

n n n » 
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the solid sphere S of center p and radius d^^ + d*. For each n and 
r we shall consider the mapping t = T(n, r) defined in ( 6 . 5 , and Note l) 
relatively to the simple point p = p(n, r) and where e = 

Then ^ shall consider the q. 1. mapping 

where t is a different mapping for each of the components r of F^. 
Since each sphere S is mapped into its center p by the corresponding 
mapping we can conclude that xP* is constant on each polygonal line 
F(r) and TP*[F(r)] = P^[F(r)] = P^^[F(r)] = p(n, r) for each n and 
r. We have also a(TP*, F^) < a(P*, F^), d(TP*, p*, F^^) < 3(d^ + d*); 
hence d(xp*, T', F^) < 5(d^ + d*) + d* = 3d^ + 4d*. Finally, let us con¬ 
sider the mapping (P^, Q) defined by " ^n " ^no ^ ^n' 

in Fj^. Then we have d(P^, T', Q) < 3d^ + 4d*, (P^, Q) -» (T', Q), 

and also 

L(Q, T' ) < 1^ a(P^, Q) = l^[a(P^, F^) + a(P^, R^)] < 

( 2 ) < l^[a(P*, F^) + a(P^^, Q)] = 

= L(Q - K', T' ) + L(Q, T^). 

By ( 1 ) and ( 2 ) we have L(Q, T') = L{Q - K', T') + L(Q, T^) and finally 
L(J, T) = L(J - K, T) + L(J, Tq). Thereby (ii) is completely proved. 


36 . 4 . Surfaces Having a Base Retraction 


(i ) THEORM. 


THEORM. For each c. mapping (T, J) from a simple 
closed Jordan region J C E^ there is a base c. 
mapping (T ^ J) which is a retraction of (T, J), 


and 0T = 0T, 


(T , J*) = (T, J*). 


PROOF. Let r = r(Tj J) be the collection of all maximal continua of 
constancy of T in J, let Q be a square such that J C Q C E^^ and 
let r' be the upper semicontinuous collection we obtain by adding to r 
all single points wgQ - J. Let r'' be the subcollection of all continua 
ger' which separate Q. Then geP* ' if and only if g C J, gcr and g 
separates E^- Then r'' is the countable sum of families E(a, b) and 
we may suppose that each family E(a, b) is the collection of all geP'' 
separating an element a = geP from some point beQ - J, or even from 
- Q in E^. In addition, we may suppose each E ordered in such a way 
that of two elements g, g'eE, g precedes g* if g separates a from 
g', and g' separates g from b. Then each family E has a last ele- 

So So ^ J' and g^ separates a from E^ - Q in 

E. Let us consider the countable collection (g^) of all elements g so 
obtained and actually distinct. ^ 
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For each let us denote by G^ the open boianded set sum of all 

bounded components r of E^ - g^. Then G* C + G* C J, and, 

since G* C g^, for each y we have r* C g C J, y C J°, rr* = 0 and 
F(7) = 7*. 

Bq> Sq Gq^ G^ are the relative open sets, E^, E^ 

the relative collections whose last elements are g^ and g^, then, as 
we shall prove, we have (g^ + GQ)(g^ + G^ ) = o. First by g^ + g^ we 

deduce Sq^i = 0 - Now if SqG^ = 1 = o then + 0 for some bounded 

component 7 ^ of E^ - g^, and then g^ C 7,, C G^ C y^; l.e., g^ 
separates a^ from E^ - Q, and g^ cannot be the last element of E^. 
This proves that SqG-i = 0 . Analogously we can prove that g^^Q = 0 * 
Finally, if 0, then + 0 for some bounded components 7^, 7^ 

of E^ - gQ> E^ - • Take any point ^€7^7^^ consider any half straight 

line ww from w, and denote by w^, w^ the first points of w^® on 
y* and 7*, respectively. Then, either w^ = w^ and thus g^g^ 4 

gQ = g^, or w ^ Wq < w^ and then g^y^ 4 0. g^Gi + 0; or w < w^ •< w^ 
and then g^^Q 4 ^iGq ^ three cases are contradictory, and this 

assures that G^G^ = 0. Therefore (g^^ GQ)(g^ + G^ ) = 0. Lbt us denote 
by K the closed bounded set K = J - EG^, where E ranges over all sets 

and let us prove that K is a continuum. Indeed, in the con¬ 
trary case there would be a simple line 1 separating J into two parts 
J^, with KJ^ 4 0 ^ KJ2 4 0 ^ K 1 = 0. Then IG^^ 4 0 for some G^ and, 
since G* C g^ C K, we have IG* = 0. Thus 1 is completely contained in 
Gq, hence in one bounded component 7 of J - gQ- Thus 1 C 7 C J^, 
and 1 must be a closed line; hence of the two parts J^, J^, one, say 
J^, is the simple Jordan region whose boundary J* is 1 , and 

= J - J^ is the complementary Jordan region of connectivity 1 . Now 
J^ is completely contained in 7 , hence J^K = 0, a contradiction. This 

proves that K is a continuum. 

Let us prove that K satisfies condition P. Indeed, the collection 
is the (countable) sum of all components 7 of the disjoint sets G^; i.e., 
all bounded components of the sets E^ - g^, go^^So^* Therefore, for each 
7, we have 7* C g^, F(7) = 7* C g^, and hence T is constant on F(7). 

Let (Tq, j) be the retraction of (T, J) with respect to K, let 
r(TQ, J) be the collection of all maximal continua of constancy h of T 
in J and let us observe that K is the sum of continua ger(T, J). 
Therefore we may apply (56.2, Iv, and Note). If h C K, then h = g, 
g C K for some ger, gF(7 ) = 0 for every y, and hence g 4 
every go^^go^* h = g does not separate E 2 - If 

h(J - K) 4 0 , then h = g + E 7 = g + G^ and here g = go^Cg^); hence g^ 

separates E, but all boionded components 7 of Eg - are in h. 




§36. A RETRACTION PROCESS FOR SURFACES (36.5) 


517 


Therefore h does not separate E 2 . This proves that no her(T^, J) 
separates E^ and hence (T^^^ J) Is a base mapping. Since 7 C for 
all we have J* C K and hence (T^, J*) = (T, J*), i.e., 

0Tq = 0T. Thereby (!) is completely proved. 


36 .^. Surfaces Having a Non-Degenerate Retraction 

Let (T, J) be any c. mapping from a simple closed Jordan region J C 
E^ and let r = r(T, J) be the collection of all maximal continua of 
constancy for T on J. We shall say that (T, J) has a NON-DBGE[iERATE 
BOUNDARY provided for every ger the closed set gj* is connected; hence 
either gj* = 0 , and J* - gj* = J*, or gj* is a single point, or gj* 
is a proper arc of J*, or gJ* = J*. 

For any c. mapping (T, J) we shall denote by = r^(T, J) the collec¬ 
tion of all continua ger for which gJ* is not connected. Then for 
every the set J* - gJ*, open in J*, is the countable sum of its 

component, say a, at least two, each or being an open, proper arc of 
J*, whose distinct end points lie in g. Thus (T, J) has a non-degener¬ 
ate boundary if and only if is empty. We shall say that T has 

NON-ZERO BOUNDARY if dlam 0T > 0 , i.e., gJ* 4 J* for every ger. 

If [7]^ denotes the collection of all components 7 of J - g, then 

each arc a belongs to one and only one component 7 €[ 7 ]g and different 

arcs O' = w^w^, a' = w|w^ belong to different components 7 , 7 'e[ 7 ] 

( 56 . 1 , Hi). ® 

Given any c. mapping (T, J) we shall denote by r* = rt(T, J) the collec¬ 
tion of all those ger which separate J, or E^, or both. Thus 

rt c r'. 

(i) LMVLA. If (T, J) is a base mapping, then for every 

ger* the collection of all components 7 of J - g 

is countable, contains at least two elements, and, for 

each 7 €[ 7 ]g the set 77* is an open arc a of J*, 

whose end points are two distinct points w^, w^eg. Thus 

J = g + Z 7 , J* = gJ* + z( 77 *), where z ranges over 
all rely] • Thus r' = r , 

O 

PROOF. Suppose first 77* = 0 . Then 7* = 7* - 77* = p(7 ) c g, 

7 = 7 + 77* = 7^ C J*^, thus 7 is open and bounded and 7* separates 
7 from E^ - J in E^ and hence also g separates 7 from - J in 
E^, i.e., g separates E^, a contradiction, since T is base. Thus 
7 7 * + 0 and, by ( 36 - 1 , iii) 77* is either an open arc of J*, or 


into 
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77 * = J*- Since ger', [/] contains at least two elements and hence there 

B 

are at least two distinct arcs yy* on J*. Therefore each arc yy* has 

disjoint end points which necessarily belong to FCr) and hence to g. 

Thereby (i) is proved. 

36.6. A Theorem Concerning Non-degenerate Retractions 

(i) THEOREM. If C is any given simple closed curve in 

and € > 0 any given number, then there exists a 
number 6 = 6(C, e) > 0 such that each c. mapping 
(T, J) with II 0 T, C|| < 6 has a retraction (T^, J) 
which has a non-degenerate, non-zero boimdary and 
IIsTq, C|| < e. In particular, if T is base, then 
Tq is open non-degenerate. 

The proof is divided into the following articles (36.7-1^)* 


36.7* Proof of (36.6, 1 ) 

The curve C is simple and closed, hence, by (10.1, ii; 33 * 2 , ii), given 
e > 0, there is a 6 ^ = 6 q(C, e) > 0 such that for every two points p^ 

p^eC, p^ ^ Pg^ |Pl - P2I < (PlP 2 ^ ^ (PgPi ) < 

where (PiP2)^ (P2P1 ^ in which p^, P2 divide C. 

Let d = dlam C > 0, let a = min[d/l 5 , g/ 2 ], 6 = raln[&Q(C, o)/h, a/2]. 

Let (T, J): p = T(w), wej, be any c. mapping with ||C, CMI < where 
C* = ^T. Let us consider a representation C: p = t(w), weJ*, of the curve 
C on J* such that iT(w) - t(w)| <26 for every weJ*, and observe that 
diam C* > diam C - 46 = d - ^+6 > 15 (t - 2 a = and that C is a simple 

closed curve while C is closed but not necessarily simple. 


36.8. C ontinuation 

We shall use the notations of (36.5)* If is empty then (T, J) has a 

non-degenerate bomdary and since diam C* > 0 , T has a non-zero boundary 
and then (i) holds with K = J, T^ = T. We shall suppose, therefore, that 
is non-empty. 

For each ger^ let u^ + u^ be two points of gJ* and let p^ = T(u^), 

= t(u^), 1 = 1 , 2 , their images on C* and C. By u^eg, i = l, 2 , 

it follows p^ = P2 aJid, on the other hand, we have IPi “ ^^1 < 
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1 = 1 , 2 . Therefore we have |P, - P^l < |P, - pj + |p^ . p^ | + |p . p 

26 + 0 + 26 = 46 < 6 q, and hence, by (36.7), either dlam P^P^ < a, or ^ 

diam PgP, <0. It is not restrictive to suppose that dlam P,P < a; 

hence dlam p^Pg < dlam P^P^ + 46 < a + 2a = 55 , and finally dlam P^P^ > 

15 v - a = l 4 a, dlam PgP, > dlam C - 30 > I 3 a - 3 a = 10 a. Then we have 
proved the following statement: 

(c() If ger^ and are any two points of 

gJ*; then of the two arcs "'^2^1^ one, say 

has the property diam T(u^U2) < 5a and, 
the other, say u^u.!, has the property 
dlam t(u2U^ ) > lOa. In addition dlam t(u,U2) < a, 
diam t(u 2U^ ) > i 4 a. 


36.9- Continuation 

Let g be any element ger^ and u, any point u,egj*. The set gj* is 

closed and hence there are on J* two maximal arcs u^u,, having the 

only point In common, with the following properties: dlam T(u u ) < 3a 

dlam TCu^Ug) < 3a,u^egj*. it may occur that u^ = u^, or u °='u , 

but we can exclude = u, = u^ since ger^ and because of (a). Again 

by (a) we have dlam TCu^u^u^) < dlam T(u^u,) + dlam Tfu^u^) < 3a + 3a = 6a, 

and since dlam C > 13a, we can exclude that the arc 

J*; thus we have u, 4 u^ In any case, and X = u^u^u^ Is a proper arc 

of J*. since 6a < lOa, by (a) we conclude that dlam T(u u u ) < 3a, 

dlam TCUgU^) > loa. since both arcs u^u^, u^u^ are maximal, tL arc 

UgUo does not contain points of g. We have proved, therefore, the follow¬ 
ing statement: 


X = UqU u covers 


O) The end points of X are In g, x C J*, gj* c x, 

g(J* - X) = 0, dlam T(x) < 3a, dlam T(J* - x) > lOa. 

Let us observe that X has been defined In correspondence of any given point 

Because of the property (fi) such an arc X Is Independent of the 


point u^egj*. Therefore \ - x(g), ger^, depends only upon the continuum 
. It is clear that J* - x belongs to only one component, say 7 , 

rf-vy-f-vyl O 


of 


J - g/ 






and that 


^0^0 = J* - 


g, we have 77 * C x, X - xg = £'77*, where s' 


while, for each 7^7 


o’ 


- ^0 


ranges 


36.10. Continuation 

Let g^, be any two distinct elements g of r^, and let us consider 
two arcs X, = ab = x(g,), X^ = cd = x(g3). By g, 4 g^ It follows 




52 0 CHAPTER X. THE REPRESENTATION OF GENERAL SURFACES AND THE THIRD THEOREM 


g^g2 = 0, and thus the arcs have no end points in common, since 

a, b€g^, c, deg^. As a consequence the points, a, b, c, d are distinct, 
and the pairs a, b and c, d do not separate each other on J* since 
otherwise the continua g^, g^ would have some point in common [R. L. 
Moore,I, page 167, Th. 17] - Thus we have either ^^^2 " ^ ^2^ 

or C x^, and one and only one of these relations occLirs. 


36.11. Continuation 


Let Wq be a point of J* belonging to some arc X = x(g), gef^. Then 
the collection [x] of all arcs X containing u can be ordered in such 
a way that x-< x* in [x] provided X C x*. We shall denote by 
x^ = a^b^ the arc of J* covered by all Xe[x]. Then there is a sequence 


Then 


0^0 


n = i, 2 , with g^€r^, C x^^,, 

bn- > b^, x^-> Xq. Since o < diam T(Xj^) < 30, dlam 




diam T(J* - X^) > lOa, 


diam T(J* - X ) > 10a. 


l-e., 11m inf g^ 4 0, 


containing a_ and 


Since 0 < diam T(Xj^; < 3a, diam 
we have also 0 < diam T(X^) < 5a, diam '‘^(x^) < cr, 

In addition a^^, -> a^, b^^-» b^, 

and, by (10.2, i), K = 11 m sup is a continuum 
. Since r is an upper seml-contlnuous collection 


we have also k C g^, g^^r, a^, b^eg^ 


Let us observe that diam T(Xq) > 0, 


diam T(J* - X^) > 0, 


hence g- cannot cover 




nor J* - x^ and this 


assures that 


As a consequence x^ = 


x(g ) and, on the other hand, VQ€X(gQ), x(gQ)€[x], 


x{go) >^0; hence 


= Vo = 


and we have proved the following 


statement: 


(y) 


The collection [r] of all the arcs X = x(g), ger', 
containing a given point w^eJ* has a maximum 


element 


^o = 


36.12. Continuation 


Let P denote the collection of all maximal (closed) arcs ' ^(Sq^ y 

determined above. Any two of them have no point in common; hence F is 
countable, say P= [X,, x^, ^ •••]• Ihus we have 0 < diam T(Xj^) < 3 a, 

diam t(x ) < a, diam T(J* - x^^) > 1 Oct for every n = l, 2, ... • We have 
also x„l a b^ = X(g^), g^er^, and, if denotes the component of 


with W 


= J* - 


and 


denote all other 
then we deduce 


J - g^ with VV = J* - V ^nl’ 

components of J - gn containing an arc of J* - then we deduce 

^ "** ^^ni^nl’ prove that the sets 7 ^, n = l, 2, 

ll ... are all disjoint. We know already that = ° 

(i 4 j, 1, j = 2, ...). Let us prove that = 0 (n 4 m, 

1 , j = 2 , ...). First we observe that all points are not in 


"n = 


First we observe that all points 
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^ni‘ Hence, if 7 ^ 7 ^^ + 0, then would have points v/hlch 

are in 7^ and points v' not in 7^^* As a consequence ^ 

and since = 0, ^(7^) C g^^, ^ have necessarily 

’'mjgn + °' Sn ^ ’'mj' ^ 5 a, dian T(J* - ) > lOa, 

we have also C A.^ C x^, a contradiction because of n 4 m. We 

have also F(7j^) C g^ and, by virtue of the same argument, Sn^raj " ^ 
all m 4 n, j = 1, 2, ... . 


a contradiction because of n 4 m. We 
le of the same argument, Sn^ra ’ 


• • • 


36.13. Continuation 


Let 


K = Z Z 


ni 


n=i i=i 


The sets 7^^^ are open in J and hence K is closed and compact. Let 
us prove that K is a continuum. Suppose that K is not a continuum, 
and then, by (36.1, i), there would be a simple line h separating J 
into two parts J^, with J^K 4 0, J^K 4 0, hK = 0. Each point of h 
must belong to some 7^ and, if h' = ab is a maximal arc of h con¬ 
tained in some 7^^ then both end points a, b must belong to K since 

they cannot belong to any other 7^^, a contradiction. Therefore we must 
have h' = h and then h C 7^^; hence g^ is completely contained in one 
of the two parts J^, J^, say g^ C J^, and, as a consequence, 

Thus C 7^ and KJ^ = 0 , a contradiction. Therefore we have proved 

that K is a continuum. Now we have 


J - K - X Z 


ni 


n=i i=i 


and 


, for each 7^, also C g^ C K. For each 7^ we have = 0, 


and hence 7^^ C r where r is a component of J - K. On the other hand, 
each r cannot contain points of more than one 7^^^, since otherwise r 
would contain points of F(7^), that is, of K, a contradiction. Thus 
= r and hence the components of J - K are the sets 7^ themselves, 
n = 1, 2, i = 2, ... . Since T is constant on we con¬ 

clude that K has the property P. Let (T^, J) be the retraction of 
(T, J) with respect to K. Let us observe also that for each 7 . the 
end points of the arc /^i^M ^ distinct and belong to K. Hence 

KJ* 4 0 and KJ* contains at least two distinct points. 


36.1 . Continuation 


Let = r(TQ, J) be the collection of all maximal contlnua h of 
constancy for in J. By (36.2, iv), r is the sum of all contlnua 
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^ ^ ^no " ^ ^ ^ collection of continua h 

with h = g C K, g€r(T, J). Now we have J* - Sno*^* = J* - (g^ + = 

J* - connected, and h does not belong 

to j). For every other heP^ we have h = g with geP. Let us 

observe that for every geP^(T, J) we have defined (in 56.9) the proper 
arc X(g). If w is any interior point of x(g), then x(g) is just one 
element of the collection of which we have considered (in 36.11 ) the maxi¬ 
mal element, and such a maximal element is one of the arcs ^(s^)* Thus 
in any case x(g) C ^(gj^) for some n. As a consequence, either 

>*(g) = ^(gn^^ g = Sn^ ^ proper subarc of hence 

g C for some i. In either case we have g C g^^, g + g^^- This 

proves that if h = g, geP, then geP - P^, and therefore hJ* is connect¬ 
ed. Thus no element h€r(TQ, J) belongs to 

is empty and (T^, J) has a non-degenerate boundary. If T is base then 
P^(T, J) = P’(T, J), and, for every h€P(TQ, J), either h = g^^^ " 

^l^'ni (36.5, i), J - gno " “ Sn " ^I’^ni " V ^ 

does not separate J, or h = g€P(T, J) and then her - = r - P* and 

h does not separate J. Thus p*(Tq, J) is empty and T^ is non-degenerate. 


36.15. Continuation 

We have only to prove that II^T^, C|| < e. Let w be any point wej*. If 
w is not interior to arcs n = 1, 2 , ..., then weK, T(w) = Tj^(w), 

It (w) - t(w)| = lT(w) - t(w)| < 2& < (t < e. If weX^ for some n, and 

and, by (36.7 diam A^Bj^ * diam ^ other hand, 

To(an) = T(an), and Tq(w) = since T^ is constant on x^. There- 

fore |T^(w) - t(w)| < |Tq(w) - Tp(an)l +lTo(an^ " 

|T(a ) - t(w)I <0 + 0 + 26 + CT<2a<€, Thus |Tj^(w) - t(w)| < e for 
every weJ* and H^T^, C |1 < e. We have also diam 0 T^ > 0 , and therefore 
Tq has a non-zero boiondary. Thereby statement ( 1 ) is completely proved. 


36.16. other Surfaces Having A Non-Degenerate Retraction 

Let (T, J) be any c. mapping from a simple closed Jordan region J C E^ 
and let 0T: (T, J*) be the boundary curve of T, P = P(T, J) the collec¬ 
tion of all maximal continua of constancy for T in J, and P^ = 
be the subcollection of all ger for which gJ* is not connected. 

] 

For every geP^ we have J* = gJ* + za where z ranges over all components ^ 
cc of J* - gJ* (at least two) and each or is a proper arc of J* whose j 
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distinct Gnd points ars on g. Lot X = ^ 1^2 ^ arc whose end 

points are on g covering gj*. Thus J* - x = = 7^7* for some 

ro^IrJg and the curve c: (T, x), c = (ab), has coincident end points 
a = b = T(w^ ) = T(v 2) = T(g). We have also X = g + s'a where z' ranges 
over all a + 7^7* (at least one). Thus x-g+o, J*-x 4 o. 

We shall consider the case where all points of 0 T are contained in a 
simple closed curve C (Jordan curve), l.e., [ 0 T] = [C] = C. By no 

means does this imply that 6T is simple* For every and any arc 

X = w^w^ C J* covering gj*, with w^, w^eg, the curve c: (T, X) is 
contained in C and has coincident end points a = b = T(g), [c] C C. 

We shall say that ger^ satisfies CONDITION WITH RESPECT TO C if 
there is at least one arc X = w^w^ = X(g), covering gJ*, w^, v;'2€g, 
such that the curve c: (T, x) is relatively homotop to zero in C, i.e., 

c = 0 (C) (8.15). The c. mapping (T, J) is said to have PROPERTY P 

WITH RESPECT TO C if [ST] C C and every geP^ has property P^. 

(i) THEORdM. Let C be any given simple closed curve in 
E^. For every c. mapping (T, J) from a simple Jordan 
region J into E^ satisfying condition P^ with 
respect to C, there exists a retraction (T^, J) 
with [er^] = [ 0 T] C C, and 0 T^ - 0 T (C). In 
addition T^ has a non-degenerate non-zero boundary 
if eT is not nulhomotop in C, T^ is a constant 
mapping if 0 T is nulhomotop in C. In particular, 
if (T, J) is base, then (T^, J) is non-degenerate. 

The proof is given in the next article (36.17). 


Let us suppose first 
gJ* 4 0 and observe 
(T, J) (36.2). The 
constant mapping T^ 
C and finally eT - 
0 T - 0 (C). 


36.17. Proof of (36.16, i) 

eT - 0 (C). Then let g be any element ger with 
that g satisfies condition P with respect to 
retraction (T^, J) of T with respect to g is the 
with Tq(J) = T(g). Hence eT^ is a single point of 

(8.13). Thus (36.16, i) is proved for 


0 - eT^ (C) 


Let us suppose that eT is not nulhomotop In C. For every point vej* 
let us consider the class {x)^ of all arcs X = x(g), ger^, with wex, 
provided this class is not empty. Since gg' = o for every pair of dis¬ 
tinct elements g, g', and the end points of X = x(g) = (w w ), and 

^ - >-(g') = (w{wp are in g and g', respectively, we conclude that the 


CO 
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points v|, .-2 

that the two pairs w^, w^^ 
fore we have either 
the collection Cx) 
us denote by 
Then there is a sequence 


w* are distinct. As in (36.10) we may conclude also 


w 


! 


w 


I 


w 


and 

d' 

X C , or 
in such a way that 


X ') x^. 


^n ^ ^n+i^ 


C X 


n 


Xq = (^0^0^ 

w_ -> w_. w* - 


o 


n 


t 


o 


do not separate on J*. There- 

As a consequence we may order 

X < X * provided x C X *. Let 

covered by all arcs ^e{X)^. 

of arcs x„e[x],, with 

n w 


■> w 


f 


as n 


00 


Since 


w 


n 


. W * €'7 

' n °n 


n O' n "o 

g^er, we have w^, = lini inf 1+0; and hence (10.2^ 1) 


1 C L = lim sup where L is a continuum. Finally, by (10.4, v), L 

is contained in a continuum gQef(T, J); hence L C g^, gQ^f; w^, w^^g^. 
Obviously does not cover x^ since in such a case we would have 

gnSo + ^ hence g^^ = g^ for all n, and finally x^ = x(gQ) = g^, 


and 


by (56.16) 


- So + 


a contradiction. 


Let us prove that 


c - 0 (C) where c^: (T, 


Xq)- 


Since w 


n 




w 


n 

where 


■> w’ 


there is an integer n such that diam c^, diara c^!^* < diam C, 
are the images under T of the arcs (^o^n^^ ^ 

virtue of (8.1 4 , ix) we have ^ ^n ^ 


o^ 

«A> 


t I 

I 

n 




where 
and c 


an = T(w ), b = T(w;^), 


a 


'n 


= 


= T(Wn), bn - T(w'), 


a_ = b 


o 


o^ 


Cn + 0 + 


is the arc 
= c 


of C. Therefore 


°0 = 


°A + 




° 

+ 5 “ = 0(C) by virtue of ( 8 .l 4 , v, vl, vli). 

n n ^ ' j 


°n + 


, t ! -r 

'n 


If we denote by c^ the image under T of the complementary interval 
j* - X = w'w of X = w w*, we can prove that c^ is not nulhomotop in 

C. InLed,°lf = 0(c),° then, by (8.l4, v, vl), 0T = = 0 + 0 = 

o(C), what has been excluded. This implies that the arc J* - is not 
reduced to a point, and thus, since ” ^o also + w^. It follows 

also that T is not constant on and hence does not cover this 

arc. Therefore X-q - go + ' So + ° hence, separates in 

J at least two points w^eX^ - g^, ~ ^o’ separates 

J*, and g er^. If we consider now the arc x{g^) relative to g^, we 
have w , wUx(gn) and since c^ is not niolhomotop in C, x(gQ) does not 
cover the arc (w^w^). Hence x^ C x(gQ), w€X(gQ) and hence x(go)€(x}^, 
and x(gQ) C Xq. We conclude that X = x(gQ) and that the collection 

(x) has a maximum element, 
w 

If we denote now by P the collection of all maximal arcs x^ = ^(Eq) 
determined above, the reasonings of (36.12, 13, l^^) can be repeated. Thus 
F is countable, P = tx^, x^, .■•, .. • ], and we shall denote as in 

(36.12), by gi, g 2 ’ ■■■’ 8n' ••• ^he corresponding continue ger^. ^e ^ ^ 
shall also denote by the component of J - gji which J* - ^ ^n^'n' 

and by I r^i ^ :>'n2’ ^hl remaining components of J - Sn least one 

for every n). Then K = J - is a continuum of J, has property 

P with respect to (T, J) and the retraction (T^, J) a non-degenerate 

boundary. 
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Let us observe that T(w) = T (w) for every wcJ* - and that, for each 


n 


if c : (T, X^), (T^, X^), 


then c 


is reduced to a single point 
and = Cj^q(C). If H Is any homeomorphlsm 

from J* onto [0 < u < l] where 0 and i are identified, and 


Pn = °no = ^o(^n) = 


-1 


f n - } f 2 , ... . 

M = II « bL. } — wiAWA*. ' '11' I ID LJ li 


c Sc (C) it*follows that there exists, for every n, a vector func- 
^ no ■* 


n " ^^no^ ^^o^ 

By ii 

tlon Pn(u, v), [U€H , 0 < V < 1], with v)€C; TH ^(u) = Pj^(u, O), 

TqH"’(u) = Pj^(u, 1) for all f^ < u < g^; TH‘^(f„) = T^H" (f„) = TH (g„) = 

TV'(g„) = P„ = Pn(fn' = Pn^Sn’ 


a 


n 


for all 


n' *0 
0 < V < 1 . 


n 


n 


For at most a finite number of curves c^ we may have diam c^ > diam C > 0 
since 0 T: (T, J*) is a continuous curve. For all the remaining curves 
c we have diam c^ < diam C, and the nulhomotopy of c^^ is a consequence 
of ( 8 . 11 ^-, ix). We may suppose that for these curves c^ the vector func¬ 
tion p (u, v) performs the nulhomotopy defined in (8.1 4 , ix); hence the 
oscillation of ^ ^ - ^n' ^ ^ ^^ equal to the 

diameter of c^^ (8.1 4 , Note). 


Finally, we shall define the function p(u, v), (u, v)gQ - [0 < u, v < l], 
by means of the relations p('a^ v) = TH (u) = T^H (u) for all 
ue[o, 1] - p(u, v) = Pj^(u, v) for all u€^i^, 0<v<l,n=l,2, ... 

Thus p(u, v) is single-valued in Q and p(u, v)€C. Since, given 
e > 0, at most a finite nimiber of curves c^^ have diameter > e, it 
follows immediately that p(u, v) is continuous in Q. Finally eT: p = 
p(u, 0), 0 < u < l; 0 Tq: p = p(u, l ), 0 < u < l; p(o, v) = p(l, v), 

0 < V < 1 , and thus eT - eTQ(C). Since eT is not nulhomotop in C, 
also eT^ has the same property and hence eT^ is not reduced to a 
single point. Therefore T^ is not constant on J* and hence (T^, J) 
has non-zero boundary. Finally, if (T, J) is base, we can conclude that 
(Tq, J) is non-degenerate as in (36.i 4 ). Thereby statement (36.16, i) 

is proved. 


36.18. More Surfaces Havinp; a Non-degenerate Retraction 
The following statement is a variant of (36.16, i): 

(i) THEOREM. Let be any given simple closed curve in 

a plane or C E^. For every c. mapping (T, J) from 
a simple Jordan region J C E^ into E^, whose plane 
projection (T^, J) on a satisfies condition 
with respect to ( 5 - 4 ; 36.16), there exists a re¬ 
traction (Tq, J) such that = [ 0 T^] C C^,, 

and 0 Tqq, =" where T^^ is the projection 

of Tq on a, and ®T^^, QT^ the plane closed 
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c\irves boundaries of the mappings T^^, T (36.2). 

In addition T^ has a non-degenerate non-zero 
boundary if eT^ is not nulhomotop in C^. In 
particular, if (T, J) is base, then (T^, J) is 
non-degenerate. 

PROOF. Let r = r(T, J), = r^(T, J), = r(T^, J), = r^(T^, J). 

For every ger there is an element with g C g^. For every gcr^ 

either or g^ covers completely not only g, but also all but at 

most one of the components g of J - g. For every ger^ with g(;^efta 
ve simply consider the minimal arc x covering g and contained in the 
arc relative to g^ defined in (36.17)* For every ger^ with g^ 

not in then the minimal arc x covering g and contained in x^, 

is contained in the arc hence X is an arc of constancy for T ; 

thus the curve c : (T . x) Is reduced to a single point (of C ) and 

Cv \Jf {JC 

hence c o(C^). 

For every point wej*, covered by some arc X, we can now consider the 
collection (x] of all arcs X covering w* We may then prove, as in 

W 

(36.17), that there is a maximal arc x^ covering w. By ( 8 .i 4 ; 36*17) 
and the observation above, in any case the curve c^: (T^, x^) is nul¬ 
homotop in C^. The reasoning of (36.17) can be now repeated with obvious 
changes. 


36.19. Some Final Theorems on Retractions 

The following statements can be considered as a combination of the state- 
ments (36.A, 1), (36.6, i), (36.16, 1), (36.18, 1). By C we shall always 
denote here a given simple closed curve in . 

(i) THEORM. Given C and e > 0 there is a 6 = 6(e, C)>0 
such that every c. mapping (T, J) with || 0 T, C|| < 6 
possesses a retraction (T^, J) which is open non¬ 
degenerate and II^Tq, cII < e. 

(ii) THEORM. Given C, every c. mapping (T, J) having 
property (56.16) with respect to C possesses a 

retraction (T^, J) with t^T^J C [0T] C C, eT^ ^ eT (C), 
and Tq Is open non-degenerate, or constant, according 
0T is not nulhomotop, or nulhomotop, in C. 

(ill) THEORM. Given any simple closed curve of the 

plane a in E^, then every c. mapping (T, J) 
from J into E^ whose plane projection (T^, J) 
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on a has property with respect to C^, 
possesses a retraction (T^, J) with 

C [0T^] C C^, (C^) and is 

open non-degenerate provided eT^ is not nul- 
homotop in C^. 

PROOF OF (i), (ii), AND (Hi). We shall first define K = K* as for 
(36.4, i) and K = K" as for (36.6, 1 ), or (36.16, 1 ), or (36.18, 1 ). 

Then J* C K' and, on the other hand, K'' contains at least two points 
of J*. Thus K'K" 4 0. Therefore, by (36.2, vi), we can define a con¬ 
tinuum K = J - (z'7' + satisfying property P with respect to 

(T, J). Let (Tq, j) be the retraction of (T, J) with respect to K. 

The proof that T is open non-degenerate or constant is only a combination 
of the analogous proofs for (36.4, l), (36.16, l), (36.18, 1). 


*36.20. Bibliographical Notes and Complementary Considerations 

For the present treatment of the retraction process for surfaces, 
see L. Cesarl [ 4 i]; the statements in (36.2), (36.3) develop 
previous statements given in [ 4 i]. The statement (36.4) is 
essentially due to C. B. Morrey [2] and E. J. McShane [ 4 ]. The 
present proof of it can be retraced in E. J. McShane [ 4 ]. State¬ 
ment (36.6, 1) has been proved in the quoted paper [L. Cesarl, 
4 i]. Statements (36.16, 1), (36.18, 1) are new and proved here 
for the first time. The same for the statements (li) and (ill) 

in (36.19). 

Given a Peano space Q, the c. mapping (t, Q) from Q into 

itself is said to be a RETRACTION of Q provided there is a 

proper subset of Q which is also a Peano space and has 

the following properties: 

(a) for each component k of Q - Qq the boundary 

F(k) = k - k of k in Q is a cut point pj^ of Q; 

(b) T is identical on and maps each k into p^^ 

[cf. G. T. Whyburn, I, p. 70 and p. 143; T. Rado, II]. 

A set Qq as above is said to be a CYCLIC ELEMENT of Q if 
(a) holds and 

(a') Qq has no cut point (cf. 10.1). 

If J is any closed simple Jordan region of the w-plane E and 
S = (T, J) is any c. mapping (or surface S) from J into E 
let us consider the hyperspace f associated to (T, J) (io. 4 ) 
and the collection [y] of all the cyclic elements of T. Then 
(r) is a countable collection of non-overlapping Peano spaces 
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7 (subsets of f), and each y is topological equivalent to a 
2-cell; or to a 2-sphere (l-e., there is a homeomorphism between 
7 and a closed circle, or a sphere) [G. T. Whyburn, I, Chap. IX]. 
Then a retraction (t, f) is uni vocally determined relative to 
7, with T(f) = 7. If we consider the decomposition T = Im of 
T into a product of a monotone mapping m and a light mapping 1 
(10.8) with m(J) = r, then the c. mapping a = (T^, J) = (Im, J) 
(or surface a) is said to be a CYCLIC ELEMENT of the mapping 
(T, J), (or of the surface S). Thus we have a countable collec¬ 
tion (a) of cyclic elements a of the surface S and C. B. 
Morrey [i, 2, 3] has proved that L(S) = ZL(ct) (cyclic additivity 
theorem), where L(S), L(a) are the Lebesgue areas of S and a 
and where i: ranges over all cyclic elements a of S. This theo¬ 
rem has been extended by T. Rado [II] to various non-negative 
functionals on S, and to the case where J is any Peano space 
(10.1 ) and (T, J) is any continuous mapping from J into a 
metric space E. The cyclic additivity theorem has been extended 
by J. Cecconi [12] to the integrals of the type of Weierstrass 
I(S) = (S) / f over a surface S = (T, J) of finite Lebesgue 
area as used in the calculus of variations. For the integral 
1 ( 3 ) see Appendix B in this book. For cyclic additivity theo¬ 
rems concerning any possible factorization T = gf of T into 
continuous mappings (strong cyclic additivity theorems) see E. J. 
Mickle and T. Rado [2], Ch. J. Neugebauer [i]. For analogous 
theorems concerning the integral 1 ( 3 ) see Ch. J. Neugebauer [2]. 


§37. REPRESENTATION OF GENERAL SURFACES, THE THIRD THEOREM 

37.1. Some Lemmas on F-Equlvalence for Curves and Surfaces 

(i) LEMMA. Let (T^, I^ ), (T^, I2) be any two F-equiva- 
lent light mappings from the two closed intervals 

(oriented continuous curves) (2.6; 2.8), 
and let [H^^] be a sequence of homeomorphisms 
between I^ and I^ such that u^ = 

implies |T,(u^) - T^(u^)I < n"^ 

Then 

(1) there exists a homeomorphism H between 

and I2 such that u^ = H(u^), u^el^, 
u^gI^. implies T^(u^) = T^(u^); that is, 

T^ and T^ are Lebesgue equivalent; 

(2) there exists a subsequence [H^ ] uniformly 

k 

convergent toward H as k - * 
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PROOF. We may suppose I^ = [^ 5^5 

Thus Hj^: u = u^(v), 0 < v < 1 , where is a continuous 

strictly increasing function in [0, l] with 

u^(l) =1. By [L. M. Graves, I, p. 291, Th. 33 ) there exists a 

subsequence vl (v) such that lira u (v) = u(v) exists as 

k 

k > 00 for every 0 < v < l, and hence u(o) = 0, u(l) = 1, 

0 < u(v) < 1, and u(v) is monotone non-decreasing in [0, 1]. 


Let us prove that u(v) is continuous in [0, i]. Let us 
suppose, if possible, that, for sorae v^ we have u(v^ + 0) = 
u(v^ ) + €, 0 < v^ < 1, € > 0. Let u^ = u(v^), = u(v^ + 0). 

The image of the interval [u^, u^^] under the light mapping 
T^ is a c. curve not reduced to a point and hence of a certain 
diameter 5D > 0 . Therefore there are two points u^, u^, 

Ui < u^ < u^ < U|^, such that |T2(u2) - T^Cu^)! > UD. Let 
0)^(6) be the modulus of continuity of the mapping T^ and 
let 0 > 0 be a number such that (a) < D. Let Vj^ be a 
point, Vi^el^, such that < v^^ < i, Vj^ - v^ < a, and let 
k be an integer such that < D, |u^ (v^^) - u(v^)| < 

min[D, u^ - u^, U|^ - u^ ], i = 1, 4 . Then u^ ) < u(v^ ) + 

Ic 

(Ug - u, ) = u, + (Ug - ) = Ug, (Vj^ ) > u(Vi^ ) - (Uj^ - ) > 

k 


u(v^ + 0) - (uj^ - U^) = Ui^ 



u^ (vi, ). Because of the continuity of u (v) there are two 
^k ^ ^k 

points v^^, v^^, v^ < v^j^ < < v^^, such that = u^, 


i = 2, 3. Finally, we have IT^Cu^) - T^Cu^)! < IT^Cu^) - 
T,(v 21^)| + lT,(v2i,) - T,(v3j^)| + |T,(v 31^) - T2(u3)| < n"' + 
a)^(a) + < D + D + D = 3D, a contradiction since IT^fu^) - 

T2(u^)| > 4 D. In such a way we have proved that u(v) is con¬ 
tinuous at the right. We can prove the continuity at the left 


analogously. 


Let us prove that u(v) is strictly increasing in (0, 1]. 
Suppose, if possible, that u(v) is constant in an interval 
[v^, v^] C [0, 1]. Then the image of [v^, v^^] under the light 
mapping T^ is a c. curve not reduced to a point and hence of a 


certain diameter 5D > 0. Then there are two points v^, 

Vi < v^ < V3 < V|^, with iT^Cv^) - T^(v^)| > 4 D. Let oi^Cs) 


be the modulus of continuity of let a > 

that a)2((T) < D and k an integer such that 

lu^ (v^) - u(Vj_)| < 2"^a, i = 1, 4 . Let u^^ 
k 


0 be a number such 

"k' 5 


1 = 1 / 2, 3, 4 ; hence, u^j^ < u^j^ < u^j^ < u^j^. In addition 
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^ 3 k ^ 2 k ^ ■ ^ik ” ^ )] + 

2(2“^a) = 0 + c = c. Therefore, iTgCu^j^,) - T^Cu j^)| < D and, 
finally, |T,(v2) - T,(v3)l < IT,^^) - T^Cu^j^)! + ItJu^j^) - 
^2^^3k^' + iTgCu^j^) - T^tv^)! < rij^-l + m^{a) + < 3D, a 

contradiction. Thus we have proved that u(v), o < v < 1, is 
continuous and strictly increasing in [o, i]. 

By the continuity of u(v), we may easily deduce the uniform 

convergence of toward H: u = u(v). Let us note finally 

k 

that for each k and o < v < l we have |T„(ii ) - T (v)| < 

-1 ^ “ 
^k * provided u^ = u (v). As k —>■» we have T^(u) = 

^k ^k 2 ' " 

T^(v), provided u = u(v) for every o < v < i. Thus T^ 
and T2 are Lebesgue equivalent. 

NOTE 1. Statement (i) holds also for continuous closed curves, 
i.e., where are replaced by the circumferences C*, C* 

of two circles C^, C^. The proof is quite analogous. A con¬ 
sequence of (1) is that any two light P-equivalent curves (open, 
or closed) are also Lebesgue equivalent. 


( 11 ) Let C^, be concentric circles, C (C^)^^ 
let R = - (C^ )°, and (T^, Cp be a given 

c. mapping (continuous closed curve). Then 
there exists a c. mapping (T, R) from the 
region R such that 
(1 ) (T, Cp = (T^, Cp; 

(2) the mapping (T, Cp is light; 

( 3 ) (T, Cp ~ (T^, Cp; 

( 4 ) T(R) = T^ (Cp. 


PROOF. 
C„. R, 
C 

p 


2 ' 
and 


Let (p, 0) be polar coordinates in the plane E^ of C^, 
the pole of these coordinates being the common center of C^ 

and C^ are the circles p < i and 

0 of the points w 


2 - We may suppose that C ^ 

< 2. Let us denote by v and u the argument 
of c! and C*. Let G be the set of all real numbers v, 0 < v < 2n, 


1 


on which T. is 


corresponding to points w of open arcs oi 0^ 
constant. The set G is open and any two components of G have 
no points in common, not even end points. Therefore the set 
F = [0, 2rt] - G is perfect and there exists a continuous real func¬ 
tion u = u(v), 0 < V < 2 n, u(o) = 0 , u(2n) = 2n, monotone non¬ 
decreasing, whose intervals of constancy are exactly the intervals 
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components of G. For each v, 0 < v < 2n, let g = g(v) the 
curve 0 = (2 - p)v + (p - l)u(v), l < p < 2, g(v) C R. The curve 
g(v) joins the point (p = l; 0 = v)eC* to (p = 2, e = u(v))eC2. 
Let U3 observe that, for every p, i < p < 2, 0 = 0(v) is a con¬ 
tinuous strictly increasing function of v and hence for each 
point weR*^ + C* there passes one and only one curve g(v). Let 
us define (T, R) by means of the relation T(v) = ) where 

is the point eC* of the curve g which passes through v. 
Obviously, T is single-valued and continuous in R and satisfies 
(l ), (2) and (h). 


The function u(v) can be approached by means of q.l. functions 
la^(v), 0 < v < 271, n = 1, 2, continuous and strictly in¬ 
creasing, and we can suppose ^ 

|u^(v) - u(v)| < n~^ for every 0 < v < 2jt. Thus the equation 
u = ^(v) defines a homeomorphism H^ between and • 


Let w be any point wecT of argument v, 0 < v < 2it, g(v) 

the curve throiagh w, w*eC* the end point of g(v) on C 

^ ^ 

(of argument u(v)), w'^eC^ the point of which is the 

image of w under H^^, w'* = Hj^(w), (of argument u^(v)). 

Then |w* - w'M < 2 |u(v) - ‘^(v)] < 2n”^ and hence 
|T^(w) - T(w**)l = lT(w*) - T(w^*)| < co( 2 n”M, where aj(6) 
denotes the modulus of continuity of (T, R) and hence 

a)( 2 n”^ ) ->0 as n—>oo. This implies that (T^, Cp - 

(T, Cp. Thereby (il) is proved. 


NOTE 2. In statement (ii) the case where the curve (T, Cp is re¬ 
duced to a point is trivial and exceptional. Then T^ is constant 
on and T is constant in R. The word "light” of the state¬ 
ment shall be replaced by "constant". The simplifications of the 
proof above are then obvious; in particular the curves g may be 
replaced by radii. 


(ill) Let C^, Cg be concentric circles, C (C^)^, 
let R = Cg - (Cp°, and (T^, Cp a given c. 
mapping. Then there exists a c. mapping (T, ) 

such that 

(1) (T, cp = (T^, cp; 

(2) the mapping (T, Cp is light; 

( 3 ) (T, Cp ^ (T^, Cp; 

{k) (T, C^) - (T^, C^ ); 

( 5 ) T(R) = Tpcp. 
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PROOF. Let (T, R) be defined as in ( 11 ); we have obviously 
(T, G*) = (T^, C*)> Hence, if we define T in C by 
(T, C^) = (T^, C^ ), the mapping (T, 0 ^) from is single¬ 

valued, continuous and satisfies obviously (i), (2), (3), ( 5 )* 
We have only to prove ( 4 ). 


Let a)(5) be the modulus of continuity of (T, C^). For every 
n let denote a number such that 

suppose too that 5 is less than the radius M- of C^. Let 


and let h,, h 


be the circle concentric to C- of radius - 5 


1 


n 


• • 


• 9 


h„ be a subdivision of C- into consecu- 


n 


< n 
on C 


w., 1 = 1, 2, ..., m, be the points of subdivision 


tive arcs on which T is non-constant and has an oscillation 

LieL ^ * * * > 

*. Let g| be the simple curve passing through 
g! = Tj + g-i which is the sum of the segment r^ of the radius 


and of the curve 


Sl 


of the 


wi. 


wJ * are the end 


through w^ between C^^ and C^, 
proof of (i) passing through • -l-l 

points of Si ^ ^i^ then the points wj^, 

i = 1, ..., ra, are distinct and cyclically ordered on C*^ and 

4 # 

the same holds for the points w|' 


on 


Let 


hi 


h! = w|w!^, 

1 = 1 , 2 , . 


Of C 


in 


hJ- 


be the arcs hJ * = wJ *w^ * 


be the arcs 
* 


1 


i "i+1 


• * 


m, w 


m+1 


= w 


? 


w» L = w* * 


1 


r "m+1 

Jordan regions C C^ - C^^, C C^ - C 
r:^ + hj-^ + r,, Jl* = h\' + g:L + + h^ 


Let J 


o 


Ji 


of C 
be the 


2^ 


with JJ = h4 + 


i ■ "^i 

+ r^ + Rj • Let 

i+l ■ “1 -i^ "i ' “i ‘ ■ *1+1 "1 i ^ 

f! be horaeomorphisms between r^ and r^ + gj^, and between 


f., 


i 

and 


and let be the homeomorphism between and 

jl* which coincides with the Identity on h|, with f^ between 


hi' 


1 

t 

i 


and r. + g^ 


with fj^^^ 


between ^i+-| 


^i+l ^ Si+r 


i = 1. 


• • • 


m 


w 




with f I between h^^ and h| *. Then we can extend as a 

homeomorphism between and Jj_ (6.1, 1 ). Let H be the 

homeomorphism between and which coincides with the 

identity on and with between and Jj_, 

w^ be any two points with w^ = H(w^ ), 

then w^ = w^, TCw^) = T^(w^). If 

, "l^'^i some 1 and is at a distance 

from some point wjeh^y w|gC*. On the other hand, 

and hence w^ is on a radius r, or on a curve g of constancy 

for T, and both r and g join w^ to a point w^eh^, w^eC^ 

In both cases we have iTCwp) - T(w^ 


w^ eC^, 
w^ gC 


w^eC^ 

- c 


Let 
If 

then w.gJ 




w^eJi 


|T(w 2 ) - T(w^)l < n ' and |T^(w,) - TCvg)! 
T.(w^) - T^(w|)l + |T^(w|) - T(w|)| + |T(wp - T(w^)| + 


T(w*) - T(w. )| < n 


-1 


0 + n"^ + n ^ = 3n 


-1 


+ o + n +11 " • This holds for 

eveil^ n *Ind hence (T^, C, ) ~ (T, C^)- IHus (h) Is proved and 
(ill) is completely proved. To make H Independent_of the defi- 

nit ion of T^ inside C- take 6_. = n . Then 3n is re- 

1 / -1 V -i 
placed by 2 (o(n 


n 


) + n 


< 
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(iv) Let C^, be concentric circles, C 

let R = C2 - (C^f, let (T^, G*} (T^, Gp 

be any two light P-equlvalent c. mappings from 
C* and C*. Then there exists a c. mapping 
(T, R) such that 
(1 ) (T, G*) = (T^, Cp; 

(2) (T, Cp = (T^, Cp; 

( 3 ) T(R) = Tpcp = T^CCp. 

PROOF. Let (p, 0 ) be polar coordinates in the plane E^ of R 
of pole the center of and C^- We may suppose that C^, 

are the circles p < 1, p < 2. Let v, u be the argimients e of 

the points weC* and weCp respectively. Since T, and Tp 
are light, by (i) there exists between and C* a homeomorphism 

H such that w^ = H(wp, w^eCp T^w^ = ”^2 ^^2^' 

In addition H may be given as a continuous strictly increasing 
function, u = u(v), such that v(2Tt) - v(0) = 2Tt. if = u(o), 
then u(2n) = + 2 it and u^ < u(v) < u^ + 2n for all 

0 < V < 2Tt. For each v, 0 < v < 2Jt, let g(u) be the simple 

arc 0 = (2 - p)v + (p - 1 )u(v), i < p < 2. He shall now repeat the 
same considerations of the proof of (ii). 

(v) Let be concentric circles, C (C^)°, 

let R = - (C^ )^, let (T^, ) be any c. 

mapping which is light on G*, let (T^, G*) 

be any c. light mapping from C* with 
(Tp, Cp ^ (T^, Cp. Then there exists a c. 
mapping (T, ) such that 

( 1 ) (T, ) = (T^, ); 

(2) (T, Cp = (Tp, Cp; 

( 3 ) (T, Cp) ^ (T^, ); 

(h) T(R) = T, (Cp = T2(Cp. 

The proof is the same as for (iii) where we use (iv) instead of 

(ii). 

(vi) Let C^, Cp be concentric circles, C (Cp )^, 

let R = Cp - (cp°, let (Tp, Cp be any given 

c. mapping. Then there exists a c. mapping 
(T, R) such that 
(1 ) (T, Cp = (Tp, Cp; 

(2) (T, Cp is light; 

( 3 ) (T, cp ^ (Tp, Cp; 
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(h) T(R) = T2(C*); 

(5) for every c. mapping (T^, Cg) with 
(T^, R) = (T, R)^ we have 
(T^, C^ ) ^ (T^, C^). 

The proof is an obvious variant of (iii). 

(vii) THEOREM. Let C^; C^ be concentric circles, 

C, C {C^f, let R = C2 - (c,)°, let (T^, C, ), 

(T^, C*) be given c. mappings with (T^, C*) - 
(Tgj C*). Then there is a c. mapping (T, ) 

such that 

(1 ) (T, C, ) = (T^, C, ); 

( 2 ) (T, cp = (T^, Cp; 

(3 ) (Tj Cg ) ~ (T^ j C-j ); 

(U) T(R) = T,(C*) = TgCC*). 

PROOF. We may suppose and Cg of radii l and 2. Let 

C)^ be the circles concentric with and Cg of radii 1 + 3 “'> 

2 - 3”’. Let us define T in according to (ill), in 

Cg - according to (vi), in C;^ - according to (v). Then 
T is defined in the whole of Cg and obviously is single-valued 

and continuous. By (iii), (v), (vi) we have (T,, C, ) = (T, C, ) ~ 
(T, C ) ~ (T, C,^) ~ (T, Cg) and (3) is proved. By (vi) we have 
(T, C*) = (Tg, C*) which proves (2); by (iii) we have (T, C^) = 
(T^, C,) which proves (1); by (iii), (v), (vi) we have T(R) = 
T^(cp = Tg(C*) which proves (U). Thereby (vll) is proved. 

(vlll) Let Cp Cg be concentric circles, C^ C (Cg)°, 

let R = Cg - (C^ )'^, let ('T]' C^ ), (Tg, Cg) be 

given P-equlvalent mappings (Tp C^ ) ~ (Tg, Cg). 

Then there is a c. mapping (T, Cg ) such that 
(1), (2), (t) hold as in (vii), and 
(3- ) (T, Cg) ~ (Tp C^ ) ~ (Tg, Cg) . 

In addition for each n there is a homeomor- 
phism from onto itself, identical on 

Cg, such that |T2(w) - T[Mj^(w)]| < n"’ for 
all weCg• 

PROOF. For the first part see (vii). Let us prove the last 

part for Tp T open. Let us observe that (Tp C*) 

(T, C*) ~ (T, C») ~ (T, Cp ~ (T, C|) = (Tg, C*), and that both 

(T, C*), (T, Cp are light. Since (Tp C, ) ~ (Tg, Cg), there 
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21 n 


from into C 


< n 

^2 

is 


-1 


^ such that 

for all weC^. Let lh^_J be a 




h 


is a homeomorphism M 

|T2(w) - T,[M2t^(w)]| 

finite subdivision of 

d 

oscillation of 1 = 1 ^ is > 4 n“' but < 8 n“'. Such a sub¬ 
division can be obtained by convenient association of consecutive 
arcs of an arbitrary subdivision of Cp in smaller arcs on each 


into arcs 

-1 


2 n 


in each of which the 

-1 


of which T^ has an oscillation < n ^. Then M 


2 ln 


each an oscillation > 2n but 




into an analogous subdivision th, J of C* 

-1 “ 

< 1 On 

are the images under M 


, > and T. has in 
-1 


w 




w 


I t 


1 ^ " 1 


of each h 


in 


2 ln 


The end points 
of the end 


points w^, w^ 
s = 1, 2. 


' ' of h 


2 n 


and hence 


T^ (w^) - T^Cw^)! < n 


-1 


S - 


1' 


we have used (iii) and 


For the definition of T in 
hence (T, - (T^, C^). Such an F-equivalence was proved in 

(iii) by defining for each n a convenient homeomorphism, say 


M 


here 
M 

Then 
all weC 


l 3 n 


from onto and, as in (iii), we shall define 


1 3 n using the particular system ' [h^^]/ 


|T(w) - T[M^3 ^(w)] 


< 3 

^. On the other hand, 
analogous system 


1 On 
M 


-1 


of arcs of 

-1 


1 


I3n 


of arcs of C* 

the mapping T has the same oscillation as 


[hin] 


rr 

•o 


(instead of 3 n~') for 
maps into an 

such that in each h 
T on h 


fore > 2 n ' and 
end points of h 


< lOn 


-1 


in' 


3 n 
there¬ 


in addition, if w 


I T.rl T 


3 " 


w 


3 n 


we have T(v;^ ) = T(w^), s = l, 2. 


Analogously we can define (see vi) a homeomorphism M 
onto Cl mapping 


mcLppj.ii^ into a system V-'.L V-r WX ^ * 

Thus on each h|^^ = (w^Wj[' ) T has the same oscillation as on h 


[h^n^ 


24 n 
of arcs of 


from 


o 


(w^W^ ' ), 


-1 


2 n 


hence > 4 n^' and < 8 n"' . Also T(wp = Kw^)^ s = 1, 2 
According to the end remark in the proof of (iii) we can suppose 

Then 
where 


independent of the definition of T inside 

' " ' < 10 n"' + 2 co(n‘^ ) 


T(w) - T[M 2 i;j^(w)] 


for all v;€C 


k 


03(5) is the modulus of continuity of T in C|^ 


Thus = ^ 24 n^ 2 ln^l 3 n ^ homeomorphism already completely 

defined from C* onto CjJ, mapping [h^^] into [h^j^] • We 
have ITCw®) - T(w^)| < |T(w®) - T(w®)l + |T{w^) - T(w|)| + 
IT(w®) - T(w?)l< 0 + n”' ■ " ~ 


tions of T in each h 


we have lT(w) - T[M*i^^(w)]| < 


+ 0 = n 

and ht 
3 n 4 n- 

< lon 


3 = 1 , 2 . Since the oscilla- 


are < 1 On 


+ n 


-1 


-1 

-1 


+ 8 n = 19n 


and < 8 n 

-T 


-1 


for 


every weC*. By Note 1 we know that we can define a subsequence 

uniformly convergent toward a homeomorphism between 

C* and C*. We shall suppose that the mapping T is defined in 
“ ^3 using (v) and also that the homeomorphism from C* 
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onto Cj there utilized is M 


homeomoi^hism 


n 


n = n 


•k 


*1^. Then for each there is a 

from C- onto mapping 




into f 

h, , hi.„ of arcs of Ot and C* 


3n" ^'4n 
shall take 


3 


and C 


^3^n ^3^n 


between h 


4 - 


-1 


and since the definition of between any pair 

is arbitrary (see iii), we 

i.e., between 

In addition we have |T(w) - T[M^i^j^(w;J | < 3 • '> 9 n 

-1 ,, „ - is a homeo- 

we have 

is identi- 


3 n 

|T(w) - TCMgi^^Cw)] 


n = 




for every weC^- Now = i^ 24 n^ 3 lni“l 3n'^2ln' 
morphism from onto itself, and, for every weC*, 

M^(w) = = w; i.e., 

cal on C*. 
we put w' - 
Mr’._(w'''), we have 


On the other hand, if, for every weC^ and n = n 
= M.,„(w), w" = M,,„(w'), w'" = M,, (w"), w* = 


k 


2 In 


I 3 n 

IT (w) - T(w*) 


34 n 

< IT (w) - T(w' )| + 


3 On ' = 11 8n ' 


^24n — 

iT(w') - T(w'*)l + |T(w") - T(w"')l + |T(w**') - T(w*)| < 
n”^ + 30 n"^ + 57n"^ 
n8n"^ for all n = n^^ and w€C2* 
the homeomorphisms H^ (viii) is proved for T^, T^ open. The 
contrary case is simpler and left as an exercise. 


i.e., iT^Cw) - T[H^(w)]| < 
By obvious renumeration of 


NOTE 3. All statements (ii) - (vii) can be extended to the case 
where the circles C^, are replaced by closed simple Jordan 
regions J,, Ji C (12)°- Indeed by (6.1, 1 ), there exists a 
homeomorphlsm H of Jg onto C2, which maps onto • 


NOTE 4 - All statements (il)-(vli) concerning closed curves have 
their analogues concerning open curves. Then C^, C2 are re¬ 
placed by any two rectangles R,, R2J as R, = [0 < u, v < 1], 

R =[o<u<2, o<v<ll. Let Sj = [u= 1 , 0<v< 1], 

= [u = 2, 0 < V < 1], S3 = [1 < u < 2, V = 0], si^ = [1 < u < 2, 
V = 1]. Then, for instance, the following statement ( 111 )' 
corresponds to (ill) above. 

(ill)' Given (T,, R^), there exists (T, R2) such that 

(1 ) (T, R, ) = (T,, R, ); 

(2) (T, Sg) is light, T is constant on 
S3 and Sjj^; 

(3) (i Rg) ~ (Ti. R, ); (T, Sg) ~ (T^, s, ); 

( 4 ) T(R2 - Ri) = Ti(s, )• 

The proof is quite analogous. The reader may complete the re- 
maining obvious statomonts * 


NOTE 5. Statement ( 11 ) states that any closed curve not reduced 
to a point has a light representation. The same for open curve 

by using Note 
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NOTE 6. The statements ( 1 ) - (vli) imply that any two curves 


c^ 7 C^, Cg: (T 

equivalent, are homotop in the set 


Cg) which are Lebesgue, or Frechet 


implies c 


2 
and 


1 


- o^(E) 


H = [c,] = [c ]; 


(2.6; 8.13). 


that is, 
In the case that 


are Lebesgue equivalent, the result is contained 


"^2 

in (iv). If 0^,0^ are F-equivalent, and we use the nota¬ 
tions of the proof of (vii) (where is defined only on 

then we have 


c!), 


1 


(T,, C^) - (T, C*) - (T, C*) - C*). 


Analogously for open curves c, : (T, I^ ), c^: (T, I^), where 

I^, I^ are closed (one-dimensional) intervals, v;e have that 

^ c^ implies c^ = c^di). The proof is the same as above 
by using the observation of Note 4 . 


37-2. A Particular Representation of a Retraction 

Let (T, J) be any c. mapping from a simple Jordan region J C into 
with L(J,- T) < + oo; (T', J) an open non-degenerate retraction of 
(T, J) made with respect to a continuum K C J which is the sum of con- 
tlnua g€r(T, J) and satisfies condition P with respect to (T, J) (36.2); 
(T'', Q) any almost conformal representation of (T', J) on the unit 

square Q, thus (T', J) - (T'', Q). Let [7] be the countable collection 
of all components 7 of J - K, [g] the countable collection of all dis¬ 
tinct continua ger(T, J) with F(7) C g for some 7€[7]; [g'J the 
collection of all distinct continua g'er(T', J) containing elements 
g€[g] (36.2, iv); T the one-one correspondence betv;een r(T', J) 

and r(T'*, Q) defined by (3i.4‘, i); [g"j the collection of all con¬ 
tinua g'» = T(g'), g*e[g']; [w] any collection of points w= (a, 0 )€g*', 
one for every element g''G[g'']; hence [w] is a countable collection of 
distinct points w = (or, p)€Q, and we may suppose that weQ* whenever 

g*'Q* =1 0. Let la], [p] be the collections of all distinct abscissas a 
and ordinates ' p of the points w = (or, 3 )€[w]; H the monotone mapping 
defined in ( 35 .?) relative to an arbitrary square R, the mapping (T'', Q) 
and the collections [a] and [p]; hence, if A, B, B^ are the sets 
defined in ( 35 - 7 ) we have Q = H(R), A = B^B^, B = B^ + B^ - Let (T'", R) 
be the corresponding mapping defined by T* ' ' = T' 'H. 

(i) THEOREM. Under the conditions above, there exists a c. 

mapping (T*, R) with (T*, R) (T, J), (T*, R*) - (T, J*), 

(T*, R - A) = (T''', R - A). Thus the components x, 
y, z of T* possess ordinary first partial derivatives 
a.e. in R - B, we have E = G, F = 0 a.e. in 
R - B, and 
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L(J, T' ) = L(Q, T* ' ) = L(R, T' * * ) = 2'^ • (R - B) / (E + G) dudv- 

In addition for each yelr] there is a linear 
mapping t: u' =iyiu + N, v' =Mv + N*, 0 <M< 1 , 
such that, if 7' = tr^ we have 7* C A, 

T*(u', v') = T(u, v) for every (u, v)e 7 , 7 e[ 7 ]- 


PROOF. We shall define T* on R - A by the relation 

for all veR - A. Thus T* is defined on the boundary 

rectangles r which are the components of A ( 35 - 7 )' 
is contained in one of the continua of constancy 
fore, T* = T'*' is constant on r*. If g*** is not in 
be constant on r and equal to T'**. If g''*e[g'**] 

H(g* ^ ' )e [g'' ] and g* = (g* ' ) = t ^H(g'' *)e[g'] • 

contains an element ge[g] 


T*(w) = T*''(w) 
r* of each of the 
Each rectangle r 
of T*'* and, there- 
[g**M let T* 
then g * * = 

By (36.2, iv) g' 

Thus the collection 


[c] of all components c 

O 


and g separates J. 

of J - g contains at least two elements and 
at least one is an element 7€[7]« On the other hand, at least one c 
is not an element relr], otherwise we would have K = g and T' would 
be the constant mapping with T'(j) = T(g), while we have supposed that 
T’ is open non-degenerate. Thus the collection divided into 

the subcollection [7]^ of the components c = 7 which are elements 


g 


7e[7], and the complementary collection 
In addition g' = g + 27 where 2: ranges over all 
[c'l contains only one element c' since T' 


i.e., 


g 


[c]g = [r]g + 
7e[7] . Note that 

O 

is open non-degenerate 


[cM 


g 


is a c. mapping 


Let us put KgQ = KgQ + g' and = g + C. By (36.2, ii), both V 

and K ^ are subcontlnua of J, are the sums of continua ger(T, J), 
and satisfy condition P with respect to (T, J) (36.2). The retrac¬ 
tion (T , J) of (T, J) with respect to K 

.g^ Tg(Kg^ ) = T(gt 

Thus for every g'''G[g'''] we have considered the corresponding set 
K = g> = i"^H(g''')e[g'], K,_C Jj and we have defined the retraction 

(T 


which is constant on and 


"b- V’ ■ V’- 


■go 


' , J) of T with respect to = g'- 


Let us consider now the rectangle r contained in g''' and any linear 
mapping t: u' - Mu + N, v' = Mv + N', o < M < 1 , such that = t(J) 
is completely in the Interior of r. We shall define T* on by the 

relation T*(w) = Tg[t"Vw)] for all weJ^, i.e., T* = 
now to define T* in the regions r - J^. 

We shall say that the case ^ occurs if for all refrJg the set 77* is 
empty. This implies 7 C J° and J* C . Then T^ is constant on J*; 
T t”^ is constant on J* and ^ T(g). Thus T* has 

the same constant value on r* and on J*, and hence we may define T* 
in r - Jq as the constant mapping with T*(r - J^) = T(g). 
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We shall say that the case 2 occurs if for some the set 77* is 


non-empty 
arcs 77* 
arc on 
and 


Then we shall consider on J* the minimal arc h covering all 
and whose end points are on g. Thus h„ = t(h) is an analogous 


J*. Then T„ is constant on J* - h, T^t“^ is constant on J* - h 

/ ^ V ^-1 / X / ^ 00 

Tg(J* - h) = Tgt (J* - h^) = T(g). Let us observe that in the present 
case 2 we have necessarily gj* + 0 , g'J* + 0, g"Q* f 0, the correspond¬ 
ing point w = (cc, p)€[w], W€g'', is a point weQ*, and thus r has at 
least one side on R*; namely, an arc h' = which is one side of 

r or the s^jm of two consecutive sides of r, We shall define t* on 


h^ = r*R* in such a way that (T*, h' ) 
defined everywhere on r* and we have 


(T, h) - (T , h). 


Then T* i 


(T*, r*) 


(Tg, J*) 


(T_f 


By ( 37 -vii) we can now define T* on r - J in such a way that 




(T*, r) 


(T„t \ 


there are two arcs h 


(T , J). By the proof of ( 37 - 1 , iii) we know that 




g 

hg joining the end points w , w^^ 


of h to the 


end points w|, w^ of h', dividing r - J into two Jordan regions 


J,, jg 

jp* = (J* - h ). 


such that Jp* = h', J*r* = r* - h' + (wj ) + (v/p, J* = h^ + h' + h 


] 

(r* - h') + h^ + 


and 


, ] + (v/^), J* 

T* is constant on J, 


v/ith 


T*(J2) = T{g). In such a way (T*, R) is completely defined and is 
single-valued and continuous, the latter as a consequence of (36.1, i). 


We observe now that T* may differ from T''* at most in the rectangles 
r which are the components of A = hence T»(w) = T''*(w) for all 

weR - A, with R-A 3 )R-B, B = B^ +B2. Since for each point 
^0 ^ ® segments s^ = [u = u^, 0 < v < 1], 

Sg = (v = Vq, 0 < u < 1], belong to B^ and B^^ respectively, hence 

3^ + 3 ^ C R - A, we deduce that x*, ..., z* exist in K whenever 
x^", zp ' exist and = x^", z* = zp ' . Since (T", Q) 

is almost conformal, we have E'' = G'', F'' = 0 a.e. in Q, and 

L{J, T* ) = L(Q, T* ' ) = 2 ^ ■ (Q) / (E'' 4* G^ ' ) dudv- By ( 35 . 7 ) we conclude 

that E* = G*, F* = 0 a.e. in R - B, and L(J, T') = L(Q, T*') = 

L(R, T*") = 2'^ . (R - B) / (E* + G*) dudv. 


We have only to prove that (T*, R) - (T, J). 

For every integer n there are at most finitely many sets 7€[7] with 

diam T(7) > n"^. Thus we shall denote by [g] the finite collection of 

those g€[g] such that diam T( 7 ) > n" for some 7€[7] with F(7 ) C g. 
Let tg']^, [g''Jj^^ ^^^n the corresponding collections of 

distinct continua. Since the sets g'€[g']^ are disjoint, the number 
d^ = min{g], g^)rp, for all g| + g^, g|, g^€[g'], is positive. Let h^ 

be an integer such that 3h”^ < d^ . 

Let us consider the correspondence t which is supposed to have been de¬ 
fined as in the proof of (31-^, i). Therefore a coiantable everywhere dense 
set (w) of points wgJ is given as well as a sequence, say here 
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[H^], of homeomorphisms H^ from J onto Q such that | T* * [Hjj^(w)] 
T'(w)| < m for all wej and m = 1, 2, ... . Then a subsequence 

has been chosen such that lim H^(w) exists as u-> « for ever7 



(31*4, 1 ). For the sake of simplicity we shall suppose that [IL ] coin¬ 
cides with [H^]. ^ 


For every g'efg']^ and for every integer h let us consider, as in 
{31*4, i), the set M^(gM which is the closure of the set 
all points wej with {g', w),p, < h"^ and the sets 

^ohm^^'^ " already that is a connected set open 

in J, that is a continuum, and thus ^ connected set open 


in Q and a continuum. In addition 

contains (infinitely many) points we{w), the set 
m -^ cx> is non-empty and then sup 


^‘hm ■^‘^h+l,m 
the set lim inf M 


and since M 


oh 


ohm 


as 


as m 


continuum^ 


3 ^ 


h+i 


and g’’ = T(g') = lim as h 


—> ® is a 
®. In add- 
If we take 


ition contains all points weQ with (g'S v),p,, < h” . If we 

h > h the sets Mj^(g') for all g'e[g'] are certainly disjoint. 


For every g'€[g']^, let p = T'(g') = T''(g'') and w^ be any point 

'^o"^o,6h = ^o,6h^S'^’ w^€(w). mien the limit = lim = lim H^(Wq) 

as m —> °° exists and we have w^^ = 52^ ^ for every m, 

w^GXgh = ^52i(g')* Let U be a closed circle of center w^^ and radius 
small enough in order that its image under T'' is contained in the sphere 
of center T''(v^) and radius (6h)"\ and let V = UQ. Then for all m 
large enough all points w^^ are in V. Since end both 


and V are continua, also 
Finally for every 


^6h ^ is a continuum and + V. 

we have |T''(w) - p| < (6h)“S for every weV 


we have 
2(6h)"' 


T"(w) - pi < lT"(w) - T"{w')l + lT"(v') - pi < {6h)"' + (6h) ' 
hence iT’'(w) - pi < 2(6h)" for all wgX^, + V. If k denotes 


+ (6h) 


-1 


the set L = k^ = (x^^ + V) then also k is a continuum and we have 

T'(v) - pi < iT'(w) - T''[H^(w)]| + |T"[H^(w)] - pi < m“' + 2 ( 6 h)"', a 


6h 


+ 2(6h) 


and 


hence iT’(w) - p| < 3(6h)"’ for all m > 6h and all points wek- Since 


we have w^ek and hence On the other hand, since 

Wo^Mq there is a continuum c with w^gc, g'c 4 0 such that 
diam T'(c) < (6h)”^- Therefore c + k is also a continuum with g'(c + k) 4 0^ 
and now we have |T'(w) - p| < (6h)”^ for every wgc; |T'(w) - p| < 3 ( 6 h)"^ 
for all WGk; hence iT'(w) - p| < ( 2 h)”^ for all wgc + k, and 
diam T'(c + k) < h”^. As a consequence we have c + k C 
g" C ^6h C for all m large enough- We shall fix m in such a 

way that g" C x^^^ C m > n- 


Since is a connected set open in the Jordan region J, by (36.1, Note) 

there exists a sequence [q^J of sets q^ open in J such that q^ is a 
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finitely connected Jordan region and such that C C J, q,^ C qg^^, 


'Is 

q 


t M 


as 


sm 


oh 

is open in 


—> », 

Q, q 


Then, if q = ^e have 


"^sm ^ ^^ohm 


sm 


^sm ^ ‘^3+i,m^ "^sm ^ ^ohm 


is a finitely connected Jordan region, and 
as s -Since g', g'' are compact, 


r-i 


oh^ 


M 


ohm 


are open in Q and J, and g- C g" C M 


an s large enough in order that g' C q^ C M^j^, g 

" C q^ C M 


q = q 


3^ ^ ^ 


sm^ 


hence g' C q C g 


ohm' 
' ’ C Q 


•sm 


there must be 
^ ^ohm- Let 


ohm* 


We shall now consider the monotone mapping H defined in ( 35 - 7 ) relative to 
the mapping (T'', Q), the square R, and the countable collections 
[a], [p], such that H(R) = Q, T'" = T''H. The rectangles r (components 
of the set A) contained in the continua g'' * e [g' ' ' form a finite 
collection, say [rJ^^. If we denote by (instead of H^) the 

sequence of q.l- homeomorphisms from R onto Q defined in ( 35 - 7 ) and 
approaching H, we may suppose m' large enough in order that 
l'pMi(w) - T'' [H*^t (w)] I < n”^ for all weR, and in order that all 
re[r]j^ are mapped by H^i onto rectangles r^t containing the correspond¬ 
ing point w€[w]^ (belonging to g"e[g"]n). Since diam r^, - 0 as 

tn* ->00 and weg" C q^, hence (w, F(q^)} > 0 where P(q^) = ^ 

is the boundary of q^ in Q, we can suppose m' large enough in order 
that we may have also r^i C q^, and this holds for all 
corresponding q^* 

Since = r^^, C q^ = ^ ^ ^* ^ 

the homeomorphism from J - zq onto R - zq' (where z is extended over 

all regions q, q' defined above) defined by H = 

W€J - zq we have T(w) = T'(w) and, if w" = H^(w), w'" = H^V^(w"), it 
happen that w’''eR - A, or w^'^eA. In the latter case we have w'''Gr, 
with rG[r] - [r]^^ and then if w* is any point w*Gr*, we have 
It* ’ ' (w' * ' ) - T*(w' " )l < IT^ * ' (w' * ' ) - T' " (w*)| + IT" * (w*) - T*(w*)| + 
1 T*(w*) - T*(w'")I < 0 + 0 + n”^ = n"^. In the former case we have 
T' " (w " ' ) = T*(w' " ). Therefore in either case we have |T(w) - T*(w' " ) | 
lT(w) - T’ (w)l + IT^ (w) - T" (w" )| + IT" (w" ) - T" ' (w" ' )1 + |T" ' (w" ' ) 
T*(w"')! < 0 + n"^ + n”^ + n~* = 3n”^ . For each wg(J - Zq) - K, w belong 

to some 7 G[r] - [r]j^ and hence if w* is any point w'GF(r) and 

w" = Hj^(w), w' " = H^ 7 ^ (w" ), we have |T(w) - T' (w)| < |T(w) - T(w' )| + 
iT(w') - T'(w')l + |T'(w') - T'(w) I < n"^ + 0 + 0 = n'\ and finally, as 

before, lT(w) - T*(w"*)l < n“^ + n"^ + n"^ + n"^ = . Thus 

It(w) - T*[H(w)]| < 4 n“^ for all wgJ - Zq. 


Let us consider now any ge[g]j^ and observe that we have the decomposition 
[c]„= [7]-+ [c*]. Let us prove that all components cg[c] of J-g 

O O S O 

separating E^ are elements /^[r] and hence elements Indeed 

first we must have cc* = 0 and thus F(c) = c* separates all points of 



542 CHAPTER X. THE REPRESENTATION OP GENERAL SURFACES AND THE THIRD THEOREM 


c from Ep - J 


in E 

tention is not true. 


On the other hand, having supposed that the con- 
c is not a continuum of constancy for T*. Hence 
p(c) = c* is contained in a continuum g'er(T', J) which does not cover 
c, and thus at least one point w'ec is separated by g* 

E 


from Ep - J 


in 


-p. That is g' separates Ep and T' is not open non-degenerate, a 
contradiction. Thus the contention is proved, and hence the components 
C6[c]^ which are in tC] are not separated from E 


by 


cc* is an arc of J* (or cc* = J*). 


2 


and hence 

This implies that K = g' = g + zy, 
does not separate Ep and, as in ( 36 . 3 , Note), there is a sequence [f ] 

of sets f_ open in J, such that f^ is a simple Jordan region, 

^ J ^nd fg J, - g*. We can fix 3 large enough, in order that, 

we have g' C f C q C J. Since t(J) C r°, 
o 


s 
if 


s 

3 + 1 ^ and 
f = f_ 


f' ' = t(f) C 


Let 


Since t(JJ C r'', we have also 
6 > 0 be a number such that w, w'eJ, |w - v'| <6, 


implies |T(w) - T(w‘)| < n 


-1 


.0 


Let ra be a homeomorphism from f onto a 


region f C f such that |m(w) - w| < 6 for all wef (6.1, iv). 


Let us consider any ge[g]^ for which case 1 occurs, and let H be de¬ 
fined by H = t from f onto f'»* = t(f»). Then H is defined between 

the boundaries of the finitely connected Jordan regions q - f and 

q"^ - f ' '', as in (6.1, i), and thus H can be extended arbitrarily be¬ 
tween these regions. For every weq let w* = H(w). If weg'f, then 

w* = t(w), and T(w) = T*(w*). If wef* - g' then w* = H(w) = t(w)Gt(f*) - 

t(g') = fill _ t(g'), w belongs to a component ^ of f* - g* where T* 
has an oscillation < n \ and T has an oscillation < 2n~^. Indeed 
T' has an oscillation < n ^ in any component of q - g* and the resxilt 
for T follows by the usual reasoning since each point we^ either belongs 
to K or to a component 7el 7] - Thus if w* denotes any point 

w'€F(^i), i.e., any point of the boundary of 4 in f*, we have w*eg, 

T(w*) = T(g) = T'(g') = p, |T(w) - p| < n‘^ T*(w*) = p, and thus 
|T(w) - T*(w*)| < n If wef - f and weg', then there is a point 
weg with |w - w| < 25 . Indeed the point w' = m(w) is in f and, if 
no point weg is in the segment s = (ww*), then let w'* be any point 
w**€3f'* and let w**' be the point w'** = m“Vw**), w*''€f*. Since 
g C g' C f, either w'''eg, or w'''ef - g and then there is a point weg 
on the segment s' = (w*'w''' Thus |w-w| < | w-w''| + |w'' - w| < 

6 + 6 = 26. As a consequence we have |T(w) - T(w)| = |T(w) - p| < 2 n"^. 

Analogously, if w*ef*' - f'*, w*et(g'), then we have |T*(w*) - p| < 2n“^. 
Finally, if wef - f, wef - g', then as above we prove that |T(w) - p| < 
n~\ and if w^ef' ' - f'', w*ef** - t(g'), then T*(w*) = p. Therefore 
we have |T(w) - T*(w*)| < |T(w) - p| + |T*(w*) - p| < 2n"^ + 2n“^ = hn~'^ 
for all wef - f*. Finally, if weq - f, we have |T(w) - p| < n"^; 

if w*eq' - f*'', then either w*er - t(g'), or w*et(g'), or w*eq' - A, 

or w*€r' for some r' + r, r'e[r] - Er]^. In the first two 
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cases we have T*(w*) = p, |T*(w*) - p| < 2n”\ respectively, as we have 
already seen. In the third case. If w'* = we have 

and lT*(w*) - p| = |T***(w*) - pi < |T'*'(w*) - T''(w'')| + |T'*(w'') - p| 
n~^ + n”^ = 2n~^. In the foxarth case, if w' is any point w'er'*, and 
w’'€H^ 7 ^(W'*), we have |T*(w*) - T'*'(w*)| < |T*(w*) - T*(w')l + 

IT* (w' ) - T' ' ’ (w' ) I + IT' ' ’ (w * ) - T' ' ' (w*) I < n~ ^ + 0 + 0 = n~\ and, as 

above, |T*(w*) - p| < |T*(w*) - T'*'(w*)| + lT'''(w*) - p| < n"^ + 2n”^ = 
3n"^. Therefore we have |T(w) - T*(w*)| < |T(w) - p| + |T*(w*) - p| < 

n”^ + 3n"^ = Un”^ for all weq - f. We conclude that for each ge[g] 

— 1 

for which case 1 occurs we have |T(w) - T*[H(w)]| < hn for all weq. 

Let us consider any g€[g]^ for which case 2 occurs. Then, as in 
( 37 - 1 ; iii), there is a Jordan region aj^d a system of lines 

h = (w'ww^ ' ) joining to r* with w'ej^*, wej^, w''€r* (h^ and 

h^ are in two of these lines) and there is a mapping t from onto r, 

which is Identical on and maps each arc (w'w) of h onto the whole 

arc h = (w'ww'*), and such that |T*(w) - T*[t(w)]| < n"^ for all wej^. 
Since T'(w) = T*[t(w)] for all wej, we conclude that |T*(w) - T*[Tt(w)]| 

• ^ O O 

n for all weJ. Let us observe that f* can be thought of as the sum 
of two arcs h^, h^ having common end points w',w'', with h C h^ C J*, 
and h|^ C + (J* “ ^3) ) + (w' ' )• If w^, w^ are the end points of 

h, we may also say that f* is the sum of two arcs h, h^, having common 
end points w,, with h,^ C J° + (J* - h) + (w^ ) + (w^)- Finally, we 

shall define the homeomorphism m as above so as to be identical on h, 
and replace hi| by an arc h|J^' having the same end points w^, w^ and 
lying inside f otherwise; i.e., h|J' C + (w^ ) + (w2). Let f = m(f) 
be the new region and let f* = t(f), f'' = t(f'). We shall define 
H = Tt from f onto + f. Thus H is defined between the boundaries 

of the Jordan regions q - f' and q' - (J^ + f» ' ' and we can extend H 
arbitrarily between q - f and q' - (J^ + f'*). For every weq let 
w* = H(w). If weg' then w* = Tt(w) and |T(w) - T*(w*)| = 
lTg(w) - T*[Tt(w)]| < n In all other cases a discussion analogous to the 

previous one (case i) holds. Thus we may conclude that for every weq we 
have |T(w) - T*[H(w)]| < hn~\ 

Now H = Hj^ has been completely defined as a homeomorphism from J onto 
R and |T(w) - T*[H(w)]| < 4 n ^ for all wej. Since n is arbitrary, we 
conclude that (T, J) - (T*, R). The relation (T, J*) ^ (T*, R*) is a 
consequence of the previous one ( 31 i). Thereby (i) is proved. 


37■3. The Third Theorem 

We shall use the same notations as in ( 35 - 2 ). Thus a mapping (T, A): x = 
x(u, v), y = y(u, v), z = z(u, v), (u, v)eA, from any admissible set 
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A C E^ into E^ is said to be generalized conformal provided the first 
partial derivatives exist a.e. in are L^-integrable in 

A*^, and E = G, P = 0 a.e. in A*^. 

(i) THE THIRD THEORM. Given any c. mapping (T, A): p = 
p(w), W€A, from an admissible set A C E^ into E^ 
with L(A, T) < + 00, there exists a generalized con¬ 
formal mapping (T^, A): p = p^(w), weA, with 
(T^, A) ^ (T, A), (T^, AA*) = (T, AA*), and L(A, T) = 

L(A, T^ ) = I(A, T^), where I(A, T^) is the classi¬ 
cal area integral for the mapping T^. 

(ii) COROLLARY'. Every Frechet surface S, l.e., every 
class of F-equivalent mappings (T, A): p = p(w), 
weA, from an admissible set A C into E^, 
with L(S) < + 00, has a representation 
(T^, A^): p = p^(w), weA^ which is generalized con¬ 
formal and L(S)=L(A^,T^) = I(A^, T^); i.e., 

the Lebesgue area is given by the classical integral. 

This statement is an evident consequence of (i). Here A^ denotes any 
arbitrary admissible set A^ homeomorphic to A. 

PROOF OF (i). We shall first apply ( 35 - 5 ^ i) to the mapping (T, A), that 
is, i) with G = A° and ( 35 . 3 > D* If (T', A) denotes the new 

mapping, we have (T', AA*) = (T, AA*) and (TS A) - (T, A). By the 
proof of (35.i) we know also that is constant on all closed squares 

q of a countable system [q] of disjoint closed squares q C A*^ with 
|A*^ - £q| = 0. As we know from the proof of ( 35 - 3 > i)> the squares q have ^ 
also the property that each point weq* is a point of accumulation of other 
squares q' as small as we want. Hence in each open connected subset 
G C A*^ not completely contained in a square q, there are infinitely many 
squares q'e[q] as small as we want. 

Let us apply ( 23 - 3 ^ ii) to the mapping (T', A) with e = 2“^ and denote 

by T^ ' the c. mapping that we have denoted by T^ in (23.3, 11 ). Then 

(T'S AA*) = (T', AA*) and, by ( 31 * 7 , Note 3), also (T'*, A) - (T', A). 

Let [c] be the finite system of all disjoint simple pol. regions c 

defined in (23.3, ii), and, for each c, let us consider the auxiliary 
system of Irj^-coordinates in E^ such that the corresponding equal squares 
Q C E^ are parallel to and projecting on a square of the ^n-plane 

E^^. If C is the continuous closed curve which is the image of c* under 
T and C* its projection on the In-plane then C is rectifiable 

and we have also tC'] C Q*. In addition | 0 (p; C')| = m for all f 
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ra > 1 , and hence C is not nulhomotop In Q* (i7-2, 11 ). By (36.19, ill), 
for every celc), there Is a continuum K C c, which Is the sum of contlnua 
ger(t'', c) and satisfies condition P v/ith respect to (T'', c), such 
that the retraction (T'", c) of (T", c) with respect to K Is open 
non-degenerate and the boimdary curve = 0 T''' has a projection 
on the In-Plane E^3 with [C^J C QJ, ^ C'[Q*] and hence {8.11., Iv) 

10(p; 0^)1 = |0(p; 01 = m > 1 for every peQg- 

By (23.3, ii) we know that c is interior to a simply connected set P and 
that T'' = T' in A - zp (23. 1 3). For every P, let ((u) be the 
cyclically ordered collection of all prime ends of p* _(in p) and (E^^) 
the corresponding collection of all sets E^ C P* relative to the prime 
ends Then T' is constant on each E^ and C: (T', (E^) ) ( 23 . 9 ). 

Since C is not reduced to a point, T' is not constant on p*, and this 
implies that the simply connected set P cannot be contained in a square 
q. As a consequence there are in P infinitely many squares q as small 
as we want. Since c is any simple pol. reg. interior to P (23.13), ve 
may assume that c contains in its interior at least one square q. We 
shall now apply ( 37 . 2 , i) to the mapping (T'', c) and the square R = q. 

Thus we shall have a representation (T^'^, q) of (T'', c) as in ( 37 . 2 , 1). 

By (T^^, q) ~ (T", c) it follows (T^'^, q*) ~ (T", c*) ( 31 .**, Note) 

and hence, by (37.1, viii), we can define T^^ in c - q so as 

(T^^, c) ~ (T^'^, q) ~ (T", c) and (T^^, c*) = (T", c*). Finally, we 

shall define T^''^ in A - Zc by putting T^''^ = T'' there. Thus (T^'^, A) 

is completely defined in A, is single-valued and continuous in A, and 

(T^'^, AA*) = (T' ', AA*). 

Let us prove that (T^^, A) ~ (T", A). Indeed, for every n and c, by 
(37*1^viii), ther© is a hornsomorphism H from c onto itsGlf, idontical 
on c* such that |T^^[H(w)] -T"(w)| < n”^ for all wee, C6[c]. Thus 
if we define H to be identical on A - Zc, we have a homeomorphlsm H 
from A onto itself such that T^^[H(w)] = T"(w) for every^ veA - zc, 
and hence |T^^[H(w )]-T’’(w)|<n^ for all w^A. Thus T* ~ T' ' . 

Since has been defined in the chosen square q C c*^ by using (37-2, i), 

there are in q the subsets C q open in q, B = B^ + B2, 

Aq = B^B^, such that the components x, y, z of T''* have, a.e. in the 
compact set = q - B, their first partial ordinary derivatives 
x^, ..., z^, L^-integrable in and E = G, F = 0, a.e. in . In 

addition 
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For each c let te the countable system of components y of c - K 

and [g]^ the countable system of all contlnua ger(T*S c) with 
g 3 F(r) for some ye[y]^ where Fiy) is the boundary of 7 in c. As 
we know from the proof of (36.19, iii) in particular of (36.6, i), for each 

of the collection of the components of c-g^ one, say y , 
contains K - g, all others are those components 7 of c - K with 

^ g, g^fg^Q- If KgQ = g + Zy, = g + 7 q, where Z ranges over 

all 7 now mentioned, we have = g, K C and there is a rec¬ 

tangle r, which is a component of A^, and a linear mapping t: u* = Mu + N, 
V* =Mv + NS 0<M< 1, such that the set = tCK^^) is completely In¬ 

terior to r [even c* = t(c) is interior to r] and T^^ = T**t’^ in 

K' * 
go 

Let us denote by the set (A - sc) + ss*r, where z ranges over all 
C€[c], and s' over all open rectangles r which are the components of 
Aq. The sets A - sc and ss'r are disjoint (even their closures are dis¬ 
joint) and both are admissible sets ( 5-1 ). There are no difficulties in 
considering the set G^ as an admissible one and thus we shall consider 
the c. mapping (T''*, G^). 

By ( 31 - 7 , 11 ) we have L(A, T) = L(A, T') = L(A, T") = L(A, and, by 

1 ) and {2k.i, i), also L(A, T") = L(A - Ec, T" ) + EL(c, T"). By 
(36.3, 11 ) we have, for every C€[c], L(c, T") = L(c, T''') + L(c - K; T'") 
and, by {2^.k, i), L(c, T") = L(c, T'") + E^L(r, T"') where z Is 
extended over all components 7€[7] of c - K. If 7' = t(7) and^ (7'] 
the corresponding collection of sets we have L(7, T''') = L(7', T^^), and 
hence L(c, T' ' ) = L(c, T" ' ) + E^,L(7', T^'^) where , ranges over all 
sets 7 'e[ 7 M each contained in some rectangle r. Therefore, by (21.4, 1 ) 
again, we have L(c, T'* ) = L(c, T"*) + 2:'L(r, T^^). Since T" = T^^ in 
A - zc, we have also L(A - lc, T' ' ) = L(A - zc, T^^). By combining all 
these relations we obtain L(A, T) = L(A - Zc, T^^) + ZL(c, T*'') + zz'L(r, T^^), 
and, by ( 5 . 14 , 11 ), also L(A, T) = L(G^, T^^) + ZL(c, T*''). Finally, by 
(1 ), we have 

(2) L(A, T) = L(G^, T^^) + 2"VzU, ) / (E + G) dudv, 

where the range of Integration is the finite sum of the various closed dis¬ 
joint sets U^, C q C c, ce[c]. 

Since we have applied (23.3, il) we know also that zmlQ^I > L(A, T) - e 
with € = 2■^ Hence (2 "M(j:U, ) / (E + G) dudv = EL(c, T'") > EL(c, T' " ) 
where T^ ' * is the plane mapping which is the projection of T* * * on the 
auxiliary ^ri-plane E^^*. Since L(c, T^^*) = W(c, T^^ *) > 

(E^^) ; |0(p; C^)| dldri = m|QQ|, we conclude that 


(3) 
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2 "^ • (ZU^ ) / (E + G) diidv > ZmlQ^I > L(A, T) - 2 ~^ . 

By (2) and ( 3 ) we conclude that 

(iv) L(G,, < 2"’ . 

Let us observe also that by ( 23 - 3 , H) we have dlam T"(c) = diam T'O) = 
diam T^’^(c) < € = 2 "’, while T" = T' in A - z;p, and t" = T ^ In 

A - Sc. As a consequence we have d(T', T'', A) < 26, d(T'', T , A) < 26 

and hence d(T', A) < U 6 = 4 • 2 "'. We shall denote by (T,, A) the 

mapping determined above; thus (T,, A) ~ (T', A) ~ (T, A). 

Let U3 observe that in A - zp we have not modified the system of squares 
q there existing and that in each r there is a system of squares q' 
obtained by the corresponding system of squares q' contained in the 
components 7 el 7] of c - K by means of linear mappings t: u' = Mu + N, 
v' =Mv+N', 0 <M< 1 (one for each r). Since no lower bound for M 
has been fLxed (Proof of 37 - 2 , i), we shall suppose to have chosen the 
constants M so small that the total area of such squares q' contained 
in zzr' is < e = 2”^- No system of squares q may exist in the sets 

p - c and r - Z7', but since these sets are covered by lines of constancy 

for T^ we shall not need to have squares q there. We shall denote by 
(r]^ the system of all rectangles r (components of the sets A^) deter¬ 
mined above. 

We shall now repeat on ^ same operations we have performed 

above on (T*, A), by using the nmber e = 2"^. We shall determine new 
sets ZU^ and Gg both contained in and a new mapping, say (T^^ G^ ) 

with G^G*). By the observation of ( 35 *^, Note) the new 

mapping T2 can be extended to A by putting T2 = T^ in A - G^ and 
thus (T^, A) is a single-valued continuous mapping from A, and 
(Tg, AA*) = (T.|, AA*). The same reasoning above proves also that (Tg, A) ~ 
(Ti, A). A new relation like (2) shall hold and then L(A, T) = L(G^, T^ ) + 
2 ^MsU, ) ; (E + G) dudv = LCGg, Tg) + 2 "''(eU, + EU^) / (E + G) dudv. In 
addition the components x, y, z of Tg have first partial ordinary 
derivatives a.e. in zUg, are L^-integrable in ZUg, and E = G, F = 0 
a.e. in ZUg. On the other hand, since Tg differs from T^ only in the 
set A - zc and in the rectangles re{r)^, the existence and values of the 
same derivatives in ZU.| are not modified. Let us observe, indeed, that 
if Wq = (Uq, Vq) is any point w^eZU^, then we have T^ = Tg at all 

points of the segments Sg, with = [u = u^, v' < v < v''], 

Sg = [v = Vq, u' < u < u*'], for convenient v*, v'*, u', u'* such that 
V* <Vq<v‘', u' <Uo<u''. In addition we have L(Gg, Tg) < 2 
d(T^, Tg, A) < k • 2'^. We shall denote by [r]^ the new system of 
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rectangles r. The squares, say q", contained in the rectangles re{r) 

have a total area < 2 "^. ^ 


By indefinite repetition of the above proced\ire we have, for each n, a 
c. mapping (T^^, A) and certain disjoint sets ZU and G , with 
(T^, A) ^ A), (T^, AA*) = AA^), Aj < 4 • 2"^, 

L(Gj^, Tn) < 2 . In addition the components x, y, z of have ordinary 

first partial derivatives a.e. in the n compact disjoint sets 

they are -integrahle there, and E = G, P = 0 a.e. in the same sets. 
We have also 



L(A, T) - L(Gj^, T^) + 2 / (E + G) dudv. 


If we denote by (r)^^ the system of new rectangles, then the squares, say 
q^^ , contained in them, have a total area which is < 2”^. 

By d(Tj^_,, Tj^, A) < 4 ■ 2"^, we deduce d(Tj^, A) < 4 • 2“^ for 

all h > 1, and hence T^^ where (T_^, A) is a c. mapping, and 

d(T_^, T^, A) < 4 • 2~^ for all n. On the other hand (T^, AA*) = 

(T^, AA*) for all n and hence (T^, AA*) = (T', AA*) = (T, AA*). 

By T ~ T' ~ T^ ~ ... ~ T we have ||T, T^^H = 0, and by d(Tj^, T^ A) < 4 • 2 
we have ||Tj^, T^|| < 4 • 2"^; hence we may deduce ||T, T^|| < ||T, T^^H + 

<0 + 4 . 2 -'^ for all n, ||T, Tj| = 0, and finally T ~ T^. 

Since differs from only in the rectangles outside 

the squares q, finite in number, containing the sets we conclude 

that coincides in ZU^ with and that for every point 

^o = we have at all points of two segments s.j, S2 

through as above. Thus the components x, y, z of T^ have, in each 

set ZUj^, the same ordinary first partial derivatives as T^. As a conse¬ 
quence the components x, y, z have ordinary first partial derivatives 
Xu^ •••> \ a.e. in the set where L(A, !)< + «>, 

L(Gn^ Tn) -> 0, E + G = x^ + ... + z^, the derivatives x^, ..., z^ are 

L^-integrable in addition E = G, F = 0 a.e. in the same set 

and, by (5) as n > we have 

(6) L(A, T) = 2"^ • ^ (E + G) dudv. 

Let us denote by U the part contained in PP of the closiore of the set 
Zn(2Uj^) and let us prove that |U - ^ Since each set 

is compact, we shall consider only those points w^^ which are points of 
accumulations of points ^o point of accumulation of 

points tielonging to original (different) squares q of the system 
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o 


of squares q considered in A", then either w^eEq* and 


Wq€A^ - Sq 


ui points belonging to different rectangles r€{r}^_ 

a point w^erelr}^ and is point of accumulation of points 


then w eZU^ 


Zq*| = 0, or 

and |A° - zql = 0 . If a point is a point of accumulation 

If 

belonging to 
- 0, or w 

Ls a point of the image under a linear mapping t, of a set A - zq and 
|t(A “ Zq)l = 0. Analogous reasoning holds for all those subsets of poin 


different squares q' C r,, 


then either w eZq'* 


and 


o 


Wq which are in an analogous situation with respect to the various sets 
EU. 


and r€(r}j^; 


n = 1, 2, 


w 


• • 


__ _ It remains to consider those points 

which are points of accumulation of points ^^^^n 

are contained in corre- 

are contained 


Then the points w 


n 


infinitely many values 01 n. 

spending squares ^ r^^^ and then also the points w^ 

in the set X of all closed squares q^"^ with n > m 

n^m —m— l 

large as we want. Such a set has total measure <2 +2 + 


that is as small as we want* 
for every m, and hence 


This proves that also 

= 0 . 


and m as 
-ra+l . 
-m+1 


• • • 


= 2 


|U - <0 + 2 


U - z(zv^) 


As a consequence we have that the partial derivatives x^, ... * z 
a.e. in U, are L^-integrable in U, and E = G, F = 0 a.e. 
addition we have L(A, T) = L(A, T^) = 2 ”’ • (U) / (E + G) dudv. 


^ exist 
in U. In 


00 


We shall consider the set G = A - U, which is open in A, and apply 
(35.4, i). Then we can define a c. mapping (T*, A) with (T*, A) ~ (T 
(T, A), (T*, U) = (T„, U), (T*, AA*) = (T„, AA*) = (T, AA*). Furthermore 
if X, Y, Z are the^components of T*, the ordinary first partial derive- 

tives X^, ..., 


A) 


'V 


exist a.e. in A 


o 




ft « 


’V 


a.e in 


L'^-integrable in A^, E = G, F=o a.e. 

2‘^ • (U) / (E + G) dudv = 2"'' • (A^) / (E + G) dudv. 


and = •' * 
U. Hence 

in A^, and 


= ^v = 


0 a.e. in 
Z are 


L(A, T) = L(A, T*) = 
Thereby Theorem ( 1 ) 


is completely proved. 


* ^7. . Bibliographical Notes 

For the statements of ( 37 - 1 ) see L. Cesari [38], for the statement ( 37 - 2 , i) 
see L. Cesari [26]. The statements ( 37 - 3 , i)^ ( 37 - 3 , ii) (the third theorem) 
have been proved by L. Cesari [26] for the case where_ A is a simple closed 
Jordan region. The present proof, for A any admissible set, is uew and 
published here for the first time. For another proof of the third theorem 
independent of retraction process and Morrey*s theorem, and hence independ¬ 
ent also of the underlying Dirichlet integral and Schwarz*3 theorem, see 

L. Cesari [50]. (Cf. 3 ^- 5 , Note 1). 
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A DIRECT PROOF OF A PROPERTY OF COWTINUOUS SURFACE 

1 . We shall now give a direct proof of statement (17.4, 11), which is Independent of 
the fo\ar line theorem (IT.U, i). 

2 . Let (T, Q): p = p(w), veQ, be any continuous mapping (briefly a c. mapping) from 
a simple polygonal region Q of the v-plane E^, w = (u, v), into the p-space E , 
P = (x, j, z); let C: (T, Q*) be the closed oriented curve which is the Image 

of Q* under T; let (T^, Q), t = 1, 2, 3, be the plane mappings which are the 

projections of T on the coordinate planes ( 5 -^). Let F^ C E^ be the 

set of all points peE^^ which have the following property: (a) for at least 
one component g of the compact set T"'(p), the function z(w) is not constant 

on g. Let F^ C E^^, t = l, 2, 3, the analogous sets of points p of the co¬ 

ordinate planes E^^* These sets have been studied in (16.10). In partlciilar, 
the following theorem has been proved: (a) If at least two of the mappings 

(T^, Q), t = 1 , 2, 5 > are BV, then |F^| = 0, t = l, 2, 3 (l 6 .io, 1 ). Let us 

denote by N(pi T^, Q), peE^^, the multiplicity function relative to the plane 
mapping (T^, Q). Finally let us denote by r(T, Q), r(T^, Q), t = l, 2, 3, 

(10.4) the collections of all maximal continue of constancy of T, T^ in Q. 

Thus if peE^^ - F^, then the components g of the set T^Vp) are not only 

elements g€r(T^, Q) but also elements g€r(T, Q). Let p^ = y # z ) de¬ 

note any point PqGE^, let p^^ be the projection of p^ on the plane E^^, 
and let R be the sirni of the three straight lines r^, r^, r^ through p^ 

parallel to the x, y, 2 axes, respectively. We shall prove the following state¬ 

ment ( 17 - 4 , ii): 

THEOREM A. If R[C] = 0 , if N(p^^; T^, Q) = 0 , t = 1 , 2 , 3 , and 

Pot^^ 2 t " ^t' t = 1 , 2 , 3 ; if pQ^ is a point of density 1 of points 

P^^2t ■ ^t T^, Q) = 0, t = 1 , 2 , 3 ; then C - o(E^ - R); 

that is, C is nulhomotopic in E^ - R. 

3 • FIRST PRELIMINARY STATEMENT • We shall first prove the following statement. 

(i) Let (T, Q): p = p(w), weQ, be any c. mapping from a simple 
polygonal region Q C E^ into E^ and let C: (T, Q*). If 
[C]R = 0 and hence 2 d = [[C], R) > O; if [CJ has both 
points (x, y, z) with z < - d and with z > z^ + d; if 

h is any number such that 0 < 4 h < d; if NCp^^i ^2^ Q) = 0 
and Pq^ is not in F^, then there exists a finite sub¬ 
division S of Q into simple pol. regions n, where S is 
obtained by means of disjoint simple polygonal lines ICQ 
having only their end points on Q* and dividing Q* into 
arcs, say a, b, m, with the following properties: 

(1) for every neS we have either n* = a^ + 1 ^ + a^ + 
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I2 + ••• + + 1 ^, or n = b, + 1 , + ... + bf + Ij., 

or n* = + l.| + ... + + 1 ^, for some Integer 

f = f(«) > i; 

(2) z(w) > - 2 h on each arc a; z(w) < z^ - 2 h on 

each arc b; z^ - 3 h < z(w) < z^ - h on each arc 
1 and on each arc m. In addition, on each arc m 
we have either x(w) > + d or x(w) < x^ - d, 

either y(w) > + d or y(w) < y^ - d for all 

wcm. 

(5) for each neS we have [H]R = 0, 
where H: (T, n*), it*). 

The proof 13 divided into the following nos. 4 - 8 . 


Suppose Xq = y^ = Zq = 0. The vector function p(w), weQ, is continuous in Q, 

hence imlformly continuous; let t^ > 0 be a number such that |p(w) - p(w')| < 

2' h for all w, wUQ, |w - wM < t^. Let K' be the set of all points weQ 

such that z(w) = - 2 h; let K'* be the set K* ' = TT^ (p J C Q, and set 

J 05 

K = K' + K'*; then K', K**, and K are compact subsets of Q. Let us ob¬ 
serve that on Q* there are both points w with z(w) > d > - 2 h and points 
w with z(w) < - d < - 2h; hence K*Q* + 0. On the other hand, [C]R = 0, 
and hence [CJr^ = 0, K"Q* = 0. Thus KQ* = K*Q*. The set Q* - KQ,* is open 

in Q*, and hence is the countable sum of disjoint open arcs of Q* (at least 

two) whose end points are in K'. On each of such open arcs we have always either 
z(w) > - 2h or z(w) < - 2h, while z(w) = - 2h at the end points of each of 
such arcs. Only a finite nmber of such arcs may contain some points w with 
z(w) > - 2 h + 2 ^h, or z(w) < - 2 h - 2"^h (indeed these arcs must have diameter 
> t^). Ve shall denote these arcs, finite in niomber, by a* and b», respectively 

Let us prove: (bl) for every component c of K'' we have c C K', or cK' = 0. 

Indeed K" = T"'(Pjjj) = T"’(x^, y^), and hence x(w) = x^, y(w) = for every 
W€c. Since (x^, y^) is not in P^, z(w) is constant on c, say z = z, and 
c itself is an element g of the collection r(T, Q). Therefore, if z = - 2h, 
then c C K', if z ^ - 2h, then c*K' = 0. Thereby (bl) is proved. 

Let us now prove: (b2) every component k of K, either is a component of K', 

or of K** (or both). Suppose, if possible, that for a component k of K we 
have kK* + 0, k(K'* - K') + 0. Then k = kK' + kK'*, where both kK*, kK*' 
are closed, and since no continuum is the sum of a countable number (> i ) of dis¬ 
joint closed sets [G. T. Whyburn, I, p. 16] we must have (kK*)(kK'*) + 0 and 
hence (kK**, kK*} = 0 . On the other hand, if w is any point wGk(K'* - K* ), 
w is contained in a component c of kK", hence c is contained in a 
component c^ of K* *. Here we have c^ - K* + 0 and hence, by (bl ), also 
CqK* = 0. Consequently, (c, kK*) > (c^, kK*) = t > 0 and, since (kK*, kK* *) = 0, 
the set kK** must contain points w which are not in c. Thus kK* * is not 
connected and hence there is a separation kK* * = A + B, AB = 0, where both 
A, B are closed, A 3 c, B + 0 (G. T. Whyburn, I, p. 15, 90 ]* We can also 

suppose that all points of A are at a distance < t from c [loc. cit., 
proof of 9.3 and 9-2]. Therefore, A • kK* = 0, k ■= kK* + kK* * = A + (kK* + B), 
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where A and B + kK* are disjoint closed sets, a contradiction, since k is a 
continuTom. Therefore, we have proved that either k C K*, or k C K**, or both. 
Thereby (b2) is proved. 



The set Q - K is open in Q and each open arc a*, b* belongs entirely to a 
component G of Q - K. Since the arcs a*, b* are finite in niffiiber, also the 
components G of Q - K containing arcs a*, b* are finite in nimiber. Obvious¬ 
ly each component G of Q - K containing arcs a', b*, either contains only 
arcs a* or only arcs b* (indeed, G Is connected and z(w) + 2h for all 

w€G; hence either ,z(w) > - 2h everywhere in G, or z(w) < - 2h). For each 
of these components G of Q - K the set G* is bounded and closed, G* C Q, 
and G* is not necessarily a continuum. We shall denote by F that component of 
G* which separates G from the exterior of Q. Let us order the open arcs 

a'[bn which belong to G into a finite sequence = '^ol^ol ^1 ^ ^oi'^ol^' 

i = 1 , 2 , f, according the counter-clockwise orientation on Q*. We will 

prove below: (cl ) P = aj + k^ + a^ + k^ + * ■ * + + k^ [or F = bj + + 

... + b^ + k^], where k^, i = 1, 2, f, are contlnua, kj^a| = 

^i^i+i " ^^ 0 , 1 + 1 ^^ ^l^j " ° j + i, i + 1, kj_kj = 0 for j + 1, 1, j - 

1 , 2 , f(a^_j_^ = aj) [or analogously for the arcs b*]. Let us prove (cl). 

Since G is connected, by (6.1, v), we can define a finite system lj_ = 

1 = 1 , 2 , ..., f, of disjoint simple polygonal lines C G, each joining some 

point w|*€aj^ to some point Thus, each arc ^i " ^ol'^oi is divided 

into three arcs a^^ = w|w|*, of| = ^ into f + 1 simple 

polygonal regions •••, Qfp 0^^ where Qj is the sum of the arcs 1^ 

and of the arc = w|*w^|w^ 1 -fl^i+l ^ ^ ^ " ^1 

1^ + a^ + Ig + ••• + a^ + 1^ [or analogously with the arcs b]. Each region 

contains points of F, namely the closed arcs aj = == '^o,l+i'^i+l' 

Hence each set k^^ = P(Q^ “ ^-i " ^i+i ^ non-empty since it contains at least 
^oi '^o i+i prove that k^ is closed. Indeed 

for each point w^ of accumulation of k^ we have and, on the other hand, 

w eO. - a^ , - a! -1.. Thus w^ek. and k. is closed. Let us prove that k. is 
connected. Suppose, if possible, that k^ is not connected and let us consider 
the two cases: w^j, w^ belong to the same con 5 )onent c, or to two differ¬ 

ent components c^, c^ of k^. In the first case we have a decomposition 
k^ = A + B, A D c, B + 0, both A, B being closed sets, and hence we have also 
the decomposition F = (P - kj^ + A) + B, where F - k^ + A and B are disjoint 
closed non-vacuous sets, a contradiction since P is a continuum. The second 
case needs a somewhat longer discussion. First we have a decomposition 


k^ = A + B, AB = 0, A Dc^, B where both A, B are closed. Now let w^, 

w be any two distinct points of the circumference of any arbitrary circle r 
containing Q in its interior, let b^, b^ be two divergent disjoint half¬ 
straight lines from w^, w^ (for instance normal to r*), let b*, bj be any two 

simple disjoint polygonal lines b| = w^w^j, bj = ^2^o,±+^* ^ - Q) + 


(w, ) + (w^i), c (r° - Q) + (Wg) + 

^o i+1 ^ ^ respectively; let 25 > 0 

[Q*, r*}, (b^ + b| + c^, ^2 ^2 *^2^" ^^i^ 

(every point wei^ siifficlently closed to 1 

Qj_G); let U be the component of Eg - k^ 


, joining w^ to w^j, Wg to 
be the mlnlmxim of the distances 
1^); let w* be any point w*€(^G 

^ belongs to G and hence to 

containing w*. 
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By applying ii) to the closed set we can determine two simple pol. 

regions n., «« that = o, ^gk^ = o, such that separates 

w* from c^[c 2 ] in the w-plane E^^ and such that all points wejt^, [n^] as 
well as all points weU non-separated by from ^^[c^] are at a distance 

< 6 from c^[c 2 ]. If we observe that w* can be joined to the arc [or 

aj^] by an arc non-intersecting k^ and hence also to r* by continuation of 
such an arc outside Q, it Is clear that U is mbounded. Hence 11) 

w* is outside the regions and and c^ C c^ C ^ defi¬ 
nition of 6 it follows immediately that ^*^2 ^ since the arc b][b^] 

joins a point interior to to r* (exterior to and 

Ti^)j we have ’b]"! + o? ^ 2^2 hence the sets bj + n^, b^ + are 

closed, connected and disjoint. This implies that "■)"2 ^ i*e., the regions 

0-^6 exterior to one another. Obviously, r - (n^ + Is then a 

Jordan region of order v = 2 and If s is the minimal arc contained in 
+ 1^ + joining and «*, the arc s does not separate 

r - (it^ + Since Ij^ + “{ + “i+i + + c^ C + s + + n^, and the 

latter does not separate r, also the former has the same property. Neverthe¬ 
less, *^1 ■*' ^ 1+1 does separate w* from r* in r. Indeed in the 

contrary case there would be a polygonal line a joining w* to r* and non¬ 
intersecting ii "^i+i ^i» could also take a non-intersecting P, 

a contradiction. Thus ii + *^1 + ^i+i ^i» separate w* from r* (in r) 

and hence there must be a component C of ii °^i "^i+i ^i ^bich has this 

property. The set ii + *^1 + Q^i+l ^2 ^ component of ii + Q^i + o^i+T ^i 

but we have just shown that it has not the required property of separation. Thus 
C must be some component of k^ distinct from c^ and c^• Therefore there Is 
a separation kj_ = M + N, M D c^ + c^, N )C, MN = 0, M, N being both closed, 
and hence there is also a separation F = (P - k^^ + M) + N, where F - k^ + M 
and N are disjoint closed non-vacuous sets, a contradiction, since F is a 
continuum. Thus we have proved that the set k^ are non-vacuous, closed, connect¬ 
ed sets, i.e., continua. The remaining statements in (cl) are trivial. Thereby 
(cl ) is proved. 

We can now prove: (c 2 ) for each k = k^ and each wek, the point w belongs 
either to a component c of K' with cQ* ={= 0, or to an open arc of Q* whose 
end points are in K' and on which - 2 h - 2 ^h < 2 (w) < - 2h + 2 ^h. Let us 
prove (c 2 ). Obviously k^ C P C K + Q*; hence if w does not belong to K, 
then w€Q* and hence to an arc of Q,* - KQ*, distinct from the arcs a', b', 
and the conclusion above is a consequence of the definitions. Suppose now wcK 
and then to a component c of K. By (b 2 ) we have either c C K*, or c C K’’, 
or both. If we exclude cQ* =1= 0, we have c C Q° and then by (li-l, ii), there 
is a pol. region n with nK = 0 , ') c and we can suppose n C Q°. Then c 

does not belong to F, a contradiction. This assures that cQ* =1= 0 and hence 
c C K'. Thereby (c 2 ) is proved. 


Let us prove the part (l ) of ( 1 ). Let 5t^ = min(kj^, kj) for all i + j, 

i^ j = 1, 2, f; therefore t^ > 0 and we set t^ = min[t^, t^], t^ > 0. On 

each arc a| = [or b|] take two points, say w|, wj^' (^qI 

^oi ^ ibe counter-clockwise ordering), such that both arcs 

^i*'^oi have diameter < t^- Then we have w|, w|*6G, (w|', k^), (wj^^^, k^^} < t^* 
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We can now suppose that w|*, '^i+i points of the arcs defined 

in no. 6 and that all points wel^^ are at a distance < t^ from k^. Let iis 
now denote by n the region denoted by in ho- 6; hence ir* = a^ +1^ + 

... + + 1^, or n* = b^ + 1^ + ..- + b^ + 1^. In such a way for each 

component G of Q - K (containing some arc a*, or b*) we have defined a 
pol. region Jt with n* C G- The regions it just now defined (finite in number) 

have each at least one arc on Q*, hence they are disjoint and leave uncovered 

in 0, a finite system of other simple regions which we shall denote still by k. 
The arcs a^^, b^ of the various regions n above are disjoint and leave \m- 
covered on Q* a finite system of new arcs, say m C Q*, and for each of the 

new regions k the boundary ir is composed of arcs 1 and m alternatively, 

say n=m^ +1^ + +m^+ 1^, f = f(n) > 1- Thereby (l) is proved. 

Let us prove the parts ( 2 ) and ( 3 ) of (i)- Each arc m is a sum of two arcs 

^ countable set of open arcs cc of Q* - KQ* (which are not arcs 

a, or b) and of a subset of K*. On K* we have z(w) = - 2h, on each arc or 

we have - 2 h - 2 “^h < z(w) < - 2h + 2 "^h as we have proved in (c2), for all 

weof^ [ai^l] we have |w - W|!j|| < t^ < t^, [|w - ^ + i I < ^2 - ^o^^ where 

w.^|, w^ i+i^K*. Consequently, |z(w) - (- 2h)| < 2-% on each arc af|, 
and finally - 2 h - 2 ”^h < z(w) < - 2 h + 2 "^h on each arc m. Hence also 

- 3 h < z(w) < - h on each arc m. The same reasoning holds for each continuum 

k. Let us now observe that each point w of any arc 1 is at a distance 

< d 2 < d^ from some point w*€k; hence |z(w) - z(w*)l < 2 ^h and 

- 2 h - 2 "’h - 2 "’h < z(w) < - 2 h + 2 “’h + 2 “^h, i.e., - 3h < z(w) < - h on 

each arc 1. The inequalities z(w) > - 2 h, z(w) < - 2h (on each arc a and 

b, respectively) are a consequence of the analogous relations already proved for 

the arcs a* ]) a, b* !)b in (c2). Let us observe now that thj arcs m are on 
Q*; hence, if p = p(w)^= (x, y, z), wem, we have (x^ + z^)^ > ([C], r^) ^ 

([C], R) = 2 d, (y^ + z^)2 > {[C], r^) > ([C], R) = 2 d, and also x^, y^ > **d - d , 

|x|, lyl > d. Since x(w), y(w) are continuous functions, we have either 

x(w) > d or x(w) < d, either y(w) > d or y(w) < - d on each arc m. Thus 

(2) is proved. 

We observe now that p(w)€[C] for every W€a, or web; that |x(w)| > d, 

|y(w)| > d, - 5h < z(w) < - h for every wem; that [x(w), y(w)] + ( 0 , 0) for 
every wel since IK** = 0; that - 3 h < z(w) < - h for every wel. Hence the 

Images under T of the arcs a, b, m, 1 have no point in common with R. Con¬ 

sequently [H]R - 0, where H: (T, n*) for each neS. The relation 
0 (po 2 , Hg) = 0 where H^: (T^, «*) is a consequence of the hypothesis 
N(Pog, T^, Q) = 0 . Thus also ( 5 ) is proved and (i) is proved. 

Let us add here that each end point w of the arcs a, b, m, 1 is an end point 

of some arcs or hence if p = T(w) = (x, y, z), we have 

- 2h - 2 ”^h < z < - 2h + 2 "^h, and also - 5 h < z < - h. The same reasoning 

above proves |x|, lyl > d. 


SECOND PRELIMIWARy STATEIffiNT. For each region 
m C «*, say 7 (cotinter-clockwise oriented on 
p* = T(w*) = (x*, y*, z*), p** = T(w**) = (x**. 


rt and each of the arcs a, b, 
Jt*), let r = (w*, w* *), 
y * *, z * *). As we have proved 
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Iz'l, |z"l < d, Ix'l, |x"| > d,|y'|, ly"l > d, denote by r", 7 ° [l-e., 

a'*', a", a°, b'*’, 1 °] any arc y such that, respectively, 7'^: x' < - d, 

x" > d; y~\ x' > d, x" <■ - d; 7°: x', x" < - d, or x', x" > d. We know 

that each n* is the sum of 2 f arcs a, b, m, 1 , say n* = 7, + 73 + • • • + 73^., 
= '"i'^l+l’ i = I' 2, ..., 2 f, = w, and let = T(w^) = (x^^, y^, z^), 

1 = 1 , 2 , 2 f + ly P2f+1 Pi ■ finite sequence of real numbers 

Xg, Xg^, = x^, has its terms all + 0 and the last one coincides 

with the first one. Hence the sequence above has an even number of variations 
and in consequence there are on each « as many arcs 7 as arcs 7 . Since 
x(w) has constant sign on each arc ra all arcs m. are arcs ra and, there- 


andy there¬ 


fore, on each n with n* = 


... + + 1 


there are as many arcs 


as arcs 1 . 


We shall denote by A, B, M, L the curves Images of the arcs a, b, m, 1 under 
T, by A^^, A^, A^^^, B , • • •. L^y projections of the curves A, B, M, L 

on the yz, zx, xy-planes, by A"^, A , , A^^, L° the same curves images 

-rt _ ^ ^ + -1 0 


of arcs 


(ii) Under the same conditions as in (i), for each region neS 
with n* = a.^ +1^ + . • • + a^ + 1^ there are as many arcs 


as arcs 1 . 


PROOF. Let us consider any pol. reg. n with n* - + 1 ,| + ... + a^ + 1^; 

let us introduce polar coordinates (p, Q ) in the xz-plane center 

(Xq, Zq) and polar axis the positive direction of the z-axis. Then the curve 
(Tg, It*) in the xz-plane E^g can be represented in terms of polar co¬ 
ordinates by H2: p = p(w), 0 = 0(w), w€p*, where p(w), 0(w) are determined 
as In (8.2). Since 0 (Pq2^ ° both functions p(w), 0(w) can be supposed 

real single-valued and continuous in (8.6, Note i). As in no. 9 let 

It* = 7 ^ +72+ + 72f/ 7 ^ = '^i^i+i' ^2f+i " Pi " " ^^i' ^i^' 

and let Since 1 x ^1 > d, Iz^l < d, the vector from (0, 0) to 

(x^, z^) (in the zx-plane ) forms an angle < with either the posi- ^ 

tive, or the negative direction of the x-axis, i-e., |0j^ - (2r + 1 )(2 «)! < i 

for some integer r = r^. Consequently, lej- 0 ^-u >!<2 «, where u> = oij^j 

is an even multiple of 2"^n as the difference of two odd multiples of 2 n, 

i.e., o) = un for some integer u. In addition, if l 0 j_+i “ ®i ~ ‘“ij ^ 

2'^It, cD^ = u^iT, i = 1, 2, ..., 2f, we have also - 0^ - a>l < 2 n, 

1 < i < j, where o) = + *•* ^j-l* More particularly, for 1-1, 


+ a^ + l^.; 
of center 


It* = 7 , + 72 + 


where u> = 

of 2 ^it. 


j = 2f + 1, we have 0 


2f+i 


= 01 # 1 + tOg + ... + ^*^ 2 ^ I < 2 It and hence 


oi^ + ... + = 0. Let us observe that = - it, n, 0 , n, - it, 0, according 

= a'^, a", aP, 1*^, 1", 1°, which can be verified immediately. (See illustra¬ 
tion below where the curves A = (T,a) are shown outside the dotted circle 
X® + < I*d® and the curves L = (Tg,!) Inside the strip - Jh < z < -h. ) 
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Let us consider the subsequence, 

arcs 7 = 1 contained in 

all arcs 1 C n* which are arcs 

^ + 1, are any two 

cases have to be considered; 


say (a) ly 1^, 1^, Qf gj^2 

and then the further subsequence, say (p), of 

!■", or 1 -. If 1 ^ = i±, 1 = i±^ 

consecutive arcs 1 of (p), the four follovlng 


Case (gi): 

lx = l'^, Ij = 1" [(+, -)-variation] . Then < 0, > 0, 

""j ^ ""j+l < the sequence x^^,, ..., x. presents 

an even number of variations and since for each arc*^ 1, , 

1 < h < j, we have = 1°, and therefore (x. , xl ] Is a 

permanence, we conclude that there are as many arcs / = a'*’ 
as arcs rjj = a , 1 < h < j. This Implies that + ... + 

“j-i = ° and since o>x = = - «, we have (o> + ... + 


Case (g2); 


li = 1 
(JJ. -fc . 


• • 


, Ij = 1 

+ (D. = 0 holds. 


[(“y +)“Varlatlon]. The analogous statement 


Case (g;): 


lx = !■", 

X . < 0, 




Case (g^); 


f(+, +)-permanence]. Here < o, x^^^ > o, 
the sequence ^1+2^ presents a number 

of (+, -)-varlatlons of one unity larger than the (-, +)-varla- 
tions; hence the arcs = a"** outnumber of one the arcs 
^h ” ^ ^ i < h < j, which implies + 


+ 0 ) 


finally o)^ + ... + CO.. , = 2jt. 


j“1 


* Jt 


and 


^ ^ ~ ^ -)-permanence]. The analogous statement 

“^1 + ... + = - 2n holds. 

Let us now observe that If in the sequence (p) there is a variation ( 1 ^^, 1.) 
(cases gl and ga), then the arc \ = 1^ + a^^^ + 1^_^^ ^ ‘ ^j " 

has end points Wj^^ with x^, Xj^^ both > d, or both < - d, and we'^can 

to suppress such arc from (p) and to repeat on the remaining section the 
previous reasoning, in which we have used only the signs of the numbers x^^. 

This leads to a successive (formal) suppression, from p, of couples (1^^, 1.) 
forming a variation. By repeating this process (a finite number of times) we 
obtain a sequence (p») which, if non-vacuous, contains only permanences, l.e., 
all arcs 1 of p'*’ are l'*’, or all are 1 , and, therefore, (see cases g3, 
g 4 ) co^ + ojg + .. . + “2f ^ co.| + .. . + cog^ <0, a contradiction. This 

proves that (p*) is vacuous and hence, that in (0) as well as in (a), l-e., on 
Jt*, there are as many arcs r = !■*■, as arcs 7 = 1 “. Thereby (li) is proved. 


THIRD PRELIMINARY STATEMENT. Using the same notations as in ( 1 ), let us suppose 
now that besides the point p^ = (x^, y^, z^) another point p^ = (x^, y^, ) 

is given. Then let R^ denote the system R^ = r^ ^ + r + r. of the three 


straight lines r,, = [y = y,, z = z,], r^^ = = x,, z = z,], . 


= [x = X 


y = y,]» 

P12 = 




and 
0 


let P.J.,, p.|2, p^^ be the points p^ ^ = (0, 




y-)€E22, p 


13 


= (x., y^, o)€E 




2, 


' 23 - 
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(ill) Under the same conditions as in (i), let us suppose 

in addition that N(p^2' ^2' ** ^15 

not in Pj, and that - d < < x^ + d, 

Jo - <^o ^ Zq - < ^o' ° < ‘‘h < Zq - Z,. 

Then there is a finite subdivision 3 of Q into 
simple pol. regions having the properties (i), 

(2), (3) of (i) and the further properties: 

(2*) if p* = (x*, y', z' ), 

p ** = (x*', y**, z*') are the Images 
of the two end points w', w*' of any 
arc 1, then either xS x'* > x^ + d, 
or X*, X** < X - d; i.e., all arcs 

-1 -1 0° 

1 are arcs 1 ; 

(3*) for each iteS we have IhJR^ = 0, 

OCp^gJ ^2^ where H: (T, it*); 

(T^, «*)* 

PROOF. Here, as in (i), we suppose ” ^o " ^o ~ hence we have - d < x^ < d, 

-d<y^ <d, - d<z^ <0, 0 <Uh<d, 0 < 4 h<-z^- Since p^^ is not in P^, 
the components of the set K'' * = Tj^(p^^) are elements g of the collection 
r(T, Q) and, since p^^ is not on C^ we have K'**Q* = 0, these properties 
being common properties of K'* and K* * ’ . As in no. 4 let K' be the set of all 
points weQ where z(w) = - 2 h and let K = K* + K* * + K* * * [Instead of 
K = K* + K'* as in no. U]. Then all the considerations of no. remain unchanged. 

The statements (bl ), (b2) of no. 5 are now replaced by (bl)', (b2)', as follows. 
(bl)' for every component c of K*, or of K'*, we have c C K*'', or 
cK''' = 0; (b2)' every component c of K either is a component of K', or of 
K**, or of K* * * (these cases do not exclude one another). The proof of (bl)' 
is the same as of (bl ). In order to prove (b2)' set K = K'' + K''' and 
observe that each component c of K is either a component of K*', or of 
K''*, or both. Indeed, either = Pqj (hence K* * = K* *' and the state¬ 

ment is trivial), or p^^ + p^^, hence K"K* " = 0 . In this second case for 
each component c of K we have c = cK'* + cK*'*, where the compact sets 
cK**, cK* *' are disjoint and c is a continuum. This Implies [G. T. Whybum, 

I, p. 16, (10.5)] that either cK'* = 0, or cK* * * = 0, and hence c C K''', 
or c C K*'. The proof of (b2) remains now unchanged if we only replace 
K'' by K. 

All the considerations of no. 6 remain unchanged. 

Since ([C], R) = 2d, while Ix^ - xj < d, ly^ - yj < d, Iz^ - zj < d, we 
have also [CJR^ = 0. Since IK*' = 0, IK*** = 0, we have [x(w), y(w)] + 

(Xo# yQ)j as well as + (x^, y^ ) for every W€l. On the other hand, 

z^ < Zq - 3 h < z(w) < Zq - h < Zq for every wel. Therefore T( 1 )R = 0, 

T( 1 )R^ = 0 for every arc 1 . Finally we conclude that [H]R = 0, [H]R^ = 0 
where H: (T, «*) for every neS. By N(Pq 2; Tg, Q) = 0, N(p^2' ^^2^ 

it follows also U(Po2^ ^2^ " ^^^12' ^2^ “ ^ where Hg: (Tg, n*) for every 

iteS. 

Let us consider, as in no. 9 any pol. reg. neS with n* = b^ + 1 ^ + ... + b^ + 1 ^, 

let us introduce a new system of polar coordinates; say still (p, e) in the 
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xz-plane Egg of center (x,, z,) and polar axis z' = [x = x,, y = o, z < z ]. 
We can now proceed exactly as in no -9 where instead of p^g we consider the point 
V ■^2 the same plane Egg. Since 0(p^g, Hg) = 0 the reasoning remains un¬ 
changed. Let us observe that here we have o)^ = + n, - 0, - x, x, 0 accord¬ 

ing = b , b , b , 1 , 1 , 1°, which can be verified immediately (see illus¬ 
tration below where the curves shown outside the circle x^ + z® < kd^, 

the curves inside the strip - 3h < z < - h, and p, 2 = (x,, 0, z,),’ 

< - 4 h, I3 shown below this strip). 



The conclusion as in no. 9 is that for each neS with n* = b, + 1 - + ... + 

I I 

b^ + 1 ^ there are as many arcs 1 as arcs 1 . In no* 9 we had the same con¬ 
clusion for the regions neS with «* = a^ + 1 ^ + ... + + 1 ^, as well as 

for the regions neS with n* = ‘ Thus it is now proved, 

for all jtcS, that there are as many arcs l"*" as arcs 1" on 

Let us prove now that all arcs 1 of Q are arcs 1 °. Suppose, if possible, 

that a pol. reg. n^eS contains an arc 1 ^ = l"*", or 1 ". Then l.| separates 
from a pol. reg. in Q, itg n^, and the same arc l.| is an arc 1”, 

or 1 , in jtg. Then Wg certainly contains at least another arc Ig = 1 ^, 

or 1 . Since on each there are as many arcs l"**, as arcs 1 . Now Ig 

separates jtg from another region it^cS, + jtg, and, as above, there 

must be at least another arc 1 ^ = I"*", or 1 " in This reasoning can be 

repeated indefinitely and we obtain always new regions Jt^, Wg, •••, a con¬ 
tradiction, since there are only finitely many regions ir in S. Conse¬ 
quently, all arcs 1 are arcs 1*^, i-e-, x*, x**>d, or x*, x**<-d, 
and (2)* is proved. (5)* was proved above. Thereby (ill) is proved. 

FOURTH PHFT.TMTTJATTY STATEMENT. We can prove now the final statement (Iv) below. 
For the saice of clarity we repeat first the notations introduced above. 

Let (T, Q): p = p(w), weQ, be any c. mapping from a simple closed pol. reg. 

Q of the w-plane Eg, w = (u, v), into the p-space E^, p = (x, y, z); let 
C: p = p(w), weQ*, be the c. oriented closed curve Image of the counter-clock¬ 
wise oriented boundary Q* of Q, let T.,, Tg, T^ be the c. plane mappings 
which are the projections of T on the yz, zx, xy-coordinate planes Eg^, Egg, 
Eg^; let F^C Eg^, r = 1, 2, 3, be the point sets mentioned in no. 2 for the 
mappings T^; let p^ = (x^, y^, z^), p^ = (x.j, y^, z^) be any two points of 

E^ and let p^^, Po3^ PlV ^12^ ^13 points which are the projec¬ 

tions of Pq and p, on the planes Eg^, Egg, Eg^; let r^, rg, r^, r^ ^, r^g, 
r^^ be the straight lines throu^ p^ and p^ parallel to the x, y, z-axes, 
respectively; let R - r^ ^2 ^3^ ^ 12 ^^13* 

(Iv) If [C]R = 0 and hence 2d = {[C], R} > 0 ; if [C] has 
both points (x, y, z) with z < z^ - d and with 

z > Zq + d; if _ d < X, < x^ + d, y^ - d < y, < y^ + d, 

Zq - d < z^ < z^; if h is any number such that 

0 < 4h < Zq - z, < d; if PijeEgj - P^j N(pQy, T^,, Q) = 0 , 
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N(p^^, Tj,, Q) = 0, r = 1, 2; then there exists a 

finite subdivision S of Q into simple pol. regions 

n where S is obtained by means of disjoint simple 
polygonal lines ICQ having only their end points 
on Q* and dividing Q* into arcs, say a, b, m, 
with the following properties: 

(1) ** for every neS we have either «* = a^ + 1 ^ + 

... + + If,, or «* = b, + 1, + ... + bf. + If, 

or n* = m^ + 1^ + ••• + m^ + 1^, for some in¬ 

teger f = f(n) > 1; 

(2) ** z(w) > Zq - 2 h on each arc a; z(w) < z^ - 2h 

on each arc b; z^ - 5h < z(w) < z^ - h on 

each arc 1 and on each arc ra. In addition, 

on each arc m both x(w), y(w) have constant 
signs and |x(w)|, |y(w)l > d. For every point 
P = (x, y, z) which is the image under T of 
an end point w of some arc a, b, m, 1, we 

have Zq - 5 h < z < z^ - h, lx - x^l > d, 

ly - y^l > d. Finally, if p* = (x*, y', z*), 
p*' = (x*', y**, z**) are the Images of the 
two end points w*, w** of any arc 1, then 
the points (x', y*, o), (x**, y'*, o) belong 
to the same of the four quadrants defined by 
|x - XqI > d, ly - y^l > d. 

(5)*' for each neS we have fHlR = 0, [H]R^ = 0, 

0 (Pq^, H^) = 0 , 0(p^^, H^) = 0, r = 1, 2, 
where H: (T, n*), (T^, n*), r = i, 2. 

PROOF. For the definition of S we proceed as in nos. ^-7 where only the sets 
K* = [z(w) = - 2h], K* * = K'** = T"^(p^j) are needed, and the con¬ 
ditions Pqj, Pi3^^25 “ ^5 * conditions N(Pq^, T^,, Q) = o, N(p^j,, T^, Q) = o 

with r = 2 have been used in nos• 8 and 10, only for the deduction of the 
properties of S, hence the same conditions with r = 1 assure that the analo¬ 
gous properties hold where x and y are interchanged. Thus (i)*', (2)*', 

( 5 )'* follow from (i), (2), (3) of (!) and (2)*, (3)* of (ill). 


PROOF OP THEOREM A. The proof is divided into the nos. n-i6. For every point 
Po = ^^o^ V. ^ 

v] 


y , z ) and every number v > 0 let U = U (v) denote the closed 

00 Pq 


cube [lx - x_| < V, ly - Yf,! < V, |z - 


^o' ^ 


in and by U = Uj,(v) the 


closed squares which are the projections of U on the planes Eg^, r = 1, 2, 3 
Let I^ denote the set of all points P^Eg^, - P^, where N(p; T^, Q) = 0, 
r = 1, 2, 3; = Jp(v) denote the set of all points peUCv) whose projec¬ 

tions on U belong to I ; J = J (v) denote the set J = J-JpJ, C U (v). 


Then ITJI = Sv^, |U^| = |Jp(v)l = 2v|I^Uj.|, r = l, 

lIpU^I : IU_| —> 1 as 


o 


I IpUr I 


IU,I 

lUpl 


0 +, there is a 


-1 




2, 3. Since 
such that we have 


> p = 1 - (192)” , r = 1 , 2, 3, for all 0 < v < v^. Consequently, 

|u„ - IpUpl < (1 - p)|U^l = 4 v^(l - p), |U - J^l < 2v • 4 v^(l -p) = (1 - p)|u|, and 
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finally, lJ(v)| = U/sS' - > |U| - 5 (l - p)|U|. Therefore 

|J(v)| > [l - 3(1 - p)]lU| and, using the numerical value of p, also 
|J(v)l > (i - 64 "M|U|. It follows that if we divide U into 64 equal cubes 
by means of the planes x = x^, x^ + 2 “V, y = y^, y^ + 2 "V, z = z^, Zq + 2 V, 
each of the 64 parts contains a subset of J(v) of positive measure in U. 

Let [[C], R} = 2 d > 0 and let us fix a number v such that 0 < v < 
minfv^, 4 “^d]. Let p^ = (x^, y^, ) be any point p^€j(v), which is a point 

of density i of J(v) and_ such that x^ - 2"V < x^ < x^, |y^ - y^l < 2"^, 

Zq - V < < Zq - 2 “V. We have p^ ^ = (0, y^, z^)el^, p^^ = ^ z^)g 1 ^, 

p^^ = (x^, y^, o)eI^. Set h' = 4 "'' (z^ - z^) and thus h > 0, 4 h < d. 

By applying (iv) we have a finite subdivision S of Q into simple pol. regions 
IT having the properties listed in (Iv) relatively to the points p^ = (x^, y^^, z^ 

p^ = (x^, y^, z^). In particular: (a) for every ncS we have [H]R = 0, 

[H]Rt = 0, 0 (Pq^, H^) = 0, 0(Pq 2. Hg) = 0, 0 (p^^, ) = 0, OCp^^, ) = 0, where 

H: (T, It*), (T^, it*), r = 1 , 2 ; (p) for every point w of each arc 1 

we have z^ - 5 h < z(w) < z^ - h, and hence z^ < z(w) < z^; (y) for each arc 

1 and both images p» = (x*, y', z»), p** = (x**, y»*, z**) of the end points 

w', w>* of 1 , the points (x*, y*), (x*', y**) are in the same of the four 

quadrants defined by |x - x^l > d, ly - y^l > d. 

. For each iteS we have [H]R = 0 and we set 2d* = min([H], R) for all itcS. 

Let 3 ^ denote the subcollection of all regions iteS with it* = a^ + 1 ^ + 

... + a^ + If and such that the curve H: (T, it*) contains both points 
p = (x, y, z) with X > Xq + d' and x < x^ - d*. Let v* be any number such 
that 0 < V* < min[vQ, d*, h, x^ - x^] and pg be any point Pg = 

(Xg, yg. Z2)€j{v*) = Jp {v») such that - v* < x^ < x^ - 2"’v*, 
ly^ - y^l < v', IZg - ZqI < V*. Consequently, - d* < x^ < x^, ly^ - y^l < d', 

\z^ - ZQl<d'. Set h* = 4 "’(Xq - Xg), [thus h* > 0, 4 h* < h, 4 h* < d* < d], 

and apply (iv) to each region neS^^, by using the two points p^ = (x^, y^, z^), 

p2 = (Xgi 72 * ^2^ where the x, y, z-axes are replaced by the y, z, x-axes. 

Then each it is divided into a finite system of new pol- reg. it* and we de¬ 
note by a*, b*, m*, 1 * the new arcs, which form the boundaries of the pol. 
regions it*. Let S* denote the (finite) system of all regions it*. As before 

we conclude: (of* ) for every it*€S' we have [H*]R = 0 , 0 (p 2 g; H^) = 0 , 

0 (P 23 . H*) = 0 , [H*]R2 = 0 , where H*: (T, it**), (T^, it**), r = 1 , 2 , 3 , 

P21 = ^2* ^2^* P22 =^2* ^2^' P23 = ^^2' ^2^ P°^^ 

w of the arcs 1 * we have x^ - 3 h* < x(w) < x^ - h*; (7*) for each arc 1 * 
and the Images p* = (x*, y*, z*), p** = (x**, y**, z**) of the end points 
w*, w** of 1 *, the points (y*, z*), (y**, z**) are in the same of the four 
quadrants defined by ly - y^l > d*, |z - z^l > d*. Let us observe now that each 
arc 1 * = w'w** has the end points w*, w** on it*, therefore w*, w** belong 

to arcs a, or 1 of it*, and, on the other hand, by (p*), x^ - 3 h* < x*, 

X* * < Xq - h*. If w*ca, then a C Q*, z* > Zq - 2 h, p*€[C],^ 2 d = ([C], R) < 

{[C], rg) < (pS and also 2 d < [(x* - + (z* - z^)^]^. By 

Xq - 3 h* < X* < Xo - h*, h* < d* < d, it follows |z* - z^l > d, and by 

z* > Zq - 2 h, and (7*) it follows also z* > z^^ + d. Since for all wel we 

have z^ - 3 h < z(w) < z. - h, the point w** cannot belong to any arc 1 

and, therefore, must belong to some arc a. Also, z** > z^ - 2 h, z** > z^ + cl , 



A DIRECT PROOF OP A PROPERTY OP CONTINUOUS SURFACES 


561 


and, as before, z'' > + d. We have proved that either w', w'' belong to 

arcs a, or both to arcs 1 of By (7') we have also either y', y'' > 

+ d' or y', y'' < Yq - d'. If both w', w'' belong to arcs a, then, 
by repeating the same reasoning above where r^ is replaced by r^ we have 
that either y', y" >yQ + d, or y', y'' < y^ - d. 

Let us consider now only the arcs 1 * = w*w** whose end points are both on 
arcs a. These arcs 1 *, finite in number, define a subdivision of the 
regions « into simple pol. regions and each «'** is a sum of arcs 

1 , of arcs a and parts of arcs a, and of arcs 1 * whose end points are on 
arcs a. On the other hand, each arc 1 C n* must belong entirely to one and 
only one pol. region «* * C n. 



For each jieS we have [H]R^ = 0 and we put 2 d** = min{[H], ) for all 
iteS. Let denote the subcollection of all regions n€S with n* = + 

1 ^ + ... + b^ + 1 ^ and such that the curve H: (T, «♦) contains both points 

p = (x, y, z) with X > x^ + d** and x < x^ - d**. Since the point 

Pi = (Xi, z^) is a point of density 1 for J = Jp (v) then for each number 

V > 0 we can define the sets Jp (v) as in no. il . Then we can define a 


number v. analogous to the number defined in no. 11 and finally we can fix a 


0 < v*' < min[v^, d* 
y^, Zj)eJ_ (v*') such that 


such that 
(x 

:? ' ID 

' < V 


5 

d**. 


,.pi 


d, h]. Finally, let p^ be any 

'' < Xj < - 2”* 

I ! 


x^ - V 


V'*, 


o 

number v' * 
point Pj = 

y, - y, 

Zj - z,| < 

4 h" < d", 

p, = (x,, y,, 

are replaced by the y, z, x-axes. Then each n is divided into a finite sys¬ 
tem of new pol. regions «*, and we denote by a*, b*, m*, 1 * the new arcs 
which form the boundaries of the regions 


5 ' 

z, - z^I < V■. uonsequentiy, x^ - a'■ < x^ < x^, ly^ - yi1, 

Let h* * = 4 '^(x^ - x^), and thus h* * > 0 , 4 h'' < h, 

4 h** < d, and apply (Iv) to each region by using the points 

Pj = (Xj, y^, z^) and, as in no. 12, where the x, y, z-axes 


I 


Tt*. Let S* denote the (finite) 
As before we conclude (or’ • ) for 


system of all regions n*(«* C it, neS^). 
every n'eS' we have: [H']R^ = 0, = 0, 0 (p^ 2 ^ 0 (P 33 J 


where H’: 


(Xj, 0, 
we have 
p* = (x* 


2 j ) f 


‘1 

yS 


(T, 

P53 

- 5 h* ' 


(T 


I * 


), r - 1, 2, 5, p^^ - (0, y 


= 0 , 


5 " 




52 


), Hj,: 

= (x^, y^, 0); ( 3 **) for every point w of the arcs 1 * 

- h**; (r**) for each arc 1 * and the images 


3 ' *^ 3 ' 

< x(w) < X 


1 


z* ), p* * = (x* *, y* *, z* *) of the end points w*, w* * of 1 * 


the points (y*, z*), (y**, 2**) are in the same of the four quadrants defined 

by ly - yi I > d", I2 - zj > d*». 


Let us now observe that each arc 1 * = w*w** has the end points w*, w** on 
fl*; therefore w', w** belong to arcs b, or 1 of ir*, and, on the other 
hand, by (p*), x^ - 5 h* * < x*, x* * < x^ - h* *. If w*eb, then b C Q*, 
z* < Zq - 2 h, p'e[C], 2d < ([C], R) < ([C], r^) < {p*, v^] and hence 

2 d < [(x* - Xq)^ + (z* - By x^ - 5 h** < X* < x^ - h**, 4 h** < d**, 

4 h** < d, [x^ - x^l < 2 "V < 8 “^d, it follows [x* - x^l < |x' - x^l + 
lx, - < 3 h" + 2"^ < + ( 8 )-''d, i.e., U' - XqI < 7 ( 8 )-’d, and 

also |z' - ZqI^ > 4 d^ - 49 ( 64 )"'d^ > d^, |z' - z^l > d. By z' < z^ - 2 h, 
it follows z* < Zq - d, while, by (7**), Iz* - z^| > d**. Since 
^0 ■ ^ ^ ^1 conclude that z* < z^ - d'*, and, again by (7''), also 

z*' < z^ - d'*. Finally, z** < z^ ^ Since for all wel we have 

Zq - 3 h < z(w) < Zq - h, the point w** cannot belong to any arc 1 and 
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must belong to an arc b. We have proved that either w*, w* ’ belong both to 
arcs b, or both to arcs 1 of By (p*<) we have also either y*, y<' > 

7 -\ + d**, or y*, y** <y^ - d**. If both v*, v** belong to arcs b, then 
by repeating the same reasoning above we have either y% y** > y^ + d or 
y*> y** < Jq " Here, as in no. 12 , let us consider only the arcs 1 * = w*w** 
whose end points are both on arcs b. These arcs 1 *, finite in number, de¬ 
fine a subdivision of the regions into simple pol. regions and each 

n'** is a sum of arcs 1 , or arcs b and parts of arcs b, and of arcs 1 * 
whose end points are on arcs b. On the other hand, each arc 1 C «*, 
must belong entirely to one and only one pol. reg. n** C n. It must be point¬ 
ed out here that we have [H*]R^ = 0 , [HMR^ = 0 but not necessarily [H*]R = o. 
Nevertheless, we can modify the procedure above in order to have also [H*]R = 0 . 


First of all we observe that we have < x^, x^ < x^, x^ < x^, x^ - x^ < v* < 
Xq - x^; hence x^ < x^ < x^ < x^. For each arc 1 * of the regions neS^^ 
and for each wel* we have x^ - 3 h'* < x(w) < x^ - h** < x^ < x^, and hence 


T(l' )[r^ + r^] 
of the arcs 1 * 
sets K* = [x - 


= 0. On the other hand, in the procedure for the determination 
according to (iv) we can add the set K* = (p^^ ) to the 

x^ - 2 h], K* * = T^^(p^^), K***= Tj^(p^^). Consequently, we shall 


have I'K* = o and hence T(l*)r^ = 0 . Finally, T( 1 *)R = o, and, since we 


have T( 1 )R = 0 , T(b)R = o for all arcs 1 and b, we conclude that 


[H]R = 0 with H: (T, it*), for every n*€S*(r(* C n, neS^). 


14 . Let us denote by S** the total subdivision of Q into the regions deter¬ 
mined either in no. 12 (and then C n with jreS^) or in no. 15 (and then 

Cb 

. Let K be the set 

K = Zff*** !) Q*, where z ranges over all ireS**. Then the set Tj(K) is a 
continuum T^(K) C not containing (x^, y^, o). If we introduce polar 

coordinates (p, 0 ) in the plane E^j of center (x^, y^, o) and arbitrary 
polar axis, then the point p = Tj(w), wek, has polar coordinates p(w), 0 (w), 
where the latter is defined mod 2it, and the former is a positive single-valued 
continuous function in K. Since OCPqj H^*) " ^ with (T^, «***) for 

all n**€S**, by ( 8 . 6 , Note i) we know that we can fix for ©(w) a real 
single-valued continuous function in K. Now for each arc 1 = w*w**, 1 C ***♦, 
the images p*, p** of w*, V* verify (r) of no. n hence if ©' = e(w*), 

0** = 0 (w**), we have | 0 ** - 0 * - a)| < 2”^n where to = a)(l) is any integer 
multiple of 2jt (positive, zero, or negative). 


with jTcS^ ), and all regions 


11 _ 


= neS - 


Let us consider now any region «**€S** with C n, neS. and let 

It''* = 1^ + + ... + 1 ^ + x^, where 1 ^, ..., 1 ^ are all arcs 1 on n***. 

Then each arc X is the sum of arcs a, of arcs 1 *, and of those parts of 

the arcs a separated on n* by the end points of the arcs 1 *. For each arc 
1 * = w*w'* the Image L^ of 1 * is contained in the strip [x^ - 5 h* < x < 

Xq - h'], and the end points (x*, y*), (x**, y**) of verify the rela¬ 
tions: either y*, y**>yo + ^ ySy**<yo'^ (3©® ^2). For each 

arc a, or part of the arcs a, the image A_ under T, is contained in the 
region (x - x^) + (y - yQ) > ^d . In addition for each arc x the various 
arcs a and parts of arcs a contained In X are either all in the region 
X > Xq - 5 h * or all in the region x < x^ - h *. It follows that not only for 


each curve L^, Image of an arc 1 , we have either x*, 
X*, X** < Xq - d, but that the same holds for each curve 


X'* > Xq + d or 

A„_, image of an arc 
xy 
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Therefore for each with «** C n, and for each end point 

(x, y) of the curves and we have either x > + d for all L 

and A or x < x^ - d for all L and A. This Implies first |e'' - 0'1 < n 

for all arcs \ = w*w**, where 0 * = 0 (w*); 0 '* = 0 (w*'), and finally, by 

( 8 . 6 , 1) also 0 = 0 (Po 3 ' ^ 3 *^ * 2aj(l)^ where L ranges over all 1 C n''*. 

Thus we have proved Ea>(l) = 0 for every it'^eS'* with «'*€n, 

The reasoning above holds also for all n**cS*' with n'' C n, l^t us 

consider now the regions neS * ^ with +1^ + ... + + 1 ^. 

Here the Image of each arc m = w*w'' Is contained in one of the four 

quadrants defined by lx- x^l > d, |y - y^l > d. By ( 7 ) of no. n all arcs m 

and 1 have Images whose end points belong all to the same quadrant 

above. Also 10** -'0*1 < 2 for all arcs m = w*w'*, with 0 ' = 0(w'), 

0 ** = 0(w**) and, as above Ea)(l) = 0 . 

Finally, we have the regions n'* = for which (T^, «♦) has only 

points (x, y, z) with x > x^ - d', or only points with x < x^ + d*. Then 
the arcs \ = w*w'' are here arcs a with x', x'* > x^ + d, or x', x'* < x^ - 

Hence I 0 ** - 0*1 < « and the conclusion 2^(1) holds as above. The same 

reasoning holds for the regions n** = neS^ for which (T^, it*) has only 

points (x, y, z) with x > x^ - d**, or only points with x < x^ + d'*. 


In no. we have proved that for each region jt**eS'* we have Dwd) = 0 . Hence 

for each it'*€S** the number of arcs 1 C n*** with u>(l) + 0 must be zero, 
or > 2. It Is easy to prove now that u>(l) = 0 for all arcs ICQ. Indeed, 
if for a region «'* and an arc 1 C n'* we have tt)(l) ^ 0 , then 1 belongs 
to another region nj' and «*' must have another arcs 1^ C n*' with 
aj(l^ ) 1= 0. This reasoning can be repeated indefinitely by obtaining always new 
regions n** with some arc 1 with u)(l) ^1^ 0, a contradiction since S'* is 
finite. Thus we have proved a)(l) = 0 for all arcs 1. 


For each region Tt''€S'* set H**; (T, «***) and let H be the curve which 
we obtain from H* * by replacing each curve L' = p’p**^ or L = p'p'* (Image 
of arcs 1', or 1 ) by the segment L* = (p*p**), or L = (p'p**). Obviously 
each segment L, L can be represented linearly on the corresponding arc 1', 

« I ! 


or 1. Now for each if H^ denotes the projection of H on E 

we have [filR = 0, 0 (Pqj; H^^) = 0, and for every point (x, y, z)6H also 


X > x^ - d. 


or 


o ■“ .o 


X < X + d, where ((H], R) By statement B (17-3/ 


we have H = 0(E2 - R) for each n'*€S** and, therefore, also C = o(E^ - R). 
Thereby Theorem A is completely proved. 
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WEIERSTRASS INTEGRAL OVER A SURFACE 




The Weierstrass integral (W-lntegral) over a cxorve is defined for every rectifiable 
continuous curve, i.e., for every continuous mapping from a closed Interval I into 
E5 [or Ejj] of finite Jordan length, and is invariant with respect to PrSchet 
equivalence for curves. The Weierstrass integral over a rectifiable curve was 
studied by L. Tonelli [3, k, 5] in view of applications to calculus of variations, 
and again recently by N. Aronszajn [i], G* Boullgand [2], K. Menger [l 6 ], C. Pauc 
[ 1 , 1 , 2] in view of applications to calculus of variations and differential geometry. 
Also extensions to non-rectlfiable curves have been studied by L. Tonelli [30] and 
K. Menger [16]. ♦ 

We give here the definition of the W-integral. over any surface of finite Lebesgue 
area (B3), the relative existence theorem (B 4 ), and we state (B, 5-8) the main 
properties of the W-integral and some applications to analysis and calculus of 
variations. 


Bl. THE FUNCTION F. Let E = E^ be the Euclidean p-space, p = (x, y, z), and 

D = Dj the Euclidean d-space, d = (d^, d^), whose origin we shall denote 

by 0 = ( 0 , 0 , 0 ). Let E x D be the Euclidean pd-space whose points shall be 
denoted by (p, d) = (x, y, z, d^, dg, d^). Let K be any closed subset of E, 
and let D , D, be the subsets of D defined by D = D - (o), 

= [d^ + dg + d^ = 1]. We shall denote by EgEgg, Eg^ the coordinate 
planes of E, which we shall suppose to be oriented as usual. 

Let P(p, d) = P(x, y, z, d^, dg, d^) be any function having the following 
properties: 

(1 ) P(p, d) is continuous in K x D^; 

( 2 ) P(p, kd) = kP(p, d) for every k > 0 and (p, d)eK x 

We shall define P in K x D by putting P(p, 0 ) = 0 for every peK. Thus, 
by ( 2 ), P is continuous in K x D. 


b 2. THE W-INTEGRAL OVER A CURVE. Let C: (T, I): p = p(t), tel = [a < t < b], 

P = (x, y, z), be any continuous mapping from the closed interval I into K 

with 1(C) < + 00 (continuous curve in K of finite Jordan length). Let 

a = t^ < t^ < ... < tj^ = b, be any finite subdivision of [a, b] into 

subintervals, and let p^ = (x^^, y^^, z^) = p(tj^), 1=0, 1, —, n. Thus C 

is divided into a finite number of parts, and we shall denote by 6 their maxi 

mum diameter. For every i = 1 , 2 , —, n, let be any number 

ti -1 < ajod let pj_ be the point p^^ = (ij^, ti^, ^j^) = p(tj_)€[C]. For 

every 1 = 1, 2 , ..., n, let be the point u^eD defined by 

Ui = (x^ - - yi_i^ “ ^ 1-1 Then we shall consider the sums 


S P(Pi' (H' '’i' ^1" ^1 ■ ^i-l' ^1 " ^1-1' ^1 “ ^i-1 ) 


i=l 


For every curve C with [C] C K and 1 (C) < + «, the following limit 


(C) J 


n 

P = llm 

6 -► 0 i =1 


564 
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B3. 


exists, is finite, and independent of the subdivisions 3^^ and the choice of 
the points in each interval t^]. The limit above is said to be 

the Weierstrass integral of F on C. If C = (T, I), C = (T', I') 

P-equivalent curves, then (C) / F = (C*) / F; i-e-, the W-integral is in¬ 
variant with respect to P-equivalence. If 1(C) is given by the length Integral 




(t) + y'^(t) -f z'^ 





> 


l.e., if X, y, z are AC in [a, b], then the W-lntegral Is given by the 
following L-integral 




x(t), y(t), 


z(t), X*(t), y'(t), z*(t) 



For the properties above and many others concerning the W-integral on recti¬ 
fiable curves, we refer to the papers quoted before and especially to [L* 
Tonelli, I, 5, U, 5 ]. We shall not list the properties of the W-integral over 
curves of finite Jordan length; they are very similar to the properties of 
the W-integral over surfaces of finite Lebesgue area which are listed later. 


THE W-INTEGRAL OVER A SURFACE. Let 3 = (T, A): p = p(w), w€A, be any continu¬ 
ous mapping from any admissible set A of the w-plane E^, w = (u, v), into 
K with L(A, T) < + «. (surface in K of finite Lebesgue area). Let (T^, A), 
r = 1 , 2, 3, be the plane mappings which are the projections of T on the co¬ 
ordinate planes Let us suppose, in addition to Bi, that F(p, d) is 

bounded and uniformly continuous in T(A) x . This is certainly the case if 
A is compact, or K is compact. 


For each integer n let us consider a finite system 2^ of simple closed non¬ 
overlapping polygonal regions n C A whose Indices ( 22 . 4 ), d^, m^^, —> 0 

as n —» «>• For each n and ^^2^ consider any point wen and let 

P = (I, U = p(w) its image on [S] and hence in K. We shall suppose that 

a positive orientation has been chosen on the w-plane E^ and that the boundary 
curves n* of the regions n are positively oriented (say counter-clockwise). 
Then the curves C^,: (T^,, n*), l.e., the images of it* under T^, are con¬ 

tinuous closed oriented curves and the corresponding topological indices 0 (p; C^) 
can be thought of as functions of p in (zero on [C^,]) ( 8 . 2 ). The hy¬ 

pothesis L(A, T) < + «> implies that 0(p; C^^), peE^^, is L-integrable in 
^2r' ^ ^ (9*1; 9 . 10 ). Thus the numbers 

(l) u^ = u(n, = (E^^) / 0 (p; C^), r = 1 , 2 , 3, 

exist and are finite ( 9 . 10 ). We shall consider u = (u^, u^, u^) as a point of 
D. We shall then consider the sums 


( 2 ) 


n€S 


F(p, u) = 2 F(5, 


u 


u. 


n 




U3), 


n = 1 , 2 , 


• • • 


n 


We shall prove (B4) that the following limit 
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(3) J(3) = (S) J F = 11m Xj^ = 11m ^ P(p, u) 

n —♦ » n —> OP ff€S 

n 

exists and is finite. We shall also prove that this limit does not depend upon 
the particular choice of the sequence of finite systems of regions ir 

whose indices d^, m^, -*■ o as n-» oo, and upon the choice of the point 

w in each n. Indeed, we shall prove that the l imi t above exists and is finite 
{B 4 , 1) as the indices d, m, m of any finite system s of regions approach 
zero. We shall denote the limit ( 3 ) as the Welerstrass Integral (or W-integral) 
of the function P on the surface S, or relative to the continuous mapping 
(T, A). 

Since the regions n for which the numbers u^, are all zero have no influence 

on the 3 van 3 (2), we may disregard them in the systems (and thus the indices 

d, m, 4 do not increase). Therefore we may suppose that the following numbers 

u(it, T) (already used in 9*10) are all positive 

1. 

u(rt, T) = (u^ + Ug + u^)^ > 0, , 

and we shall denote by a^, a^, a^ the quotients 

a = a («) = - — , r = 1, 2 , 3 , 

u(n, T) 

4 

and by a the point a = (a,, a^, a, )€D- . We have - 1 < a < 1, r * 1 , 2, 5, 

222 * ^ ^ ^ i ^ 

and + a^ + a^ = 1. By property (2) of the function P (see Bl) we have 
also P(p, u) = P(pi a)u(n, T) and hence 

(U) J(S) = (S) Jp = 11m ^ p(p, a)u(«, T) . 

n —> oo 

The numbers a^, a^, behave as average director cosines of the element of 
the surface S defined by (T, it). 

1 

In the particular case where P == (d^ + d^ + d| we have = Su(jt, T) and 
hence = -[U(A, T) - z:u(jt, T)] + U(A, T) and since U(A, T) - V(A, T) = 

L(A, T), we have 0 < L(A, T) - hence -*-L(A, T) as n - *•». 

Thus we conclude that the Lebesgue area of 3 is a particular case of the 
W-integral. 

An alternate definition of W-lntegral is the following one. Let [P^^J be any 
sequence of figures invading A; l.e., ^ ^n+^* ^n ^ ^ each 

n let ‘“n " ®n "“n* subdivision of P^^ into simple pol. regions 

qeS^ and non-simple pol. regions ReS^', such that for the indices d^^, 

of the subdivision (21 .1 ), we have d^^, m^, 0 as n - *<». Let 

E* denote any sum extended over all simple pol. regions qeS^^ (or over all 
regions qeS^?^ with q C P°). For each qe®^ let w be any point weq, p 
the image p = T(w) of w, and u^. = u(q, T^.), r =* 2, 3, and 

u = (u^, u^). Then the Welerstrass integral can be defined also by 
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( 4 a) 


J(S) = (S) I P = ILn * 

u n —» » 


By (12.9, i) ve have lim r*u(q, T^) = U(A, T^) as n —-♦«>, and by (21.3, 1 ) 

we have 11 m z*u(q, T) = U(A, T) as n Thus —» 0 as ri 

hence -► 0 as n-and then ( 4 a) Is a particular case of 

limit (3). (See also 12.9, Notes 1 and 2.) 


Another equivalent definition of Welerstrass integral can be given by usirig 
the functions u^^ defined in (9*16) and (12.15)* Indeed, for each pol. 
region RCA (simple, or not), let (p(p, R, T^,), peE^^,, be the function 9 
defined in ( 12.15 ) relative to the plane mapping T„ 


and let u^ = (u^^ 


u 




u^^^= (E2p) / tp(p; Rj T^), r = 1, 2 , 3 * Let us consider now any sequence 




*r 

[P ] 

n 


of figures F^ invading A, i.e., 


Fn C Pn.l’ 


C t A°, 


and let 


denote any finite subdivision of P^ into pol. regions R (simple, or 


n 

not), such that for the indices d^, 

dn' 


m 


“n 


> 0 as n 


■» 00. Let w 


^ of the subdivision we have 

denote any point weR and p = T(w). 


Then 


the Welerstrass integral can be defined by the following limit: 


( 4 b) 


J(S) 



lim ^ F(p, 
n -♦ «> ^^^n 



The proof of the equivalence of the limits ( 4 a) and ( 4 b) is a consequence of 
(21.2) and can be left to the reader. An advantage of the definitions ( 4 a), 
or ( 4 b), over definition (3), is that the indices d, m, 0 (or d, m alone) 
involve only very simple set-theoretical properties of the systems c, while 
the index m used in ( 4 ) involves also the area of the surface 3 . We mention 
below the definitions of the indices we have taken into consideration. 

In the definition (3) denotes a finite system of simple pol. regions n 

and d = max diam T(n) for all m == maxlM^l for all r = 1, 2, 3 ? with 

fip = T^(Ln*) C E^^; and ^ = max(U(A, T) - Eu(n, T), U(A, T^^) - z|u(ir, T^)[, 
r = 1, 2, 3], where Z denotes any sum ranging over all qe 3 j^* 

In the definition ( 4 a) ^ “^n ^n' denotes a finite subdivision of the 

figure into simple pol. regions non-simple pol. regions 

R = (r^, r^, •.., r^) (5.1), and d = max[diam T(q), diam T(R)] for all 
qee^, ReSj!^'; ra = maxlM^I for all r = 1, 2 , 3 , with = T^(£^q*) C E^^; 
o = £*'5:^ diam T(rJ), where £^ ranges over all q^Sj!^ with q C F°, £'* 

ranges over all Res^*, and z^ ranges over all i = 0, 1, ..., v- 

In the definition ( 4 b) denotes a finite subdivision of the figure P^ into 

pol. regions R (simple, or not), and d = max diam T(R) for all 
trij, = max|Mj,l for all r = 1, 2, 3, with = T^(£qR*) C E^^,, where z^ ranges 

over all R€S„ with R C F°. 

n n 2. 

In the form (3) the equality (S) / P = L(A, T) when F = (d^ + d^ + d|)^ is 
a consequence of the definitions and of the equality L = V = U, while in the 
form ( 4 a) the same equality follows from the L = V = U and from the limit 
theorem (21.2, 1 ). The same holds for ( 4 b) by (21.2, Note). 
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PROOF OF THE EXISTENCE OF THE W-IM'BGRAL OVER A SURFACE. 

( 1 ) THEOREM. If L(A, T) < + « and S denotes any finite system 
of simple closed non-overlapping pol. regions « C A of in¬ 
dices d, m, \i (22.if), then the following limit exists and 
is finite 

S [L. Cesarl, 23]- 

(d,m,n) —> 0 Jt€® 


PROOF. By hypothesis F(p, d) is bounded and linlformly continuous in K x D 
where = T(A). Let M be a constant such that |F(p, d)| < M in K D . 

We may take M in such a way that L(A, T) < M. Let c > o be any given ^ 

number and let cr = (31UM) U. Let p > 0 be any number such that for all 

pairs of points (p, d), (p', d* ), both in x D^ and such that |p - pM < 

3 p, Id - d* I < 3 p, we have |F(p, d) - F(p*, d' ) I < a. By L(A, T) < + «, 
it follows (18.10, ii) that the mappings (T^, A), r = 1, 2, 3, are BV, and 
the multiplicity functions W(p; T^, A), pcE^^^ are L-integrable. Hence there 
is a nimiber t > 0 such that for every measurable set h C with (hi < t, 

we have also (h) / N(p; T^, A) < op^, r = 1, 2, 3 * The sets K^, = T (A), 

^ = 1 ; 2, 3 , (projections of K on E^^) are compact. 


u^ = u(q, T^) 


r* (Tp7 q*)^ ^and Up the number 

2 . __2 . ..2 x "? 


^^3 • By the definitions of d, m, p we have 


Let S = [q] be any finite system of simple closed non-overlapping pol. regions 
q C A, whose indices d, m, 4 verify the relations d < p, m < t, 

4 < min[CT, op , i] (22.U). Let us consider any point weq and let p be the 
point p = T(w)eKQ. Let C^ be the curve C 

We shall suppose u(q, T) = (u^ + u^ + up^ > q for every 
qee and hence the numbers - u(q, Tp)/u(q, T), r = 1 , 2, 3^ are defined 
and a = (a^, 

d = max dlam T(q) < p, qe®, and m == maxlM^I < t, r = 1, 2, 3, where 

Mp = E[Cp] = T[Eq*] and z denotes any sum ranging over all qe©. Finally 

we have (22.4) 4 = max[U(A, T) - Zu(q, T), U(A, T„) - z|u(q, T„)|, r = 1, 2, 3] 

2 X r 

min [(T, op , t]. Let Hp, r = l, 2, 3, be the subset of E^p defined in 
(22.4, 1 ). Thus iHpl < 4 and z| 0 (p; Cp)I = N(p; Tp, A) for all peE^p - Hp, 
r = 1, 2, 3 * The set Mp is compact and hence, if denotes the set of 

all peEgp at a distance < t from Mp, then (Mp)^ is open and (Mp)^ »Mp, 

I (Mp)tl - ^ ^ ® ^ ^ 3 - Thus there is a number t = p^ > 0 

such that l(Mp)p I < l^pl + t < t + t = 2t, r = l, 2, 3- 


O 

Let 7 = mln[p, p^, t, a, ap ] and let ©* denote any finite system of simple 


closed non-overlapping polygonal regions Jt C A whose indices d* 


m». 


I 


all < Let w 


the curves C^: 


(Tp, 


are 

denote any point wUn, and p* = p(w*) eK^. Let be 

n*) and the numbers u^ = u(fl, Tp) =^(®2r^ ^ 

r = 1 , 2, 3. Since we may suppose u(n, T) = -fuj^ + u^^ + u^^)^ > 0, let a^ 

be the numbers a^ = u(rt, T^)/u(ic, T). Thus u* = (u|, u^, uj)€DQ and 
a* = (a|, a|, apeD, . Finally, if M^ = Z*[C^] where Z* denotes any sum 
ranging over all nc©*, we have IM^I < m* < We shall also denote by H^ 
the sets defined in ( 22 . 4 , i) relative to ©*; hence C Egp, |H^I < 4' < op^^ 
We shall now conipare the two sums 
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( 6 ) 




q€S 


n€S* 


As in (22.5) we shall consider for each qes the collection ui mi 

with n C q, the collection 3 <3) of all r not entirely contalnel 


of all ne-' 


in some q 6 S[S 


note any siim ranging over all neS 


takes the place^of S' + S" _ 22 . 3 ]. Let 


(q) 


=(3) 


, or ttea'-". As In (22.5) let J be 


the set ^ ^ U^, < 2 , , , ^ ^ ^ ^ ^ 


(22.5> ii and iii) we have 


By 


5 :^ 3 ^u(n, T) < E^ 3 )^(^^ ^ ( j j ^ 


(7) 


r' r 


< 3*5ap^ = l5op^ < 15 a, 


(q) 


( 8 ) 


u(n, T)z^(a^ - a;,) < 2p + / N(p; T^, A) < 


< 2ap + = 62 

ff(q) 


ap 


.c:(0 ^(2) 


by 


Let us now divide the pol. regions nez into two classes 

putting in s all n such that |a^ - a;.| < p for all r = 1 , 2 , 3 ; by 

puttln|^yi all , such that |a^ - a;| > p for at least one r = ,, 2, 3 

2 (2! , ’ ^ ^ ranging over all n€S^2) ^ 

.M >«(., T, < ^ 

and hence ^ i r r - ^ 


(9) 


E^^^u(n, T) <620 . 


We have now, by denoting by e and E' any sum ranging over all qcs. 


or ires' 


A = X - X' = Zj’(p, u) - 2:'p(p', u') = 


= ili’(p, u) - u*} - 2:^3^ 


F(p*, u») = 


= mp, a)u(q, T) - EE<'l)p(p', a')u(n, T) - E(3)p(-,^ ^ 

= J:(P(p, a)u(q, T) - E^'l^Cp, a)u(n, T)) + 


+ (z 




F(p'y a' )u(7t, T) = 


= s, + 3^ + s., + 3 . . 
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Is, I < s|P(p, a)||u(q, T) - T)| < 

< ME|U{q, T) - T)| + Mz|U(q, T) - u(q, T)| = 

= Mz[U{q, T) - T)] + Mz[U(q, T) - u(q, T)] < 

< M[U(A, T) - T)] + M[U(A, T) - Zu(q, T)] = 

= M[U(A, T) - Z'u(n, T)] + ,p) ^ M[U(A, T) - Zu(q, T)]. 

By ( 7 ) and by the defInltiohs of n and n' we obtain 

Is^l < M(ti* + 4 + 15a) < M(a + a + 15a) = 1 7 Ma . 

We have now 

32 = z^’^[p(p, a) - P(p', a')]u(n, T) , 

Isgl < Z^’^P(p, a) - F(p', a')|u(n, T) , 

where^ 5 = (i, t, p' = (i‘, n', C), a = (a,, a^, a3), a' = (aj, a^, a'). 

Ip - p* I < dlam T(q) < d < p, [a^ - a^l < p, r = i, 2, 3, |a - a* | < 3 p. and 
hence |P(p, a) - F(p*, a*)| < a. Therefore, 

Is^l < aZ^^^u(n, T) < aU(A, T) < aV(A, T) < aL(A, T) < aM . 

By (9) we have 

Is^l = |Z^^^[P(p, a) - P(p*, a>)]u{n, T)| < 

< Z^^^P(p, a) - P(p*, a*)lu{Tt, T) < 

< 2 MZ^^^u(n, T) < 2 M • 62a = 124 Ma. 

Finally, by (7), we have 

| 3 |^| = lz^^^p(p*, a*)u(jr, T)| < Z^^^|P(p», a*)|u(n, T) < 

< MZ^^^uCn, T) < 15Ma. 

We conclude that 


|A| = lx - XM < IsJ + ISgl + Is^l + |3j^| < 

< (17 + 1 + 124 + l 5 )Ma = 157 Ma = e/ 2 . 

We have proved that for every finite system S* of simple closed non-over¬ 
lapping polygonal regions a C A of indices d, m, 4 < 7 we have |X - X*| < 
e/ 2 . Hence if ©*, denote any two systems both of indices ^ r and 

X*, X** are the corresponding sums; we have |X* - X*M < e. Thus the limit 
(5) exists and is finite, and this implies that the W-lntegral ( 3 ) / P exists. 
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is finite, and is independent of the choice of the sequence and of the 

corresponding points w taken in each region n of 


B5. FIRST PROPERTIES OP THE W-im'EGRAL. 

( 1 ) The W-integral (S) / P is invariant with respect to Frechet 
eq\ilvalence; l.e., if S = (T, A), S* = (T*, A*) are any two 
P-equlvalent mappings of finite Lebesgue area, then ( 3 ) / F = 

( 3 *) / F [L. Cesari, 23]. 

As a consequence, if S is any P-surface of finite Lebesgue area, l.e., a maxi¬ 
mal class of P-equivalent mappings 3 = (T, A) (representations of 5 ) from 
finitely connected Jordan regions A C E^ into E^, then by ( 5 ) / P, or 
W-Integral of P on the F-surface S, we shall denote the number ( 3 ) / F = 

( 3 ) / P for any representation S = (T, A) of 3 . The following theorem holds: 

(li) If S is any P-surface of finite Lebesgue area and 3 = (T, A) 
is any representation of 3 for which the Lebesgue area is 
given by the generalized (or ordinary) area Integral (30.3, i) 

L(S) = L(T, A) = (A°) / (j^ + j 2 + dudv, 

then also the W-integral ( 3 ) / P is given by the L-integral 

(S) / P = (S) / P = (A°) / P[p(w), J(w)] dudv, 

where (T, A): p = p(w), weA, w = (u, v), where J(w) = 

(J-l^ Jg/ '^3^' generalized 

(ordinary) Jacobians [L. Cesari, 23]. 

We may finally state the following theorem on the approximation of W-integrals, 
where we suppose that P(p, d) is bounded and uniformly continuous in a set 
M X with [ 3 ], [ 3 ^] C M C K. 

(ill) If S = (T, A), 3 ^ = (T^, A), n = 1, 2, are c. 

mappings of finite Lebesgue area and - > T, 

L(A, T^) -» L(A, T) as n- > then we have also 

lim (S)/P=(S)/P. [L. Cesari, 23] 

n » 00 


B6. GAUSS-GREEN THEOREM. We shall consider here c. mappings S = (T, A): p = p(w), 
weA, from a simple closed Jordan region A into E^, and we shall say that 
T [or S] is closed if T is constant on A*. Por any closed surface 3 a 
topological index 0(p; 3 ) can be defined for each point peE , as for closed 
curves (8.2). First let 0 (Pq; S) = 0 for every point Pq€[S] = T(A). Por 
each point p^ not in [ 3 ] let us consider the aiucillary mapping 


q = q(w) = 


P(V) - Pq 

IP(w) - Pol 


9 


(10) 


weA, 
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from A into the unit sphere a - [|q| = i] of E^. Then OCp^, 3) Is the 
degree of the mapping (lo) from A Into cr in the sense of P. Alexandroff 
and H. Hopf [I]. As for curves 0(p; 3), peE^, can be thou^t of as a function 
of p in E^j is constant in each component of the open set E^ - [3], and 
is measurable in In addition 0(pi S) is also L-lntegrable provided 

L(S) < + 00 . The following theorem holds: 


(1) If 3 = (T, A): p = p(w), wcA, Is any c. closed mapping from 
a simple closed Jordan region A C Eg into w (u, v), 

P = (x, y, z), if |[s]| = |T(A)| = 0 and L{S) < + », 

If A(p), B(p), C{p), peEg, are real functions continuous in 
E^ with their partial derivatives A^, By, C^, then 

(Eg) / (A^ + By + C2)0(p; 3) dxdydz = (S) / (Ad, + Bdg + Cd,) 


[J. Cecconi, 7] 


Obviously, it is enough that the requirement relative to the functions A, B, C 
is satisfied in a cube containing T(A). The condition |[S]| = 0 cannot be 
removed as J. Cecconi [7] has proved by an example. The same condition |[S]| = 0 
is also used in the following statement concerning the approximation of area 
and volume: 


(il) If 3 = (T, A), = (Tj^, A), n = 1, 2 , are closed c. 

mappings from a simple closed Jordan region A into E^, 

and Tj^->T, L(3^) - *-L(S), |[S]| = |[S^]| = 0, then 

(E^) / |0(p; 3^) - 0(p; 3)1 —> 0 as n ->«>. [R. G- 

Helsel, 3 ) • 

Also in statement (il) the condition |[3]| = 0 cannot be removed as R. G. 
Helsel [3] has proved by an example. 

Nevertheless, the condition |[S]| = 0 can be removed if we Impose other re¬ 
strictions on the surfaces 3, or 3^^, as H. Okamiara [l], 3. Mizohata [ 1 ], 
and J. Cecconi [ 10 ] have proved. 3ee eilso [J. Cecconi, 15 ] for a comparison 
between the BV and AC concepts for continuous plane mappings used by H. Okamura 
and 3. Mizohata and the concepts BV and AC of this book. 


ST0KE3* THEORIM. Let 3 = (T, A): p » p(w), weA, be any c. mapping from any 

simple closed Jordan region A C Eg into E^, w (u, v), p = (x, y, z), and 

let C be the continuous closed oriented curve C: (T, A*) which is the 
boundary of the surface 3- Let A(p), B(p), CCp)-, peE^, be continuous func¬ 
tions In E^ together with their partial derivatives A^, B^, B^, C^, Cy. 

The following theorem holds: 

(i) If L(3) < + 00 and 1(C) < + «, then 

(C) ; (Ad, + Bdg + Cdg) = (3) / [ (Cy - B^)d, + (A^ - C^)d 2 + (B,^ - Ay)d 3 ] 
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where the left-hand member is a W-lntegral on the recti¬ 
fiable curve C, and the rl^t-hand member Is a W-lntegral 
on the surface 3 [J. Cecconl, 8 ]. 

For extensions of the above theorem where A, B, C are supposed to be continu¬ 
ous with respect to the variables x, y, z separately and have approximative 
first partial derivatives, see [J. Cecconl, ii]. 

b 8 . lower semicontinuity op W-INTEGPUUj. In addition to the conditions (l ) and (2) 
required for the function P (Bi ), we shall suppose that also the following 
property holds: (3) P(p, d) = P(x, y, z, d^, d^, d^) has first partial de¬ 
rivatives with respect to d^, d^, d^ and these derivatives are continuous In 
KXD^. 

If the partial derivatives of P with respect to d^, d^, d^ are denoted by 
F^, F^, P^ respectively, then the Euler relation P(p, d) = P^d^ + F^d^ + P^d^ 
holds everywhere In K x D^, and P^, F^, are homogeneous of degree zero 
with respect to d^, d^, d^. 

Let us denote by Q the Weierstrass function defined in K x x as 

follows e(p, d, d*) = P(p, d') - Zj_d|Pj^(p, d) = P(p, d') - P(p, d) - 
2:i(dj_ - d^)F^(p, d). 

Thus the Integral (S) / P Is said to be positive definite [semidefinite] If 
P > 0 [P > 0] for all (p, w)€K X ; (S) / F Is said to be positive regular 
[semiregular] If G > 0 [ (S > 0 ] for all (p, d, d>)6K x x D,, d + d*. 
Analogous definitions hold for negative definition and regularity. 

The Integral (S) / P is said to be lower [upper] semicontinuous on a surface 
Sq ^ finite Lebesgue area, and with [S^] C K, if, given e > 0, 

there is a 6 > 0 such that 

(S) / P > (Sq) / P - € [(S) / P < (S^) / P + e] 

for every surface S = (T, A) of finite Lebesgue area, with 3 C K, and 
d(T, Tq, a) < 6 . The following theorem holds: 

(i) Every integral positive definite and semiregular [ positive 
semi-definite and regular] is lower semicontinuous on each 
surface 3 ^ of finite Lebesgue area with [ 3 ^] C K. 

This theorem was proved on a restricted class of surfaces by E. J. McShane 
[l^ 2 , 3], and in the actual conditions by L. Cesarl [29]. For another proof 
based on the representation theorem ( 37 - 3 , i), see P. V. Relchelderfer [5]. 

For sufficient conditions of lower semicontinuity on a given surface [Sq]^ 
see [L. Cesari, 29]- The condition G > 0 is, In a convenient sense, also 
a necessary one for lower semicontinuity as L. Cesari has proved [30]. E. J. 

McShane has proved that the condition P > 0 is necessary on the boundary C 
of the surface S. 

Under somewhat more restrictive conditions the approximation theorem (B 4 , ill) 
can be reinforced. Let us suppose that P satisfies conditions (1), (2), (3) 
above, and the following further condition: (U) p has ordinary second partial 
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derivatives with respect to 6 .^, 6.^, all contintious In K x D^. 

Then the 3x3 matrix A = ||P^.|| has determinant |P^.| = 0 and we slall 
suppose that (5): for each point p = (x, y, z)€K, the set J = j(p) of 

the points u = (u,, u^, U2 )€Dq where A has characteristic < 1 has no 
interior point in D^. 

Let us denote by the cosets of the elements of A. Then the nine 

ratios A^j/dj^dj, 1, j = 1, 2, 3, are equal and define a well determined func¬ 
tion <p(p, d). Since at each point deD^ at least one of the denominators d,d. 

Is non-zero, the function <p(p, d) is defined In K x and continuous there.^ 

If (S) / P Is positive definite, then for any point pcK we shall denote by 
a, P any two bounds for P such that 0 < ot < p(p, d) < p < + » for every 

d€D,. Por every pair of points d, d'cD, (unitary vectors) let 0 denote 

the angle between the vectors d, d', 0 < 0 < n, cos 0 = d d' + d d' + d d' 

We have ' ' ’ ’ 22 33- 

If P satisfies conditions 1 - 5 , if (p>o in KxD, if 
(S) / P is positive definite and regular, then for every 
point peK there are two constants a, p such that 
0 < Of < P(p, d) < p < + 00 for all deD^, and 
or 3ln^(0/2) < E(p, d, d') < p sln^(0/2) for all 
d, d*eD^ [V. E. Bononcinl, l]. 

The following theorems on the approximation of W-integral hold: 

(ii) If P satisfies conditions 1 - 5 , if (p>0 in KxD, if 

( 3 ) / P is definite and regular, if S = (T, A), = (T , A), 

n = 1, 2 , are continuous mappings from a simple closed 

Jordan region A and d(Tj^, T, A) -> 0, [S], [3 ] C K, 

L(S)y L(S^) < + CO, then ( 3 ^^) / P -> ( 3 ) / P if and only 

^(^n) -^L( 3 ) [V. E. Bononcinl, 2]. 

(ill) If both (S)/P, (S)/P' satisfy the conditions mentioned 
in ( 11 ), then ( 3 ^) / P —(S) / P if and only if 
( 3 j^) / P' -^ (S) / P'. 

(iv) If A(p), B(p), C(p) are continuous functions in the closed 
set K and the Integral J(S) = (s) / p is defined by 
P = Ad, + Bdg + Cd^, if 3 = (T, A): p = p(w), veA, 

^n ” ^^n' P Pn(w), wgA, n = i, 2, ..., are continuous 

closed surfaces (a simple closed Jordan region), if 

L( 3 ^) < M < + CO, [ 3 ] c K, d(T^, T, A) -» 0 as n ^ », 

then J(Sj^) ► J( 3 ) (continuity of linear Integrals on 
closed surfaces of bounded Lebesgue area). 

This statement has been proved by V. E. Bononcinl [2j by means of a Lemma 
of L. Cesarl [ 51 ]* Statement (Iv) holds also for open surfaces provided the 
Jordan lengths of the boundary curves of the surfaces 3 are all below 

a fixed number, 1 ( 03 ^) < M < + », 
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B 9 . APPLICATIONS TO CALCULUS OF VARIATIONS. 

( 1 ) For every closed continuous mapping S = (T, A): p = p(w), 

veA, from a simple closed Jordan region A C E^ into E 

(closed surface) we have V^(S) < ( 36 n)"’L^(S) where L( 3 ) 

is the Lebesgue area of S and V(S) is the value of the 

integral V(S) = (E^) / | 0 (p; S)| (volume enclosed by S) 
[T. Rado, 31]. 


The statement above gives an upper bound for the volume enclosed by any closed 
continuous surface S of given Lebesgue area, and this bound is actually attain¬ 
ed where S is a sphere. For other results as well as for a discussion on the 
concepts of volume V and area L used in the relation above see T. Rado [31, 
II], G. Helsel [5], J. V/. T. Youngs [13]. See also L. Tonelli, [ 6 ]. A con¬ 
cept of relative volume for any closed continuous surface S of finite Lebesgue 
area has been studied by V. E. Bononclni, [2] who defines volume as the common 
value Vg(S) of the three following W-integrals 

^3(3) = (S) / xd^ = (S) / yd^ = (S) / zd^. 

The following statement is a consequence of (B 8 , iv). 

(li) For every closed continuous mapping S = (T, A): p = p(w), 

weA, from a simple closed Jordan region A C into E 
we have ^ 

V|(S) < ( 36 n)"Y 3 (S). 

In addition if [ 3 ^] is any sequence of closed continuous 
mappings 3 ^ = (T^, A): p = p^(w), weA, and 
d(Tn, T, A) -> 0, L(Sj^) < M < + oo^ then 

^ ^ ^ “• 

(lii) Let K be a convex closed bounded set in E , let C 

be any simple closed curve in K, let ( 3 ) be the class 
supposed non-empty of all continuous mappings 3 = (T, A): 

P = p(w), weA, from a simple closed region A C E^ into 
K whose boundary curves coincide with C (surfaces 3 
in K having C as their boundary curve) and of finite 
Lebesgue area. Then any positive definite regular integral 
( 3 ) / F has an absolute minimimi in the class ( 3 ). 

The statement ( 111 ) has been proved by A. G. Slgalov [5I, by L. Cesarl [1*2], 

and, under somewhat more restrictive conditions on F, by J. M. Danskln [1). 

In all three quoted papers, use Is made of the W-lntegral over a surface con- 
sldered above. 


BIO. BIBLIOGRAPHICAL NOTES. For another approach to W-lntegral over a surface, 
where use Is made of some of the results mentioned above, see [G. M. Ewing, 
The properties of the W-lntegral over a surface mentioned above - In 
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particialar statements (B5, 1, 11, 111; B8, 1, 111, Iv; B9, 11) - are general¬ 
izations of well known analogous properties of the W-lntegral over a curve 
[see L. Tonelll, I, 3, 4, 5]* 


For other theorems having the same generality as (B9, 111) see the papers of 
A. G. Slgalov and L. Cesarl mentioned in (B9)* Existence theorems for the 
Plateau problem (surfaces of minlmm area spanning a given Jordan curve, 

P = |d| ) have been given by T. Rado [I], J. Douglas [i], E. J. McShane [4, 7], 
R. Courant [I, 2, 3, 4], L. Tonelll [24, 25]- Existence theorems for surface 
integrals with P = P(d), have been given by E. J. McShane [4, 7]. Theorem 
(B9, 111) extends these existence theorems to all integrals I(S). 


For other research on the calculus of variations for parametric surfaces see 
H. Lewy [2, 3], Marston Morse [I], Marston Morse and C. Tompkins [i], M. 
Shlffman [1, 5], C. B. Morrey [8], L. C. Young [9, n]- For research on the 
calculus of variations for non-parametrlc surfaces, see L. Tonelll [19, 21, 22], 
R. Caccioppoli e G. Scorza Dragonl [l], L. M. Graves, [1], C. B. Morrey, [5, 7, 
10], A. Slgalov [2, 3, 4, 6, 8, io], G. Stampacchla [i, 5], L. C. Young [8]. 
[Also, cf. remarks in (5*10), (7*6).] 
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SPECIAL SIGNS AND ABBREVIATIONS 
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a 

L 

V 

P 

U 


adjnissible set ( 5 -i) 
elementary area ( 5 - 7 ) 
Lebesgue area ( 5 * 8 ) 
Gebcze area ( 9 *i) 
Peano area ( 9 •i 1 ) 
area U ( 9 ■io) 




d(T, TS A) 

lie, CMl 
IIS,-S'II 

P-curve 

P-surface 


boundary of a surface 

S (36.2) 


collection r (10.2) 

r^, i = 0, 1, 2, 3, 

( 14 . 1 - 5 ) 



condition P (36.2) 

condition P^ (38.16) 

continuous ( 5 - 2 ) 

contour (20.1) 

convergence of 
mappings ( 5 - 3 ) 

ends (19*2) 

prime ends (1 9•3 ) 

Lebesgue equivalence 

(6.3) 


Pr^chet equivalence 
of curves (2.6) 

of surfaces (31*2) 

distance of 
mappings ( 5 * 3 ) 

Prechet distance of 
curves (2.6) 

Prechet distance of * 
surfaces (3-1 *2) 

Prechet curve (2.6) 

Prechet surface (31*2) 



d, m, 0 

V 

J 

0 (p, C) 

J 

(T, A) 
c. mapping 

BV 

AC 


N, n"", N 
n 


W, W^, W 


BVT, ACT 


functions of two vari¬ 
ables of bounded vari- ^ 
ation and absolutely 
continuous in the sense 
of Tonelli ( 3 -i, 3 - 2 ); V, 
in a generalized 
sense (3.3) 



P-functions in the sense 
of G. T. Evans (3 • 3 ) 

functions u, v ( 9 -i)j 
( 9 * 10 ) 

free homotopy (8.13) 

relative homotopy (8.13) 

indices d, m, a (12.6) 

index (12.13) 

index ( 14 .?) 

local index j (i 4 . 6 ) 

topological index (8.2) 

ordinary Jacobian ( 5 - 5 ) 

generalized Jacobian (28.1) 

mapping ( 5 * 2 ) 

continuous mapping (5 - 2 ) 

regular mapping ( 9•6 ) 

mapping of bounded vari¬ 
ation (12.3) 

absolutely continuous 
mapping (i 3 • 1 ) 

absolute, positive, nega¬ 
tive multiplicity (12.1 ) 

relative multiplicity 

(12.10) 

representation ( 31 * 1 ) 

almost conformal (34.2) 

f eneralized conformal 
35 * 2 ) 

representation prob¬ 
lem (31•8) 

retraction (36.2) 

absolute, positive, 
negative total varia¬ 
tion ( 9-3 y 

relative total varia¬ 
tion (12.1 0) 

functions ( 9 *i) 
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